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.Fokker-Planck Equation for an Inverse-Square Force* 


MARSHALL N. ROsenBLUTH,t WILLIAM M. MacDOona.p,tt anv Davip L. Jupp 
Radiation Laboratory, University of California, Berkeley, California 


(Received August 31, 1956) 


The contribution to the Fokker-Planck equation for the distribution function for gases, due to particle 
particle interactions in which the fundamental two-body force obeys an inverse square law, is investigated 
The coefficients in the equation, (Av) (the average change in velocity in a shért time) and (AvAv), are 
obtained in terms of two fundamental integrals which are dependent on the distribution function itself. 
The transformation of the equation to polar coordinates in a case of axial symmetry is carried out. By 
expanding the distribution function in Legendre functions of the angle, the equation is cast into the form 
of an infinite set of one-dimensional coupled nonlinear integro-differential equations. If the distribution 
function is approximated by a finite series, the resultant Fokker-Planck equations may be treated numeri 
cally using a computing machine. Keeping only one or two terms in the series corresponds to the approxima 
tions of Chandrasekhar, and Cohen, Spitzer and McRoutly, respectively. 


I. INTRODUCTION 


N dealing with the nonequilibrium properties of 

systems whose particles obey an inverse-square law 
of interaction, it is convenient to make use of the fact 
that under most circumstances small-angle collisions 
are much more important than collisions resulting in 
large momentum changes.' This leads to the method 
often used for treating such systems, in which one 
expands the collision integrand of the Boltzmann 
equation in powers of the momentum change per 
collision. 

A more generally valid approach to the problem of 
treating changes in a distribution function resulting 
from frequently occurring “events,” of which 
produces a small change in the momentum of a particle, 
is to use the Fokker-Planck equation, which has been 
discussed by Chandrasekhar.2 He has used the for- 
malism of this equation to evaluate the collision terms 
of the Boltzmann equation under the assumptions that 
(a) the events producing changes in particle momenta 


each 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Present address: General Atomic, San Diego, California 

tt Present address: Physics Department, University of Mary 
land, College Park, Maryland. 

1S. Chapman and T. G. Cowling, Mathematical Theory of Non 
Uniform Gases (Cambridge University Press, London, 1952), 
second edition, pp. 178-179. 

2S, Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 


1 


are two-body interactions described by the associated 
differential scattering cross sections, and (b) that the 
distribution function is isotropic in space and velocity 
space. Spitzer and collaborators®* have extended this 
calculation to the case in which the distribution function 
is of the form f+yf™, where f and f{“ are isotropic 
and yu is the direction cosine between the particle tra 
jectory and some preferred direction in space, and f“ 
is assumed to be small. 

It is the purpose of this paper to present the me 
chanics of two-body collisions in a somewhat simplified 
form, and to derive the Fokker-Planck equation for an 
arbitrary distribution function. From this general 
equation such special cases as those of Chandrasekhar 
and Spitzer may easily be obtained. For more complex 
situations the equation is suitable for integration by an 
electronic computer. 


II. FORMULATION OF THE PROBLEM 


The Boltzmann equation for the change of the 
molecular distribution function is given by 


(° *) 
at as, 


4 Cohen, Spitzer, and McRoutly, Phys. Rev. 80, 230 (1950). A 
more complete list of references is given in this paper 
*L. Spitzer and R. Harm, Phys. Rev. 89, 977 (1953). 


Ofe Of 


ee 


1 
Ox? 


le of, 
(1) 


m Ove 
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where f, is the number of molecules of type a per unit 
volume in the phase space of configuration and velocity, 
and F is an external force field. The summation on 
repeated Greek indices is understood in this paper, 
while sums on Roman letters denoting molecular species 
are explicitly indicated. The quantity (0f,/0t),. repre- 
sents the change in the distribution function produced 
by collisions, and it is this term with which we are 
concerned, Since the interactions take place between 
molecules within the same small region in space, we 
need only consider the velocity dependence of the dis- 
tribution function in evaluating this term. 

The Fokker-Planck equation, which is simply a con- 
servation equation, gives the time rate of change of / 


due to collisions as 


Of, 0 1 
( ) ( fal Av")a) + (fa(Av'Av’)a), (2) 
OT, Ove 2 AvYdv’" 


where “ is the component of particle velocity in Car- 
tesian coordinates and (Av), is the average increment 
per unit time of the wth component of velocity of a 
molecule of type a. The derivation of this equation 
rests on the approximation that small changes in v are 
the most probable and that terms involving higher 
powers of Av contribute negligibly to (0 f,/dt)..2 In the 
next section we give a more precise statement of the 
approximation made here. 

In calculating the average values (Av“) and (Av“Av’), 
we make the usual assumption that changes in velocity 
m result from two-particle interactions, or collisions 
during which spatial correlation effects (polarization 
effects or multiple collisions) are unimportant. For 
many situations this assumption is believed to be 
justified, as is indicated by the work of Chapman, 
Ferraro, and Persico,! and more recently, Gasiorowicz, 
Riddell.6 The expression for (Av*), 


Neuman, and 


hee omes 


(Av),=)>. dv’ fulo's) [ ddo(u,Q)uaer, (3) 


b 


where « is the magnitude of the relative velocity 

v'*—v|, a(x) is the differential scattering cross section, 
Q is the scattering solid angle, and Av is the change in 
v™ resulting from the collision. The increment Av“ has 
been integrated over all scattering angles, all velocities 
™ of the scattering particle, and has been summed over 
all the species of particles. Similarly the average value 
(Av“Av"), is given by 


(Av“Av”)q é av’ foo) f ddr (u)uacrae (4) 
b 


The differential scattering cross section that we use in 
Eqs. (3) and (4) is that for an inverse-square law of 


® Gasiorowicz, Neuman, and Riddell, Phys. Rev. 101, 922 


(1986) 
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force, 


a (Qt) = (A4/4ma?u*)[sin (6/2) |, (5) 


where ma,= mam,/(m,+m,) is the reduced mass of the 
colliding particles and 6 is the scattering angle in the 
center-of-mass system. 


III. DERIVATION OF THE EQUATION 


We first discuss the kinematics of the collision 
between a molecule of type a and belocity v and a 
molecule of type 6 and velocity v’. The relation between 
Va, the velocity V of the center of mass, and the relative 
velocity u= v—v’ is 
ms 
v,= V+ u. 


Ma +t+-Mp 
The change in the wth component of v, is given by 


my 


Av Aw. (6) 


Ma+mM» 


We find it convenient to introduce a local Cartesian 
coordinate system with unit vectors e,’, €9’, es’ whose 
relation to the fixed system e), €2, €3 is given by 

u e;Xu 

, &; =- , €3'=e)'Xe’, (7) 

u [ (14')?+- (u*)? }} 
and in which the relative velocity has components ;*. 
The changes in the components of “;* produced by a 
collision are easily calculated in the local Cartesian 
coordinates, since the relative velocity vector simply 
undergoes a rotation through an angle 6, 


Au,' 


Au,’ 
Au,*= 


—2u sin?(0/2), 

2u sin(0/2) cos(6/2) cos@, 

2u sin(0/2) cos(0/2) sing. 

A diagram of the scattering is shown in Fig. 1. The 
changes in the components of the relative velocity w in 
the fixed coordinate system are related to these changes 
in the local system by 
Aw 


AwAw’ = (e,-e,’)(e,-e,’)Auy’Auy”. 


(e,-e,’)Auy’, 
(9) 


We can next calculate the change of relative velocity 
in the local system for all collisions by integrating over 
the scattering angles 0, @, which will be denoted as 
follows: 


{Auz;*} = f dou an) (10) 


Using Eqs. (5) and (8), we have 


me’ * sin’(@/2) sin 
{Au;'}=— ( f do, 
May? 0 sin'(@ 2) 
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where we have performed the integration over ¢. The 
integral diverges logarithmically at small angles, and 
we therefore introduce a cutoff at 0,,i, to obtain 


{Au $—~— (4me4/mar?u?) In(2/Omin). (12) 


The small-angle deflections correspond to scatterings 
with very large impact parameters, and the divergence 
arises from the long-range nature of the Coulomb forces. 
The divergence is eliminated, however, when we take 
into account the shielding that arises from the polariza- 
tion of charge surrounding the scatterer.6 The polari- 
zation screens the scattering particle and provides a 
natural cutoff on the maximum impact parameter of 
the order of a Debye length Ap= (k7T/4mne*)!, and a 
value for the logarithm in Eq. (12) of 

InD 


In(2/0m) In (manu?) (e?/Ap)“, 


Ap= (kT /4aneZ ot)! 


In this equation kT is proportional to the average 
kinetic energy, m is the number of particles per unit 
volume, and e¢ is the electronic charge. The quantity D, 
which is the ratio of the Debye length Ap to the clas 
sical distance of closest approach (}mu*/e*) for two 
particles of relative velocity «, in most cases of interest 
will be a very large number so that InD>>1. From Eqs. 
(3), (5), and (&) one can easily see that terms of higher 
order in Av4, like (Av“Av’Av®), will not contain InD, and 
that the neglect of these terms in the Fokker-Planck 


equation is therefore justified. The insensitivity of InD 
to the precise value of « means that we can simplify our 
further development by neglecting the weak dependence 
on wu and using the value for a Maxwell-Boltzmann 
distribution of }mw’3kT. It would probably not be 


justified in any event to consider the argument of the 
logarithm as better determined than this. 

The remaining integrations yield 
(1.3) 


{Auz*}. {Auz*}. 0), 


and 
{ (Au,')?} =0, 
(14) 
{ (Auy,”)*} = ((Auz5)*) = (40e4/mav’) Ind, 
with all other second-order terms zero (compared to 
InD). 

Using these results with Eqs. (6), (7), and (9), we 
can immediately write down the integrals in the fixed 
coordinate system, 

{Av*},= —[4re!(InD)/marmau® |, 
(15) 
{AvAv’}o= [42 (InD) /m,? |{" — wu’/(u)*}. 
noting that 


These equations can be simplified by 


* The choice of a cutoff is discussed at length in reference 3. 


EQUATION 


lic. 1, Diagram showing kinematics of an elastic scatter 
in the local Cartesian system 


u=[ (w—v' v') |', so that we have 

m, O 1 O* (1) 
, {AwAv} =P, 
Mar Ov! u 


(16) 


Ove Av" 
I’, = (42re4 InD/m¢). 


Finally, from Eqs. (3), (4), and (16), we obtain 


(Av4)a= >. J dv’ f(v'){Av4}a=I'4(0ha/0v), (17) 


b 


KAv'Av")a (18) 


Mah My) 
° , / 
» ¥ dv’ fx(v')|v—v'|~, 


b Ny 


I',(0 y Ove Ov" ), 
where 


(19) 


’ OF dv’ fo(v’) |v 
b 


g\v) 


It is interesting to note a formal similarity with poten 
tial theory, 
Mat Mm, 
Ov4OAV* hy tar 2 fy(v), 
b M1), 


Sr 7% fy. 


(18) into Eq. (2), 
Fokker-Planck equation for an arbitrary distribution 


V7h,= (0? 


V,‘g (20) 


(04/dv4Ov" dv“ Ov") 2 


Substituting Kq we obtain the 


function 
1 0 ‘iP a Oh, ] d og 

( ) Je ) t 2 (\. ) (21) 
Pees a Ov' Ov' 2 dv'dv! Ov' Ov! 


In the general case this fourth-order, three-dimensional, 
differential 
equation seems quite difficult to handle. In many cases, 


time-dependent, and nonlinear partial 
however, there are simplifications which result when a 
coordinate system is adopted that embodies the natural 


symmetries of a problem. For example, in many 
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problems there will be a preferred direction in space, 
such as the direction of an external applied field, with 
azimuthal symmetry about this direction. Polar coor- 
dinates seem especially suitable for such a problem. 


IV. TRANSFORMATION OF THE EQUATION 


Although it is possible to transform Eq. (21) by a 
straightforward change of variables, the procedure is 
tedious and unnecessarily involved. A much simpler and 
more direct procedure is to write the equation in a 
covariant form valid in any set of curvilinear coor- 
dinates q', ¢, and ¢. Let the expression for distance 
between two points whose coordinates differ by dq’, 
dq’, and dq be 


(ds)? = a,dqdq’, 


where a,, 1s 4 metric tensor, and let a” deta be the 
cofactor of a,, in the matrix a= (a,,), 1.¢., a““a,,= 6. 
We observe that the quantities T,“=I',-'(Av,*) and 
S’=T(AvAv’), like a contravariant 
vector and tensor, respectively, between different Car- 


transform 


tesian coordinate systems. The appropriate tensor 
extension of Eq. (2) is therefore 
Pe (8 fa/ A) = — (fT), ph (fSa%”), wo, (22) 
where the commas indicate covariant derivatives with 
respect to the gy. In any Cartesian coordinate system 
Eq. (22) has precisely the form of Eq. (2). We can now 
write Eq. (18) in a covariant form, 
T= a" (Na),», SY" = a"“a""(¢ or). (23) 
The two covariant derivatives that appear in Eq. (23) 
can be found from : 
Oo 
(ha), »=Olta/Oq’, £0 


Og / dg? dq" (Og/dq’), (24) 


WT 
0 | ; 
where | is a Christoffel symbol of the second kind 


WT 


defined by 


a”"| wp,r |= ha’ (da,,/ dq" 


+ Ody, /Og*- O4.,/ 09"). (25) 
The covariant derivative (f7.*),, can be simply ex- 
pressed 


(fT). aa ‘ag’) (at f(T .*), a det (a,,), (26) 


and for ({S*’) , 


( tS”). us a h(e? ‘ageag’) (as {S**) 


ta h(a ag) at 


Soe | (27) 
Wy 


The writing of Eq. (22) in arbitrary curvilinear coor- 


dinates now becomes a straightforward application of 
Eqs. (23), (24), (26), and (27), in that order. 
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As an example we can easily write down the equation 
in spherical polar coordinates in velocity space, assuming 
azimuthal symmetry about the 6=0 symmetry axis, so 
that we have f(v,u), where p= cos@. In these coordinates 
we have 


=u, ¢=6, 

ds? = dv?+-v? (1—p?) 1 (du)?+- 0? (1 — py?) (dp), 

v*(1—y?), 

if iF}, 

a®=y-2(1—p2)-, 
ai=Q ifi#y, 


q'=, 


Qyn=1, dy=v(1—p?), aga- 


(28) 


a;j=0 


a=1, a’=y?(1—,7), 


a=det(a,,)= v'. 
From Eqs. (23), (24), and (26) we obtain 
T.'= (0h,/0v), T.? 


Cy 3 


v?(1—y?)(dh/du), TZ2=0, 
v*(0/dv)(fv’dh,/dv) (29) 


+ ?(0/du)[ f(1—p*)dho/ dp |. 
The second-rank tensor 5S” follows in the same way: 


Si = Hg/dv, 
S2=y4(1— p?)?[ arg One v(1 —p’) ‘(Ag /Ov) 
—w(1—p’)'g/du J, 


Sis S% ( ), (30) 


SP =v *(1—p?)[ 0’¢/dvdu—v'dg/ dp |, 
S8= 9 4(1—p2)“[ vdg/dv—pde/du]. 
Using Eq. (26) we calculate the second covariant 
derivative of (fS#),,, and can then write down Eq. 
(22) as 
Pa (0f,/db)- 
~v*(A/dv)( fav’dhg/ dv) —v-?(0/ Op) 
X[ fa(1—p*)Oha/ Op |+ (20*)-!(0?/d0*) 
X (fav’d*g/ dv?) + (2v*) (0?/ dp?) { fal v2 (1 —p*)? 
X (0*g/dp*)+-v (1 —p?) (dg/dv) —v (1 —p?) 
X (Ag/Op) |} 4-0-2 (0?/Opdv){ fa(1—p?) 
| (6®g/dpdv) — v0" (g/d) |} + (20)! (/d0) 
X{f{-—v (1 
+ Quo! (Og/ Ap) |} + (20?) 1 (0/dp) 


u’)(0*g/ Ou") —2(dg/dv) 


x ( fal v2 (1 — pw?) (07g / du?) + 2uw! (dg/dv) 
+ 2v-"(1—p?)(0*g/dpdv)— 2v-*(Og/du |}. (31) 
The equation that describes a system of particles 
interacting according to an inverse-square law of force 
when there exists an axis of symmetry is now obtained 
by combining Eqs. (1), (19), and (31). The quantities 
h, and g can be given in terms of two-dimensional 





FOKKER 
ntegrals, 
Mat+m, 
ha(v,) = 2” =f dv't of a 
x folo’m)A(v' mu’; vu), 


1 
g(v,u) = sf dv'v “f dp’ fo(v' ue’) Q(v' pw’ ; 0,18), 
oil 


with A and @ defined in terms of the complete elliptic 
integrals K and £ as follows: 


(32) 


A= 4[0?-+-0'?— 200! (up’—[(1—w?) (1—u”) J!) 4 
400’ (1 


u’)(1—p’?) }} i 
be: rae ") 
v?+-y"?—2v'[ (1-2) (1—”) ]} 


Q= 4[v?+-0"? — 2v0" (up! —[ (1 — nw?) (1—) }!) J! 
| 4v0'[ (1 —n*) (1—p”) J? ’ 
xb ( : | ). 
)}! 


| vv? — 2vv’ (up! —[(1—w?) (1—p 

The spatially homogeneous two-dimensional —time- 
dependent Eq. (31) is not too complex for electronic 
digital computers. Moreover, Eq. (31) forms a useful 
starting point for developing an approximate distri- 
bution function when axial symmetry exists. A method 
for reducing the Eq. (31) to a coupled set of one-dimen- 
sional nonlinear integrodifferential equations which can 
be treated quite simply numerically will be given. 


(33) 


V. REDUCTION OF THE FOKKER-PLANCK 
EQUATION FOR AXIAL SYMMETRY 
The solution to Eq. (31) can be expanded in a series 
of Legendre polynomials: 


Xan (v)Pa(u). (34) 


n=) 


fa(v,p) 


This expansion provides an expansion of the two func- 
tions Ag(v,u) and g(v,u), which can be obtained from 
Eq. (19). We first evaluate the integral appearing in 
the definition of 4a(v,u). Let us define 


P,(u)An™ (0,4) = fava.) Pau) | ¥- vi-. (35) 


Then, inserting 
| v—v’|-'= (2n”) tf ake wt 


into Eq. (35), we have 


Pa(u)An™ (vy) 


= (2n*) fdas (o) f dhe "RP, (y’). 


PLANCK 


EQUATION 


Writing 


k- (v—v’) k-v—ko'[ w’y’4 (1 pb?) p’”?)§ cosp |, 


cos(v’,e,), and @ is the angle 
and e, and the plane of k and 


where yw” = cos(k,e,), u’ 
between the plane of v’ 
e,, we have 


J cP, (u)du'dg! anf ea 


x Jo(kv'[ (A—p!) (1-2) Pa(u’)du’. (37) 


(12.14) we 


Using a formula given by Watson’ can 


finally integrate this to 
fe kew Ps (ul )du'de! = 2a (2a/kv')'(—1)" 
KP alu) ny y(kv’). (38) 


k-v 


COS(V,e,) 


p’’*) | ( osy}, 
between the 


kof up” +{ (1—p*)(1 
and y is the angle 
can employ the same 


If we write 
where yp 
plane of (k,e,) and (v,e,), we 
formula to integrate Eq. (36) with respect to k, ob 


taining 
* 


A, (v,u) inf av'vago(o) f ART ny 4 (Rv) 
0 0 


KI npg (kok (vv')*, (39) 


The integral over & is found in Watson? (13.42) also: 


D 


f ART ny (hv) J ng y(ho' Dk = (2n4+1) "(ve/v>)""4, 


0 


where ve is the smaller of v, v’, and vs is the greater 


Thus the final result is 


(v i 
1(2n-+1) | fw 
yl 
Dn v" 
fw an (v')}. (40) 
g (v’)*" 


The expansion for ha(v,u) follows from Eqs. (19) and 
(35): 


On (0,u) 1,°2) (v') 


> So (mat+-m) mean (vu) Pn(u). (41) 


ne) b 


Ita (v,p1) 


The expansion for g(v,u) can be found in the same way 


ig fake (v—w) B-4, 
If we define 


Pa (u) Bn (0) favano(v’ f dhe (0 P,(u')k, 
(42) 


7G. N. Watson, Theory of Bessel Functions (Cambridge Uni 
versity Press, London, 1944), second edition. 


by first using 


lv--v 
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the same steps followed above give 


a z 


B,{ (v) an f dv'('yan'" f ARS n44 (kv) 


KI nyy(ho')k*(vv’) 4. = (43) 
The & integral can be evaluated in terms of the hyper- 


geometric function 2/\(a,b;c;2) (reference 7, Sec. 


13.4): 


’ 


s 


| ean 4 


Koh \(n }, (44) 


The hypergeometric function appearing here is actually 
a polynomial, and the result for B,‘* (v) is 


Bn“ (v) 4 (4n?—1)"! 


e (v’)? 
qn i 


+f dv'a,® (v’) 
. (7 


The expansion for g(v,u) follows from Eqs. (19) and (42): 


g(vm)=>> > Ba (ve) Paly). 


new) b 


(46) 
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The procedure for obtaining an approximate solution 
to Eq. (31) is to retain terms in f,(v,4) to some order N, 


- 
fa(v)™~>. a, (0) Pa(u), 


ne) 


(47) 


and obtain the corresponding expansions of /a(v,u) 
and g,(v,4), which also are to order V. These expressions 
are now inserted in Eq. (31) and the result expressed 
as a series in Legendre polynomials. Of use for this 
purpose is 


Py(u)P ilu) =o CurePe(u), (48) 


kml) 


where the Cy, are given in Condon and Shortley.® 
Assuming spatial homogeneity, we find that the velocity- 
dependent term v,(0f,/dv,) of the Boltzmann daiffer- 
ential operator Eq. (1) can also be expanded in Legendre 
polynomials. Equating coefficients of Legendre poly- 
nomials of the same order in the expansions of Eqs. (1) 
and (31), one now obtains a system of coupled one 
dimensional nonlinear integro-differential equations. 

The two simplest approximations are the following 
(a) fa(v,m) in ha(v,u) and g(v,u) is isotropic and Eq. (31) 
is the equation given by Chandrasekhar; (6) fa(v,u) 

ao(v)+a,(v) Pi (u), and Eq. (31) is the equation used 
by Spitzer and collaborators.*4 

This work was begun while the first two authors were 
at the University of California Radiation Laboratory. 


*£. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, London, 1935), Sec. 967 
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Isotropic Rotational Brownian Motion 
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The Brownian motion of the orientation of any rigid body (sphere, set of rectangular axes, etc.) is calcu 
lated for the case of individual random infinitesimal rotations whose probabilities are independent of the 
direction of the axis of rotation (isotropic case). The calculations are carried out by means of quaternions; 
the more important formulas are also given in terms of the rotation angle and axis direction. The unit solu 
tion, or distribution of orientations arising from a specified initial orientation, is found as a series converging 
rapidly for not-too-small times. It turns out to be expressible in terms of a theta function, and thus there is 
also available a series converging rapidly for small times. The use of the unit solution as a propagation func 
tion is discussed briefly, and is illustrated by verification of the iteration property of the unit solution 


INTRODUCTION 


HE problem of isotropic rotational Brownian 
motion arose in connection with work of Purcell 
on spin relaxation in systems with more than two spins 
in the same molecule. ‘The solution obtained here is 
used in work on spin relaxation by Purcell and Hubbard, 
to be published in the near future. It may find other 
applications to the effect of random three-dimensional 
rotations on functions of a number of coupled vectors. 
The dynamics of rotational Brownian motion of a 
sphere around a given axis has been discussed briefly 
by Einstein in one of his early papers.' We have here to 
consider the possibility of rotations around axes arbi- 
trarily oriented in three-dimensional space, and to find 
the more complicated formula that replaces the simple 
Gaussian unit solution found in the cases of transla- 
tional motion and of rotation around a given axis. The 
complications arise from the noncommutativity of 
rotations and from the finite extent of the space of 
orientations. 

We shall not devote space here to discussion of 
possible models for the elementary disturbances causing 
the rotational Brownian motion, or of possible physical 
causes.” The model used for the calculation is closely 
analogous to the random-walk model. We postulate 
that in the small time A/ there is a probability 


Al: p(ejdedQ, (1) 


for a rotation® through an angle between 2¢ and 2(¢+-de) 


1A. Einstein, /nvestigations on the Theory of the Brownian M ove 
ment (Dover Publications, New York, 1956), pp. 32-33. Original 
in Ann. Physik 19, 371 (1906), pp. 379-380. 

2 Excellent discussions for translational cases are contained in 
the two review articles by S. Chandrasekhar, Revs. Modern Phys 
15, 1 (1943) and by M. C. Wang and G. E. Uhlenbeck, Revs. 
Modern Phys. 17, 323 (1945). [Both are reprinted in Noise and 
Stochastic Processes, edited by N. Wax (Dover Publications, New 
York, 1954). ] On the physical nature of the Brownian motion, the 
Einstein reprints (reference 1) are particularly useful 

* A physically more realistic postulate would involve changes of 
angular velocity rather than of orientation itself. We assume that 
the present simpler procedure gives correct results, This is known 
to be true in analogous translational cases, and the precise 
analogy of the result for short times, Eq. (3), with the transla 
tional case indicates that it is true for the present case provided 
the angle traversed during the relaxation time for loss of angular 
velocity is small. 


around an axis with direction falling in the element of 
solid angle dQ). The integral of p(e)dedQ, is taken to be 
finite, so that for small enough Af the probability of a 
rotation is small, and that of more than one rotation 
in Af can be neglected. Appreciable values of p(e) 
occur only for € so small that its powers beyond the 
second can be neglected. 

As in the translational case, the probable effect of 
the random disturbances during a time in which many 
‘of them occur can be described in terms of a diffusion 
coefhicient, which we here define by 


(2) 


D f (20 p(e)duat, 
Oe 


For sufficiently small time the angle of rotation remains 
small, and effects of noncommutativity and periodicity 
are negligible. The analogy to the translational case is 
then complete, and the probability for the resultant 
angle of rotation to fall between y and y+dy has the 


Gaussian form 


F(¢g)dge= (4nDb)? exp(— ¢*/4D1) -4rg*dy, D1. (3) 


Section I is devoted to a statement of the geometrical 
descriptions of rotations that will be used. Section T] 
contains a straightforward derivation of the diffusion 
equation from an integro-differential equation of the 
Boltzmann type. The unit solution is constructed in 
Sec. 
function) is described in Sec. 


III; its use as a Green’s function (propagation 
IV, and is illustrated by 
showing that it generates the unit solution for t+) 
from those for ¢ and fy. An appendix describes the iso 
morphism of quaternion rotation operators with the 
rotation operators for Pauli spin functions, which are 
more generally familiar to present-day theoretical 


physicists. 


I. DESCRIPTIONS OF ROTATIONS 


Perhaps the simplest geometrical representation of 
the possible rotations (orientations) of a rigid body is 
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that given by Wigner in his book on group theory.‘ 
Each rotation is represented by a point inside, or on the 
surface of, a sphere of unit radius. The distance from 
the origin to the point is ¢/r, ¢ <m being the angle of 
rotation from the standard or initial orientation. The 
direction of the vector from origin to representative 
point gives the direction of the axis of rotation, the 
sense of the vector being chosen by the right-hand- 
screw rule. Surface points at opposite ends of a diameter 
represent the same rotation (change of orientation), 
since rotations through w and —_ give the same result. 

When we consider the Brownian motion of the ori- 
entation of the body, this question arises: What dis- 
tribution of probability for the representative point 
corresponds to random orientation, which will be 
reached for 1—» ”, and which must give a stationary 
distribution? In other words, what is the statistical 
weight distribution in the “Wigner sphere’? The 
answer is® 


(weight in dgdQ) « 4(1—cosg)d gd (4 
« } sin®(¢/2)d ¢dQ. } 
The statistical weight per unit volume in the sphere is 
thus proportional to [sin(¢/2) }*/¢*. This result will be 
rederived in a very simple way as we proceed. 

Of the various ways to calculate the resultant of a 
series of successive rotations, by far the most convenient 
for the present purpose is the use of quaternions. If 
the student of today encounters quaternions at all, it 
is almost certain to be in a discussion of their remark- 
able properties as an algebraic system, and without 
regard to their kinematical use. The writer knows of 
one published explanation® in which the nature of 
quaternions as rotation operators is made clear in a 
brief discussion taking full advantage of a previous 
knowledge of ordinary vector algebra. An even more 
rapid approach for physicists is now the isomorphism 
between quaternions and the Pauli matrices; the way 
in which this leads to the rotation operators is indicated 
in the Appendix. 

The operation of turning through the angle g( <7) 
around the axis with direction cosines 1, m,n, corre- 
sponds to the quaternion 


c+ ui+vj+-wk=c+s(lit+-mj+nk), (5) 


with 


s=sin(y/2), c=cos(¢/2)=(1—s*)!. (6) 


The resultant of two rotations is represented by the 
quaternion that is the product of those corresponding 
to the individual rotations; multiplication is associative 


4E. Wigner, Gruppentheorie und ihre Anwendung auf die 
Quantenmechanik der Atomspektren (Friedrich Vieweg und Sohn, 
Braunschweig, 1931), p. 99 

* Reference 4, pp 162-163. 

6G. Kowalewski, Linfihrung in die Theorie der K ontinuierlichen 
Gruppen (Chelsea Publishing Company, New York, 1950), pp. 
21-24. 
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and distributive, and 


P=P=H=-1, (7) 
The left-hand factor represents the rotation performed 
last. 

The standard or initial orientation can be taken to 
correspond to 1=1+-0i+0j+0k, and then the quater- 
nion (5) represents both a rotation operation and the 
orientation it produces from the initial orientation. 
Each orientation can be represented by a point with 
rectangular coordinates u,v, w. This point is inside or 
on the surface of a unit sphere. The direction from the 
origin to the point gives the direction of the axis of the 
rotation that produces the given orientation; the dis- 
tance from the origin is s=sin(¢/2). As for the Wigner 
sphere, surface points at opposite ends of a diameter of 
the ‘‘quaternion sphere” are identical in meaning. 

From dg=2[.cos(¢/2) }'d sin(y/2), we see that the 
weight-distribution (4) in the Wigner sphere corre- 
sponds to the distribution 


ij= —pi=k, etc. 


(weight in ds, dQ) « [cos(y/2) }'s*dsdQ 
«¢os*dsdQ 


(8) 


in the quaternion sphere. The proportionality factors 
are the same in Eqs. (4) and (8). 
II. DERIVATION OF THE DIFFUSION EQUATION 


We define the distribution function f so that 


/(u,v,w ; t)dudvdw= probability that orientation 
is in dudvdw at u, v, w at time f. 


(9) 


The infinitesimal rotation by angle 2e around the axis 
with direction cosines /,, m,, m, is represented (to 
second order in e) by the quaternion 


1—}€ + e(hitmy+mk). (10) 


To get the new position of the representative point 
that was at “, v, w, we multiply the quaternion (5) by 
the quaternion (10); the result is a quaternion with the 
coefficients 

c' =¢(1—4e)+€(—lyu—myo— nw), 

u' = u(1—4e) + €(lyc—nyo+mw), 

v’ =v0(1—4e) + €(mic—1,w+nyu), 

w’ =w(1—he) + €(nyc—myu+l)2). 


(11) 


The reciprocal of the quaternion (10) is (to order &): 
(12) 


Operating on the quaternion with coefficients (11), this 
gives back our original quaternion (5); (12) represents 
the operation inverse to that represented by (10), 
Their probabilities are equal. 


1—}2—e(hyit-my+n,k). 
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The change of f in the short time At is then 
{ /(u,v,w ; 1+- At) — f(u,v,w; t)}dudedw 


= —Alf(u,v,w; idudvd f p( dude, 


+0 f p( ded fun’ t)du'dv'dw'. (13) 


This is just analogous to Boltzmann’s equation in 
kinetic theory. The first term on the right gives the 
probability that the representative point has been 
removed from dudvdw in the time Af; the second gives 
the probability that the point has been sent into 
dudvdw by an operation inverse to one of those that 
might remove it. 

Owing to the postulated properties of the funda- 
mental probability distribution (1), we can readily 
obtain from Eq. (13), for At— 0, a simple differential 
equation. We make the substitution. 


du'dv'dw' = dudvdw-d(u',v' w’)/O(u,v,w). (14) 


Straightforward computation of the determinant from 
Eqs. (11) gives 


O(u’,v' ,w’)/O(u,v,w)=c'/c. (15) 


By dividing Eq. (13) by At-dudvdw and letting At — 0; 
we now obtain the equation 


(df/dt)=c f pledeatate's(u' ~cf(u,v,w)}. (16) 


A proof of the weight distribution (8) or (4) is con- 
tained essentially in Eq. (15), which relates the volume 
elements occupied by the same element of probability 
or the same set of systems of an ensemble—before and 
after a given rotation. The truth of Eqs. (8), (4) is 
particularly evident from Eq. (16), which shows that 
the distribution that makes cf(u,v,w)=const is sta- 
tionary. By a procedure precisely analogous to the 
_ proof of Boltzmann’s H/ theorem, one readily shows 
that the quantity ' 


A= f finof)-dududw (17) 


has negative or zero time-derivative, and is stationary 
only for cf=const, f«c™. 

The reduction of Eq. (16) to a differential equation 
is accomplished by using Taylor’s series to express the 
integrand to order é& in terms of derivatives of f and 
the differences c’—c, u’—u, v'—v, w’—w given by Eqs. 
(11). The resulting expressions are enormously simpli- 
fied by replacing the direction cosines 1, m,n, and 
their products by their average values 


(b;) = (m,) = (ny) = (ym) = (mn) = (nl;) 0, 


(1,2) = (m= (ny?) = 4, (18) 
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which must appear when we integrate over dQ). The 
final result is proportional to the diffusion coefficient 
D defined in Eq. (2); we obtain 


(9 f/dt) = DE (1—u®) (02 f/au2) + (1—w) (02 f/dv’) 
+ (1—w*) (0? f/dw*) — 2uv(0? f/Oudv) — 2vw 
X (8? //dudw) — 2wu(d* f/dwdu) — 5u(d f/du) 


— 5v(0f/dv)—5w(df/dw)—3f]. (19) 


By using the identity 
u(0/du)-+0(0/dv)+w(d/dw) = s(0/ds), 
we can write Eq. (19) in the form 


1 D{V?/— (0/ds)[°(0f/ds) | 
-35(0 f/ds)—3f}. 


(0f/dt) 
(20) 


Here the Laplacian operator V? acts in the u, v, w space. 

Instead of the distribution function f, which is the 
probability per unit volume with the volume element 
given by dudvdw, we can introduce a function g that 
gives the probability per unit weight, with the weight 
element given by c'dudvdw. We have 


g=cf (21) 
and the diffusion equation for g is found to be 


(Og/Ot) = | D{V?g— (0/ds)| s*(Og/ds) |—s(Og/Os)}. (22) 
This equation again makes obvious the fact that ¢f=g 
const is a stationary distribution. 
If we denote by 4 a spherically symmetric solution of 


Eq. (22), then 


(dh/dL) 


}D{(s-*—1)(0/0s)[ s*(0h/0s) |—s(0h/Os)}. (23) 


As (h/c):4ms*ds is an element of probability, normaliza” 
tion requires that 


1 
/ J i/ortreas iF 


(24) 


Multiplying Eq. (23) by (4ws*/c)ds and integrating, we 
have 


O= (dI/dt) 
1 
rf {c(0/ds)| s*(0h/ds) |—s*e '(Oh/ds)}. (25) 


0 
The integrand is an exact derivative, and we obtain 


aD{s*c(Oh/ds) \o' = 0. (26) 
That is, 
s*(0h/ds)-+ 0, sO 


(27 
c(0h/ds) > 0, s—1 } 


are the boundary conditions that assure that there is 
no creation of probability at the origin and no flux of 
probability through the surface of the sphere. The 
first condition is automatically satisfied if # is non- 


singular at s=0. If we change to the variable g (or 
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¢/m, the radial coordinate in the Wigner sphere), we 
have, by Eqs. (6) and (27), 


(Oh/Oy)— 0, (¢/r)—1 (28) 
at the surface of the Wigner sphere. On the other hand, 
keeping the variable s but setting h=cf, we see that 
this boundary condition can also be written 


0) § rt, 


’ 


Cv l/ds)—sf (29) 
Here the first term must be retained, because f is ordi- 
narily singular on the surface of the quaternion sphere. 
The boundary condition can be fixed for the general 
case, in which the distribution is not spherically sym- 
metric, by using the general expression for the flux of 
probability. Equation (19) can be put in the form 


(0 f/0t) = — (OJ ,,/0u) — (0J,/0v) — (OJ ~/dw), (30) 


with 


vu (D/4){1—#) (0 f/du) 


ul v(0 f/dv)+w( f/dw)+f}}, (31) 


etc. This is the only expression linear in f and its 
derivatives that can be written to make the right-hand 
member of Eq. (19) a negative divergence. This ex- 
pression for the flux of probability can be derived 
directly from kinematical considerations. The argument, 
which is rather more involved than that used above to 
derive Eq. (19), will not be presented here. 

From Eq. (31) we have for the radial component 
of the flux: 


I= (uJ atv) +ws)/s -4D{e(df/ds)—sf}. (32) 
Now, if a rotation sends the representative point out 
of the sphere at one end of a diameter, it sends the 
point into the sphere at the other end of that diameter. 
Accordingly, the general boundary condition is that 
the values of J, at the two ends of any diameter are 
equal and opposite. For a spherically symmetric dis- 
tribution this gives (29). 


Ill. CONSTRUCTION OF THE UNIT SOLUTION 


If, in Eq. (23), we introduce the independent variable 
¢ by Eq. (6), we obtain 


(0h/Ol) = D{(0°h/d ¢*) + cot(¢/2)(dh/d¢y)}. (33) 
If # takes appreciable values only for y so small that 
cot(g/2) can be replaced by 2/¢, Eq. (33) becomes the 
ordinary diffusion equation for a spherically-symmetri¢ 
case, 

We now eliminate the first-derivative term by a 
change of the dependent variable. With 


h=[sin(¢/2) }"'y, (34) 


we have 


(Oy/Ot) = D{ (*y/0 ¢*)+}y}. (35) 
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In terms of the variables y and ¢, the boundary condi- 
tions (27) become 


y—2sin(g/2)(dy/ay) +0, 
y cos(¢/2)—2(dy/dg) — 0, 


p— 0, 
: (36) 


gn. 
We wish to find the solution that takes the form 
f=g=h=6(u)i(v)b(w), t=0 


at the initial instant of time. In terms of the variable ¢, 
the element of weight has the form given by Eq. (4). 
Our unit solution must be such that 


(37) 


y—0 for gXx0, LO (38) 


’ 


7 


ysin(g/2)dg=1, t>0. (39) 


0 


The reason for the factor 2 rather than 4m in Eq. 
(39) can be seen by comparing Eqs. (4) and (8). 

The required solution can be obtained as a linear 
combination of solutions having exponential time- 
dependences. We set 


y= Do nyn(¢) exp(—vynDl). (40) 


Then, if we assume uniform convergence, which will be 
verified later, y will satisfy Eq. (35) provided that the 
yn(y) satisfy 


(d?yn/d¢*) + (¥nt 4h) ¥n=9. (41) 


Then the y, are sinusoidal functions, and will indi- 
vidually satisfy the boundary conditions (36) if 


yn(O)=0, yn’ (xr) =0. (42) 


Equations (41), (42) are satisfied by 


P eas 


Le ey & (43) 


(44) 


yn=A,sin(nt+})y, mn 


Y¥n=n(n+1). 


The coefficients A, will be found to be algebraic func- 
tions of n, so that the series (40) converges uniformly 
for all (>0. The convergence fails, of course, for t= 0, 
as the function y takes on the singular behavior specified 
in Eqs. (37)-(39). 

The coefficients in the expansion of a function 2(¢), 
for 0<y<m, in terms of the orthogonal functions 
sin(n+4)¢9, 


z(y): > B, sin(n+})¢ 


nod 


(45) 
are given by 


B,=(2 of z(p) sin(n+3)¢d¢. (46) 


Although the function defined by (38) and (39) for 
t=( is highly singular, and the possibility of expanding 
it might be seriously doubted a priori, we proceed to 
evaluate the coefficients A,, and the resulting function 
y will be found to be just what is required. By Eqs. 
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(38)—(40), (43), (45), and (46), we have 


(47) 


As (2/n) f y sin(n+ 4) ¢d¢, 
0 


with the whole contribution coming from an infinitesi- 
mal neighborhood of the point ¢=0. Here we can re- 
place sin(n+})y by (2n+1) sin(¢/2), and then by 
Eq. (39) we get 

A y= (2n+1)9?. (48) 


By Eqs. (34), (40), (43), (44), and (48), we now have 


h=(r* sin(g/2) }! © (2n+1) sin(n+})¢ 
XexplL—n(n+1)Dt). (49) 
This is the unit solution expressed as a probability 
density in terms of an element of statistical weight; 
(hdudvdw)/c is the probability that the representative 
point, which was at the origin for /=0, is in dudvdw. 
The probability that the resultant angle of rotation 
from the initial orientation is between ¢ and ¢+d¢ is 


F(¢)dg=h(4as*/c)ds =h- 2m sin®(¢/2)d¢ 


(2/m) sin(y/2) >> (2n+1) sin(n+4)¢ 
Kexpl—n(n+1)Dt). 
This can also be written 


F(g)dg=n! > (2n+-1)[cosng—cos(n+1)¢ | 


Xexpl—n(n+1)Dt]. 


For t—> © we get the equilibrium distribution 


F(¢)dg=4(1—cosy)dy, t+, (52) 


which, of course, is just the distribution of statistical 
weight [ Eq. (4) }. 

The expressions (49)—(51) are easy to evaluate when 
Dt is not too small, and, for t>0, clearly correspond to 
a function y that satisfies Eqs. (35) and (39). For pur- 
poses of evaluation when Dt is small, and to verify 
that the behavior as /—>+ 0 is in accordance with Eq. 
(38), a different sort of expansion is needed. ‘This is 
provided by the fact that our solution can be written 
in terms of ad function. 

With the notation of Whittaker and Watson,’ we have 


h=—([2?* sin(g/2) }'e?"4(0/0 g)32(¢/2,e""). (53) 
By the functional relations* between 3 functions, we 
7E. T. Whittaker and G. N. Watson, Modern Analysis (Cam 


bridge University Press, New York, 1927), p. 464. 
* Reference 7, pp. 475-476. 
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then obtain 
h= —[2'*Dt sin?(¢/2) }-4e?4(0/d¢) 

Xexp[- y (4D1) 34 imy (2Dt), 
n*/Dt) | 


exp( (54) 


with the expansion 
h= [4a DP sin?(y/2) J expl (Dt/4) — ¢*/(4D0) ] 
X {¢1—2 exp(—2°*/Dl) cosh(rge/Di)+--> | 
4n[exp(—2*/Dt) sinh(my/Dt) 


—2 exp(—4n*/Dt) sinh(2ry/Dt)+--+ |}. (55) 


The corresponding expansion for the distribution fun 
tion F(¢)dd is obtained by multiplying by 


2x sin?(y/2)dy. 


For Dt<1, only very small values of ¢ give appreciable 
values, and the expression reduces to that given in Eq. 
(3). This is obviously in accordance with the require 
ment (38). 


IV. USE OF! THE UNIT SOLUTION 
AS A GREEN’S FUNCTION 
In order to keep the intuitive meaning of the ex 
pressions as clear as possible, it is advisable to work 
with the functions g(u,v,w; ¢) that give the probability 
per unit statistical weight. The spherically-symmetric 
unit solution A/ is a special case of such a function. 
The solution of the rotational diffusion problem in 
terms of a propagation function is 


g(u’ vo’ w’ ; tot) feces Ls 160,00,Wo) 


XK £(tto,V0,Wo; loco 'dugdvgdwy. (56) 
From the intuitive meanings of the g’s and of our unit 
solution A, it is clear that the Green’s function G should 
be just such a function h, but “centered” on the ori 
entation Mo, Uo, Wo rather than on O, 0, 0. 

Indeed, 


G(u',v' w' 5b; u9,V0,Wo) =h(u,v,w; L)=h(y,t), (57) 


where the rotation u,v, w, with rotation angle ¢, is 
defined as ‘the that takes the orientation 
Uy, Vo, Wo OVEr into the orientation wu’, v’, w’. Then 


rotation 


+uit+vj+w'k 


(c+ ui+vj+ wk) (Cot uoit voj+ wok). (58) 


The quaternion ¢+ui+0j+wk can be found explicitly 
by multiplying Eq. (58) from the right by ¢o— uot 
— yj — Wok. We require only the angle g, which is thus 
found to be given by 

¢ o 0 { u' uy { v'U% } wu 0 (59) 
or 
cos(¢’/2) cos( go/2) 

+sin(¢y’/2) sin(¢o/2) cos®, 


cos(¢/2) 
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where © is the angle between the axes of the rotations 
u’,v’,w’ and uo, %, Wo. This description of the com- 
position of rotations in terms of a spherical triangle 
whose sides are the half-angles has a simple geometrical 
interpretation.® 

The function h(¢,t) used here is that given by Eqs. 
(49) and (55), but g=0 is not at the center of the sphere 
over which the integration in Eq. (56) is taken. Thus, 
values of ¢ larger than m are involved. This is perfectly 
legitimate; the series still converge uniformly and 
satisfy the differential equation, and at the surface of 
the uo, Vo, Wo sphere the function f= co 'h(¢,t) satisfies 
the general boundary condition stated at the end of 
Sec. II; this last fact can be verified explicitly by a 
little trigonometric calculation, which we omit here. 
Note that [sin(¢/2) |"! sin(n+-4)¢ is an even function 
of cos(g/2), so that [from Eq. (49) }: 


h(¢)=h(2Qx—¢). (61) 


In making any calculation with Eqs. (56) and (57), 
the value of ¢ has to be taken from Eq. (60). Sometimes 
the most convenient way to bring this relation in is to 
introduce as variables of integration the angles go and 
¢, and the azimuthal angle ® between the plane con- 
taining the axes of the yg’ and ¢o rotations and a fixed 
plane (for given u’, v’, w’) containing the axis of the ¢’ 
rotation. We have 


Co dud vydwy 
Co Sed Sod Qo 
sin®(yo/2)d(yo/2)d(cos@)db 
sin®( go/2)|0y/0(cos@) |~'d(go/2)d gdb 
=[sin(¢’/2) |“ sin(¢/2) sin(¢o/2) 


Xd(¢o/2)d(¢/2)dh. (62) 


In the last step, use was made of Eq. (60). This change 
of variables makes the function G very simple to handle, 
but may bring in new difficulties in connection with the 
function g(to,%,wo) and the ranges of integration. 

As an example that works out very simply, we take 
the case g(to,0,Wo; lo) =A(¢o,lo). Equation (56) then 
merely describes the further propagation of this unit 
solution, and it is obvious that the result must be just 
h(¢’, to+ 0). We substitute Eq. (62) in Eq. (56). The 
integrand does not involve ®, and we get a factor 2x 
from fd®, The integration over d¢ will be performed 
next; the limits are | ¢’— ¢o|[O=0 in Eq. (60)] and 
¢’ + ¢o(O=m). Then we have 


g(u’ ,v’ w’ ; lot t) [ 2 sin(¢’/2) ] = aid 


x > (2no+1) sin[ (19+-4) ¢o | 


0 no 


-expl —no(no+1)Dlo Wteo f 


le’ 


¢'+0 
> ,(2n+1) 


#0! 


<sin[(n+4)¢]-expl—n(n+1)Dt}dy. (63) 


FURRY 
A term of the last integral contains the factor 


[2 cos(n+4)y]"*” ‘ 


|e’ —o| 


=4 sin{(n+})¢’] sin[(n+4)¢go]. (64) 


The integration over d¢go now involves products of 
orthogonal functions, so that the only nonvanishing 
contributions are from ny=n, and the result is 


g(u' ,v’ ww’ ; to+t) 
=([n* sin(¢g’/2) }' ¥n(2n+1) sin(n+4)¢ 
Xexpl—n(n+1)D(tot+-t) ]=h(¢’, tot), 


as expected. 


APPENDIX. SPINNING ELECTRON AND 
QUATERNION ROTATION OPERATORS 


The Pauli matrices satisfy 


oMy=10,, etc., (Al) 


(—io,)(—ioy)=(—io,), etc. (A2) 


(A3) 


o/=¢0,'=0/7=1 


(—io,)?= (—10,)*= (—io,)*= —1. (A4) 
Comparing with the quaternion relations, Eq. (7), we 
see the well-known isomorphism between the Pauli 
matrices and quaternions, 


(—ito,)« >4, (—io,)k. (AS) 


(—io,)+i, 


The Pauli matrices provide a matrix representation of 
the quaternion algebra. 

In the quantum mechanics of a particle, an in- 
finitesimal rotation by an angle 6¢ around an axis in 
the direction given by the unit vector n is described by 
letting the operator 


1—dy- (i/h)(n-M) (A6) 
act on the wave function y. Here M is the angular 
momentum operator. A part of M is the orbital angular 
momentum 


L=(h/i)rXV. (A7) 


Application of the part of the operator (A6) containing 
L to ¥(r) accomplishes the change in the coordinates r 
required by the rotation; for a particle without spin 
this is the whole transformation. For spin 4, 


M=L+S, S=}he, (A8) 


L and S$ commute, and the infinitesimal operator (A6) 
can be regarded as the product of a factor obtained by 
replacing M by L and one with M replaced by S. The 
factor with § accomplishes the change in the relative 
values of the two components of y as required by the 
rotation of the spin. Either factor by itself has all the 
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raising it to the power ¢/(é¢), with d¢—> 0, gives for 


rotation through the angle ¢ the operator 


algebraic (commutation) properties needed to give a 
representation of rotations. 
The spin factor is, by Eqs. (A6) and (A8), 


1+-45¢[1(—io.)+m(—io,)+n(—io,)], 


where |, m,n are the components of the unit vector n. 
The square of the quantity in square brackets is —1. 
As is well known, iteration of the operator (A9) by 


cos(¢/2)+sin(¢/2) 


(A9) oe 
X (1(— to.) +-m(—io,) +n 


(A10) 


lo,) |. 


With the isomorphism (A5), this gives the quaternion 
operator of Eq. (5). 
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Theory of Inelastic Scattering of Cold Neutrons from Liquid Helium 
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A measurement of the energy losses of monoenergetic neutrons scattered from liquid He IT would permit 
a determination of the energy-versus-momentum relation for the elementary excitations (phonons and 
rotons) in the liquid. A major part of the scattering at a fixed angle arises from production or annihilation of a 
single excitation and appears as sharp lines in the energy spectrum. From the position of these lines the 
energy-versus-momentum relation of the excitations can be inferred. Other processes, such as production 
or annihilation of multiple excitations, contribute a continuous background, and occur at a negligible rate 
if the incident neutrons are slow (A>4A) and the helium cold (7<2°K). The total cross-section data can 
be accounted for by production of single excitations; the theoretical cross section, computed from a wave 
function previously proposed to represent excitations, agrees with experiment over the entire energy range, 
within 30%. Line widths in the discrete spectrum are negligible at 1°K because of the long lifetime of 


phonons and rotons. 


I. INTRODUCTION 


HE possibility of a direct experimental determina- 

tion of the energy-versus-momentum relation for 
phonons in a solid was pointed out by Placzek and 
Van Hove.' They proposed to study the energy distribu- 
tion of very slow neutrons scattered inelastically and 
coherently from the solid; if the incident neutron beam 
is monochromatic and if the scattering process involves 
only the production or annihilation of a single phonon, 
energy and momentum conservation imply that the 
neutrons emerging at a given angle can have only 
certain discrete energies. The energy-momentum rela- 
tion for the phonons can be inferred from the angular 
variation of this discrete spectrum. Other processes, 
such as multiple phonon production or annihilation, 
contribute a continuous background above which the 
discrete spectrum is still observable. 

The purpose of the present paper is to suggest that 
the same technique be used to determine directly the 
energy-versus-momentum curve for the excitations in 
liquid helium, and to predict some details of the 
experiment. A direct measurement of this curve would 
be of considerable interest, since the shape of the curve 
has already been predicted in some detail by indirect 

* Richard C. Tolman Fellow. 

1G. Placzek and L. Van Hove, Phys. Rev. 93, 1207 (1954). 
We have recently learned that some of the ideas in the present 


paper have been discussed by V. V. Tolmachev, Repts. Acad. 
Sci. U.S.S.R. 101, No. 6 (1955). 


methods. Landau* argued on theoretical grounds that 
the energy E(k) of an excitation momentum hk should 
rise linearly with slope he for small k(¢=speed of sound 
= 240 m/sec), pass through a maximum, drop to a 
local minimum at some value ko, and rise again when 
k>ko. For small k, the excitations are called phonons 
and may be thought of as quantized sound waves; 
the excitations with k~&p are called rotons, and seem 
to be the quantum-mechanical analog of smoke rings.*4 
At low temperatures, only the linear portion of the curve 
and the portion near the minimum are excited; if the 
curve is represented near the minimum by E(k)=A 
th? (k—ky)*/2u, the specific heat and second sound 
data can be fitted best with the values® 


A/k 9.6°K, ko 2.30 A . Me 0.40 Mite, 


and almost as well with the values? 


A/x=9.6°K, ko=1.95 A, w=0.77 my. 

A Landau-type curve has recently been obtained 
from first principles by the substitution of a trial 
function into a variational principle for the energy.* 
The resulting curve is an upper limit to the true 


spectrum, and gives A/«=11.5°K, kyo =1.85 AW!, w~0.20 


?{.. Landau, J. Phys. (U.S.S.R.) 5, 71 (1941); 11, 91 (1947). 
4k. P. Feynman, Phys. Rev. 94, 262 (1954). 

4. P. Feynman and M. Cohen, Phys. Rev. 102, 1189 (1956). 
® deKlerk, Hudson, and Pellam, Phys. Rev. 93, 28 (1954) 
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hic. 1. A Landau 
type energy-versus-mo 
mentum curve, with 
A=9.6°K, p= 1.06 mie, 
ky=1.85 A™ 


ergy | &) 


En 


LO 
i 


Wove Number k(A') 


ns of this paper we shall 
h has A/« 9.6°K, ko 21.85 
epresent a Compromise 


mye. In the rough computa! 
use the curve of Fig. 1, wh 
A’! p= 1.06 my. These values 
between theory and experiment, and also fit the 
specific heat data. Most of our numbers have only a 
qualitative significance, since the shape of the energy 
curve between the phonon and roton regions is highly 
uncertain. 
Il. GENERAL THEORY 

Suppose the liquid is initially in state 7, and we 
bombard it with neutrons of mass m and momentum 
hk,; the cross section for a process in which the liquid 
is left in one of a group of final states /’, and the neutron 
emerges with a momentum in some region G of k space, 
is given by the Born approximation®’ as 


2a’ : 
Bs |Vy,(k k,)|* 
ky 1? Seg 


2m 


xa( # k?+—(E, t;) ith, (1) 
h? 


where the sum and the integral extend over the regions 
F and G, respectively. The matrix elements V are given 


by 
N 
Vy,(q) fore. ry) >. 


ol 


Kexp(iq-r)yj(ti,: > tn)dry- dry, 


where y, and Wy are the wave functions for the liquid 
in states j and /. The scattering length a is independent 


¥ 


{> al ~ 
Z - \ \ 
SZ \_ NS 
56° 6° 86°10 12 i6eat 
5 08 s] 


Fic, 2. Kinematics of production of single excitations 
curves give the wave number ky of the exit neutron, as a function 
of ky and 6; ky is the distance from the origin. On each curve ky 
is constant and has the value given on the @=0 axis. Note that 
ky ky when 6@0 (and ky >0.68 Av) 


*G. Placzek, Phys. Rev. 86, 377 (1952) 

7 For the justification of the use of the Born approximation in 
this problem see E. Fermi, Ricerca sci. 7, 13 (1936); G. Breit, 
Phys. Rev. 71, 215 (1947). 
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of energy at low energies, and is related to the total 
cross section o’ of a bound He nucleus by o’ =4ma’. 
McReynolds® found o’ =1.1+0.15 barns. 

In elastic scattering, the final state of the liquid is 
the same as the initial state.’ In the matrix element for 
elastic scattering, the integral of y? over all coordinates 
but one is equal to 1/V (V=volume of the liquid) 
except at points very close to the surface. Only the 
region near the surface contributes to the volume 
integral of exp(iq-r), and hence the only elastic scatter- 
ing from the liquid is diffraction from the surface.” 
In a crystal, the integral of y7? over all coordinates but 
one gives a function which is strongly peaked at the 
lattice points; hence for certain directions of q the 
matrix element V;;(q) becomes proportional to N, 
and elastic scattering occurs. Therefore, although 
neutrons are scattered elastically from solids, virtually 
no elastic scattering should occur from the liquid. 


III. SCATTERING AT ZERO TEMPERATURE 


If the liquid is at zero temperature, then the initial 
state is the ground state Yo, and the neutron must lose 
energy in the scattering. The simplest process which 
can occur is the creation of a single excitation of 
momentum h(k;—ky) in the liquid (if we impose 
periodic boundary conditions on the liquid, the station- 
ary states may be taken as momentum eigenstates). 
Energy conservation requires 


Wh ?2/2m= h?k?/2m+ E(\k,—ky}). (2) 


If we fix k; and the angle 6 between k; and ky, then if 
k,;>0.68 A (\;<9.25 A) there is a unique ky for each 
6. When &; is just less than 0.68 A~', (2) becomes 
insoluble for @>90°. As k; decreases further, the region 
of solubility of (2) is a cone of decreasing aperture 
about the forward direction. For each direction @ in 
the cone there are two solutions for ky. Finally, when 
k,<0.38 A™', (2) becomes insoluble at any angle. 
The qualitative behavior of the solutions of (2) is 
shown in Fig. 2, but not too much significance should 
be attached to the numbers, which are based on the 
uncertain curve of Fig. 1. 

The solutions of (2) should appear as lines in the 


* A.W. McReynolds, Phys. Rev. $4, 969 (1951). 

* This is true if the liquid is confined in a fixed box. If the box 
is free to recoil, then for elastic scattering the final state is the 
same as the initial state except for a translational motion of the 
whole with momentum ak, — ky) and infinitesimal energy 
h? (k;-— ky)*?/2Nmne. The wave function for the final state is then 
vy= explLiN“(ki—ky)- Zr]. The remaining arguments are 
still valid, with each r; being measured from the center of mass 
rather than from an origin determined by the location of the box. 

” By “elastic scattering’? we mean scattering processes in which 
the incident and exit neutrons have the same energy, and further- 
more the state of the liquid is unchanged. If we relax the latter 
requirement, then at finite temperature some neutrons can 
scatter without energy loss by colliding with excitations in the 
liquid. However, neutrons which are scattered by collisions with 
excitations emerge with a continuous distribution of energies 
(i.e., the number in any energy range dE is proportional to dE), 
and there will not be any “group” of elastically scattered neutrons. 
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energy spectrum of the neutrons emerging at a given 
angle. The energy-versus-momentum curve for the 
excitations can be obtained from Eq. (2) by measuring 
ky as a function of angle for fixed k,, or by looking at a 
fixed exit angle and varying k,. Processes involving 
multiple excitations *contribute a continuous back- 
ground. When k;<0.38 A~', the right side of (2) is 
bigger than the left for any k;; furthermore, since E(k) 
is the energy of the lowest state of the liquid having 
momentum Ak, production of multiple excitations 
will also be impossible when k;<0.38 A~'. Hence, when 
the liquid is at zero temperature, neutrons with k, <0.38 
A~! (A> 16.5 A) should pass through with no scattering. 
This conclusion with the data of 
Sommers, Dash, and Goldstein" on the transmission 
of neutrons by He. 

The strengths of the lines are given by (1). We take 
the region G of k space as k?AkdQ, where Ak includes 
the line under study. Momentum conservation man 
ifests itself in the vanishing of Vso(k—k,) unless the 
state f has the momentum hA(k,—k). Integration of 
(1) over G gives 


seems consistent 


do, ky | V po(ky k,) 2dQ 
dQ= a? (3) 


dQ k; m E'(\k,y—k,! ) k; 
1+ (1 cos) 
| h* k, k;| ky 
as the cross section for scattering into dQ with the 
production of one excitation of momentum h(k,— ky) 
(and final neutron momentum hk,). In reference 3 


the function 


vi= I Wood? exp(ik-r,) (4) 


is proposed to represent a single excitation of momentum 
hk. This function is exact for very small k, and gives an 
energy spectrum qualitatively similar to Landau’s, 
but with A twice too large. Normalization requires 
9=NS(k), where S(k) is the Fourier transform of the 
zero-temperature radial distribution function p(r), 


S(k) fess r)p(rjdr. 


The resulting matrix element is 


| Vyo(q) : NS(q). 
Actually; (5) is an over-estimate, as one can see from 
the exact sum rule 


Ls| Vso(q) |? 


If (5) were exact, then (6) would imply that production 
of multiple excitations is impossible. A more accurate 
wave function for an excitation is given in reference 4, 
and leads to the matrix elements given in Fig. 3. In 
the roton region, these matrix elements are only ten 
to fifteen percent smaller than those given by (5), and 


[V (q)V*(q) Joo= NS(Q). (6) 


' Sommers, Dash, and Goldstein, Phys. Rev. 97, 855 (1955). 


ATTERING 


Fic. 3. Matrix elements 
for produc tion of single ex 
citations, computed from 
the wave functions of ref 
erence 4 


z 


we infer that the most likely way for a neutron to lose 
a given amount of momentum is through the production 
of a single excitation, 

Substituting the matrix elements of Fig. 3 into Eq. 
(3), we obtain the curves of Fig. 4, giving the angular 
variation of line strength for different values of &;. 
‘The curves are given in units of a’, which is the differen 
tial cross section per unit solid angle for scattering 
When k,>0.68 A“, 


0 because the matrix element 


from a bound helium nucleus. 
do,/dQ vanishes at 0 
Vyo approaches zero when the momentum transfer is 
small. When k;<0.68 A“, 
each k,, 


observed at each angle within the cone of solubility of 


there are two curves for 
corresponding to the two lines which are 


(2). At the edges of this cone, do dQ becomes infinite 
because the denominator of (3) vanishes. The total 
cross section, however, is finite. 

If we neglect the possibility of producing multiple 
excitations, the total cross section at zero temperature 
is obtained by integrating (3) over angles. ‘The resulting 
cross sections are compared in Fig. 5 with the total 
cross sections measured" at 1.25°K (the temperature 
effect, which is negligible, is discussed in the next 
section). The agreement of theory and experiment 
within 309%, is quite satisfactory in view of our in 
complete knowledge of the wave function wy and the 
curve E(k). When k;, is large, Eq. (1) can be shown to 
lead to the total cross section (16/25)4ma?N, which is 
just the cross section for free helium nuclei scattering 
The curve has been extra- 


incoherently theoretical 





hic. 4. Angular distribution of neutrons which have been 


scattered by the process of producing a single excitation, at zero 
temperature, 
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Fic. 5. The broken 
line is the total cross 
section computed here. 
Circles are computed 
points. The solid line 
represents the measure- 
ments of Sommers et al. 
at 1.25°K. 


polated to this value. As \ decreases, the theoretical 
curve rises faster than the experimental one; the reason 
is probably that the matrix elements of Fig. 3 are too 
large when the momentum transfer is in the roton region. 
‘To see this more clearly, we note that there is an exact 
sum rule, 
Dr} Vors(k) |?( Ey [V*(k) (H— Eo) V (k) Joo 

= Nh*k?/2m, 


Ey) 
(7) 


which, in conjunction with Eq. (6), says that the 
“average” energy loss associated with momentum 


transfer k is h?k?/2mS(k). For small k, this “average” 


energy loss is the same as E(k); hence the idea that 
multiple excitations are produced with negligible 
probability is correct. However, when k=1.85 A', one 


finds that the “average” energy loss is 19.5°K, which is 
twice the size of E(k). If the matrix elements of Fig. 3 
are correct, then the sum rule (6) implies that there 
is only a 13% probability of producing multiple 
excitations when the momentum transfer is 1.85 A'. 
Such a small probability of multiple excitation seems 
hardly consistent with a mean energy loss corresponding 
to the production of two rotons. We conclude that the 
correct matrix elements for single roton production are 
almost certainly smaller that those given in Fig. 3.” 


IV. EFFECTS OF FINITE TEMPERATURE 


If the liquid is at a finite temperature, some phonons 
and rotons are always present, and the neutrons can 
gain energy by annihilating excitations. The energy 
spectrum of the neutrons emerging at a given angle will 
contain a line representing annihilation of single 
excitations as well as a line or lines arising from their 
production, At temperatures below the \ point, the 
production process is far more important than annihila- 
tion if the wavelength of the incident neutrons is less 
than 10 A. Since phonons and rotons obey Bose 
statistics, the rate of annihilation of excitations of 
momentum Ak is proportional to the number n(k) of 

: 


‘ 

“It is not entirely obvious that the total cross section is 
lowered by lowering the probability of producing single excitations, 
since the sum rule (6) implies that the probability of producing 
multiple excitations must be correspondingly increased. However, 
the density-of-states factor resulting from the delta function in 
Eq. (1) produces a decrease in the total cross section when 
probability is transferred from single to multiple excitations. 
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such excitations already present, while the rate of 
production is proportional to n(k)+1. At temperature 
T, we have n(k)={exp[E(k)/xT]—1}~'; for rotons 
at 2°, E(k)/xT~5, and we see that the “spontaneous 
production” factor 1 is much greater than m(k). 
Figure 2 shows that if the incident neutron wavelength 
is less than 10A (k; 20.6 A~), most of the excitations 
produced have wave numbers greater than 0.4 A7! 
and consequently energies large compared to 2°K. 
Furthermore, Fig. 3 shows that the matrix elements 
for the production of low-energy phonons are small. 
Thus we see that in the range T =2°K, \ S10 A, 
spontaneous production is much more important than 
“induced production” and annihilation, and the lack 
of temperature dependence of the total cross section is 
understood. 

For incident neutrons of wavelength greater than 
~™10 A, it is kinematically impossible to produce any 
except very low-energy phonons (and no excitations at 
all can be produced when A>16.5 A). Hence the 
annihilation process is the most important one at long 
neutron wavelengths, and the total cross section in 
this region is strongly temperature-dependent. UI- 
timately, at very long incident neutron wavelengths, 
the kinematics becomes that of zero-energy incident 
neutrons. Figure 2 shows that a zero-energy incident 
neutron can annihilate only phonons with wave number 
k=0.68 A“! and energy 11°K." ‘The total cross section 
ultimately depends on the temperature as exp(—11/T), 
and on the incident velocity as 1/v [arising from the 
factor 1/k, in Eq. (1) }. 


V. RESOLUTION AND LINE WIDTH 


In order to obtain even a moderately accurate 
measurement of the roton energy A, the velocities of 
the incident and exit neutrons must be known very 
accurately. Figure 2 shows that the slowest neutron 
which can produce a minimum energy roton has a wave 
number k~1.04 Aq! (energy=25°); the exit neutron 
in this case has k~0.81 A~! (energy =15°). ‘To measure 
A with an accuracy of one degree, the neutron energies 
must be accurate to 0.7°; for the incident neutrons, we 
need 6\/A=6E/2E=0.7/50=0.014. Thus, to measure 
A with ten percent accuracy, the velocity spread of the 
incident neutron beam must be limited to about one 
percent. Nothing is gained by studying neutrons which 
have annihilated a roton; the slowest incident neutron 
which can annihilate a roton has k~0.81 A™'!, and we 
need 6\/A=0.7/30=0.023. The slight improvement in 
the resolution situation is far more than offset by the’ 
low rate of annihilation, as compared with production 
(see Sec. IV). The resolution situation is best when 
we observe neutrons scattered through 180°. If we study 


This is not entirely correct, since annihilation of multiple 
excitations is possible, though unlikely at low temperatures. 
The total momentum of the excitations annihilated must be at 
least 0.68 A~ and the total energy at least 11°K. At low tempera- 
tures and velocities, the cross section still varies as 0! exp(— 11/7). 
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the 90° scattering, the slowest allowed incident neutron 
has k~1.5 A“ and we need 6\/A~0.007. 

If one looks at the energy distribution of the neutrons 
emerging at a particular angle, how broad is the line 
corresponding to those neutrons which have created a 
roton? We have studied this question in some detail ; 
in the Appendix we compute the detailed line shape 
which would result if we make certain assumptions 
about the interaction between phonons and rotons. 
The assumptions prove to be unrealistic, but the method 
of computation is of some interest. The result which we 
obtain for the line width is what one would expect 
from the uncertainty principle; the width is h/r, 
where 7 is the lifetime of the roton until it collides with 
something. In our model, roton-roton interactions are 
neglected; hence the lifetime we compute is that for 
roton-phonon collisions. This lifetime is very long, and 
the resulting width is less than 10~°°K (to be compared 
with a roton energy A=9.6°K) when the helium is at a 
temperature of 1°K. Landau and Khalatnikov'* have 
computed the lifetimes for phonon-phonon, phonon- 
roton, and roton-roton collisions. They find that at 
temperatures of 1° and higher, the roton-roton lifetime 
is much shorter than the roton-phonon lifetime. 
When 7'=1°, the width of a roton line is 0,006°K, 
which is still very small compared with the roton 
energy, but large compared with 10°°°K. The width 
is proportional to 7! exp(—A/xT), which represents 
the temperature dependence of the number of rotons 
present ; when 7 = 2°K, the width is about 1°. Similarly, 
one can compute the width of a line arising from the 
production of phonons by neutrons; when 7=1°K, 
the lifetimes of a phonon for scattering by a roton or by 
another phonon are comparable, both giving rise to 
widths of about 10°°°K. We conclude that for all 
practical purposes the lines in the neutron spectrum 
will be true delta functions if the helium temperature is 
near 1°K. 

To calculate the cross section for roton-roton colli- 
sions, Landau and Khalatnikov assume a delta-function 
interaction between rotons, the strength of the interac- 
tion being chosen to fit viscosity data. In the appendix 
we show that such a delta-function potential, with a 
strength close to that of Landau and Khalatnikov, 
arises from the possibility that roton I can emit a 
phonon which is subsequently absorbed by roton II. 
The result is only suggestive rather than conclusive, 
however, since we are also led to a velocity-dependent 
interaction between rotons, comparable in strength with 
the delta function. 
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SCATTERING 
APPENDIX 


The problem of the breadth and shape of the lines 
in the neutron spectrum caused us some confusion, the 
details of which are not worth recounting. Finally, we 
constructed a “model” Hamiltonian for helium, 
including a phonon-roton interaction, for which the 
line shape can be computed very accurately. Analysis 
of this Hamiltonian not only resolved our private 
confusion, but also showed what the line shape is in 
the case of real helium. ‘The important features of the 
answer can be obtained from perturbation theory, 
provided certain linear terms are interpreted as the 
beginning of exponentials. We regard the more accurate 
computation as sufficiently interesting to be presented 
here. It is analogous to the Weisskopf-Wigner method 
in the theory of optical spectra. 

Suppose, for simplicity, that excitations with k<k, 
are phonons, with energy E(k) =/ck, and excitations 
with k>&, are rotons with energy E(k) =A+h?(k— ko)? 
2u. If there were no interaction between phonons and 
rotons, the Hamiltonian for the liquid would be 
H=)>oa.*a,E(k), where a,* and ay are the usual 
creation and destruction operators for excitations of 
momentum Ak; the operator a,*a, has integral eigen 
values my, which represent the number of excitations 
present with momentum hk. The matter density at 
r is given by 
(poh/2Vc)' > ki 


kcke 


p(r)—po 


X Cay exp (ik -r)+-ay* exp(—ik-r) }. 


We are interested only in the average behavior of the 
matter density over a region of finite size (the size of 
the roton) and have therefore omitted wavelengths 
smaller than 2r/k, in the representation of p(r). 
We assume that if a roton of momentum hk is at r, 
its energy is E(k)+(04/0p)| p(r)—po |. Atkins and 
Edwards!” find dA/dp 

= —().57A4/p. The actual interaction between phonons 
and rotons involves further coupling terms, which will 
be discussed later. 

It is convenient to use a mixed representation in 


have measured 0A/dp and 


which phonons are treated with creation and destruction 
operators, and rotons are represented as particles with 
coordinates and momenta. If 

present is m, the Hamiltonian is 


the number of rotons 


OA m 
(poh, 2Vc)! : 


Op i~I 


H >: ay,*ayhck + >: E(k) t 
il 


keke 


xd killa, exp(ik-r;)+ay* exp(—ik-r,) ]. (1) 


kk 
The interaction term in (1’) creates and destroys single 
phonons, since the operators a, and a,* appear linearly. 


'*K. R. Atkins and M. H. Edwards, Phys. Rev. 97, 1429 
(1955). 
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(g) (b) 


Vic. 6. Diagrams representing the phonon-roton interaction in 
the Hamiltonian (1’). The solid line is a roton, the broken line a 
phonon. Time increases from left to right. Diagram (a) represents 
emission of a phonon, and (b) represents absorption 


Rotons only change their momenta, however, since 
the 
function by a plane wave. If we represent rotons by 


interaction merely multiplies the roton wave 
solid lines and phonons by dotted lines, the two terms 
in the phonon-roton interaction can be represented by 
the diagrams of Fig. 6. 

If the number of neutrons per second emerging in 
solid angle dQ with an energy loss in the range (£, 
E+dk) is n(E)dEdQ, the Fourier transform of n(2) 


is given by Eq. (1) as 


s 


/() f exp(—inh)n(h)dh: 


Qa’h 
( ) fous exp[ —in( k,— E,) | 

m f 
2m 

(hy r)) 
he 


x | V,,(k—k,) a(« k + 


Since the energy needed to produce a roton is small 
compared with the energy of the incident neutrons, the 
term (hy 
can be ignored with negligible error, This approximation 
better as the incident get faster.'® 
Similarly, since the direction of k is fixed and its length 
is very close to k,, we can replace k—k, by a constant 
vector q, where |q| = 2k, sin(@/2). Furthermore, the 
liquid may be in different initial states 7 with probabil 
BE;)/> BE,;), where B=1/xT. Thus 


es 


E,) in the argument of the delta function 


gets neutrons 


ity exp exp 


we obtain 


BE;)}")> 


—~ 


(a°hk;/m)[ > exp( J 
iJ 


f(n) 


[Bk +-in( ky 
(athk,/m)[ Tr exp(—BH) |! 


inl) V* exp( 


Xexp{ K;) |) V 75(q) |? 


«x TrLV exp( BH+-inl1) |. (2’) 


In Eq. (4) we have suggested that the wave function 
for a single roton of momentum q is the ground-state 
wave function multiplied by }> exp(iq-r,). Since the 
wave function for an oscillator in its first excited state is 
just the ground-state wave function multiplied by the 
would follow 
exp(iq-r,) is the normal coordinate for rotons 


normal coordinate of the oscillator, it 
that >- 


~~ 


of momentum q. In particular, if | 7) is a state contain- 


‘© We are only computing the shape of n(/) for energies near 
the roten energy. Fast neutrons tend also to produce multiple 
excitations, with large energy losses, but we are not studying that 
part of the spectrum 
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ing no rotons of momentum gq, then 


X exp(iq-ry) | j) 
[NS(q)/V _}' exp(iq-r)| 7). 


V\9) 
(3’) 
The wave function exp(iq-r) 7) represents whatever 
was present in the initial state 7, plus a roton of momen- 
tum q; ris the position coordinate of the roton. If | j) 
already contains rotons of momentum gq, then 
> exp(iq-r;) both creates and destroys rotons. 
Actually, >> exp(iq-r,) is not the exact normal co- 
ordinate for a roton, and consequently this factor 
can also create and destroy multiple excitations. In 
keeping with the spirit of this computation, we deal 
with a fictitious model in which direct production of 
multiple excitations by neutrons does not occur. 
This does not mean that no multiple excitations are 
produced ; a neutron can produce a single virtual roton, 
which then breaks up into a real roton and a real 
phonon through the interaction term in //. 

As a further simplification, we deal with a case 
slightly different from thermodynamic equilibrium. 
In the initial states 7 we allow an arbitrary number of 
phonons to be present, with the usual thermodynamic 
distribution; however, we consider only initial states 
in which no rotons are present. This picture is accurate 
at low temperatures. Consequently, for the initial 
states 7 the Hamiltonian is 

Ho= > ay*ayhck, 


heh 


(4’) 


and for the final states / 


H = Hot- E(k) +04/dp(poh/2Vc)) > kh 
k<ke 


x [ay exp (ik -r)+a,* exp(—ik-r)]  (5’) 


Hot+H. 


In determining the traces of (2’) we can use any states 
as a basis. For the initial states we use eigenstates of 
Ho, denoted by |xi%2"++); as base vectors for the 
states with a roton present we use products of an 
eigenstate of Hy and a position eigenfunction (delta 
function) for the roton, denoted by |X; mito": -). 
Since we deal only with initial states with no rotons, 


[Tr exp(—BH) } "= JJ [1—exp(—phcek) ]. 
keke 


lor the other trace we obtain 


TrLV exp(—inI1) V* exp(—BH+ inl) | 


; is Axdy (Ny Nye , | VY 5 Mitye*- 
Nil M2 
exp —in(Hot+-H)) }| xjnyittys: + ° 


|V*| myittee + -) 


Kexpl —B+-in) > nyhck |. 


k<ke 


KAY Mir 
K(X; Mine 


(6’) 
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From (3’) it follows that 


(mye iMues ++ | V | ¥5 Mertea ++) =LNS(q)/V }lexp(iq: y), 


V*| yimues +) = LNS(q)/V |lexp(—iq-x). 


(X) Myint ** 


A great simplification is effected if we neglect the 


dependence of E(k) on k, i.e., let E(k) =A. We now 


make this approximation and shall later consider the 


effects of restoring the dependence. Since H does not 
involve the momentum of the roton, if the wave function 
is initially a position eigenfunction of the roton it will 
remain a position eigenfunction, Consequently, 


(Y¥3 Muimun ++ | expl—in(Hot+ Hy) || x5 mete: * 
8(X— y)(X5 Mein °° | 

exp —in(Ho+H,) || x5 mertens ++). (7) 
The second factor on the right is simply a diagonal 
element of the function (represented in 
occupation-number space) for a collection of oscil 
lators forced by the function H,. The matrix elements 
Gmn for a forced oscillator are easily worked out, by 
operator calculus!’ or other methods. If the Hamiltonian 


Green’s 


for a forced oscillator is 
H = a*aet+ g(lat g*(ia*, (8') 


and |m) and |m) are eigenstates of the unforced 


oscillator with energies me and ne, respectively, then 


! t’’ 
Ginn (m exe — if moat] ») 
t | 
my gn 
ient”’)(m!n!) ( )( yr 
ae r 


"Go, 


exp(teml’ 


x | 1B*)™ r( 1B)" (9’) 


et 
B | g(t) exp(—tel)dt, 
Gouo= expt — ff didsg(t)g* (se *"' ) 
U'’>t>art’ 


The trace is now easily obtained. We find 


> expl(—8+ it” 


where 


and 


il’ )en |Gun 


BB*)-" 


Goo - é pen 


n>r>0 r'[ (n 


Goo(1—e-**) exp BB*/(e&*—1) |. (10') 
From (5') we have g(t)=(04/0p) (poh/2V.)'kie™ *. 


Replacing the sum over oscillators by V (2m) “fdk, 
17 See, for instance, R. P. Feynman, Phys. Rev. 84, 108 (1951), 


Eq. (38). The present case is a trivial generalization of the result 
given there. 
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(a) (b) 


Fic. 7. Interaction of neutron (double line) with helium. In 
(a) the neutron produces a real roton. In (b) the neutron produces 
a virtual roton which decays into a real roton plus a phonon of 
roton absorbs a phonon and 


frequency w. In (c) the virtual 


becomes a real roton 


we find [letting a= (04/0p) (poh/c) | 


(a*hk,/m)NS(qg) exp( 


| a Ache 
«exp f dw} — inw 
| (2r)*(he) ‘2 


/() 1An) 


cor") 


‘The various terms in the exponent of (11’) are easily 
understood by applying perturbation theory to (5’), 
treating a as small. The coefficient of —7y is simply 
the energy A of a roton, plus a correction arising from 
the fact that 


absorb and re-emit, phonons. ‘The rate of emission and 


the roton can emit and reabsorb, or 


reabsorption of phonons of momentum Ak is propor 
tional to m,+-1, while the rate of absorption and re-emis 
sion is proportional to 2, with an energy denominator 
of equal magnitude but opposite sign. Hence, the 
energy correction is independent of the number of 
phonons present, and does not depend on the tempera 
ture. The numerical value of the self-energy is 64/4 
0.04 k.*, with k, measured in reciprocal angstroms 
The cutoff k, should correspond to a wavelength equal 
to the roton size, 1e., several interatomik 
we estimate ky~0.5 At, 
The remaining terms in the exponent represent the 


Spacinys ; 


possibility of production of multiple excitations 
(Fig. 7(b) |, or production of a roton which then 
absorbs a phonon [Fig. 7(c) |. In all diagrams the 


neutron (double line) interacts with the liquid only 
once, and produces a roton, ‘The roton may then emit 
or absorb an arbitrary number of phonons, each 
interaction factor a 


roton-phonon contributing a 


to the amplitude and a’ to the probability. The only 
processes with rates proportional toa’ are those shown in 
Figs. 7(b) and 7(c). In 7(b) the neutron suffers an 
loss A+w, while in 7(c) the 
The rate of 7(b) is proportional to n(w)-+-1, 


enerpy loss Is 


A Ww. 


while 7(c¢) is proportional to n(w). Hence at low tempera- 


energy 


tures the line shape is strongly asymmetric. If the 
exponent of (11°) is expanded into complex exponentials, 
the coefficient of exp(—tmn) is the rate of 7(b) a 
computed in perturbation theory, and the coefficient 
of exp(iwn) is the rate of 7(c). The remaining term, 
which is independent of n, represents a change in the 


rate of single roton production 7(a) arising from the 
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Fic. 8. Shape of a line in the neutron spectrum resulting from 
roton production, computed from (11’). In the actual case, the 
delta-functions (represented by arrows) are slightly smeared out, 
but the rest of the shape is as shown. 


distortion of the single-roton wave function by virtual 
phonons. 

Since @ is small, the exponential in (11’) can be 
accurately replaced by the first two terms of a power 
series. Then n(Z) is just the coefficient of exp(—ifn), 
and we can plot the line form (Fig. 8). If only the first 
two terms of the power series were retained, n(/) would 
cut off sharply at energies more than hck, from the line 
center; the higher terms in the power series smear out 
the cutoff. The one-sidedness of the curve for T=0 
arises from the fact that the roton is the lowest excita 
tion of momentum q. Since no annihilation is possible 
at zero temperature, the neutron cannot lose any less 
energy than that needed to produce a roton. 

At high temperatures (Shck,“@<1) the line becomes 
Gaussian with width 


CE (12’) 


. 1 OA ook. , 
k aw - ( ) . 
On’ \ dp Bc 


It is readily shown that in thermal equilibrium the 
matter density fluctuates according to the Gaussian 


distribution. ‘The width of the Gaussian at high 
temperatures is pok/6m’hc*, Reasoning classically, one 
might say that although we do not know the value of 
the density at the place where the roton is created, 
nevertheless the density has an instantaneous value, 
which determines the amount of energy needed to 
create the roton. Accordingly, the line shape would be 
the same as the shape of the statistical distribution of 
the density fluctuations, as is indeed the case at high 
temperatures, 

The classical argument fails at low temperatures, 
especially near the line center. For large values of 1, 
sin’(wy/2) may be replaced by its average value. 
The integral (dw wexp(—iwn) approaches zero 
because of the oscillation of the exponential, and we 
find that f{(n)~const Xexpl —i(4+-6£)n |. Therefore 
n(/2) contains a delta function at the center of the line 
(the strength of the delta function approaches zero for 
large 7’). To understand this classically, we would have 
to say that there is a finite chance that the density is 
exactly equal to po at the place where the roton is 
created; this, of course, is wrong. Since the density 
operator does not commute with the Hamiltonian, a 
density measurement would change the state of the 
system. Consequently, as in the double-slit experiment, 
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Fic. 9. Diagrams representing phonon-roton scattering. 


the different possible outcomes can interfere with each 
other. Amplitudes, rather than probabilities must be 
added. Part of our uncertainty about the density comes 
from the fact that we do not know what state the liquid 
is in, because the temperature is finite; and part of the 
uncertainty is the quantum-mechanical uncertainty 
which still exists when the system is in a pure state. 
The former is correctly analyzable by classical reason- 
ing, and the latter is not. Accordingly, one might say 
that a finite fraction of the density fluctuations is 
congenitally unobservable; this fraction gives rise to 
the delta function. 

& ‘The uncertainty principle says that the width of a 
line arising from roton production is inversely propor- 
tional to the lifetime of the roton. Since there is nothing 
in the Hamiltonian (5’) which would allow the roton to 
disintegrate,'*® the “‘lifetime”’ is the time till the roton is 
scattered by a phonon. The two diagrams of Fig. 9 
contribute to the scattering. If all rotons have the same 
energy, then energy conservation requires k, =k». Then 
the energy denominators for the two diagrams are equal 
in magnitude and opposite in sign, and the scattering 
rate is zero. This result also holds true in higher orders 
and is well known in meson theory. Hence the lifetime 
of the roton is infinite, and the line width zero. 

We expect the delta function to spread out if we can 
analyze the Hamiltonian (5’), including the momentum 
dependence of E(k). The width, presumably, will be 
the rate of scattering of rotons by phonons. We 
thought it worthwhile to extend our analysis to include 
this case, since it is not entirely obvious that the roton 
has a finite lifetime, in the sense required by the 
uncertainty principle, simply because it can scatter. 
Furthermore, the occurrence of delta functions is not 
clearly precluded by the uncertainty principle; a line 
form consisting of a delta function super-imposed on 
the center of (say) a Gaussian would have a finite 
energy spread. Therefore we continue the analysis. 

The Lagrangian form of quantum mechanics” is 
useful here. In reference 20 the problem of a particle 
interacting with an oscillator has been studied. Suppose 
the total Hamiltonian is 


H = Hyanta*aet g(x,lat g*(x,)a* = Hoan tH’, 

‘SA roton cannot emit a real phonon, since the roton is the 
lowest state of given momentum. 

'? Another way to see that the delta function must spread out 
is to note that n(q,/) is the Fourier transform in space and time 
of the “time-dependent pair distribution function” p(r,t), which 
is the probability of finding an atom at r at time /, if there was an 
atom at the origin at /=0 [see L. Van Hove, Phys. Rev. 95, 249 
(1954) ]. If n(q,£) contained a delta function for some EF, it would 
follow that p(r,t) exp(iq-r)dr does not approach zero for large 
t. But p(r,t) clearly becomes independent of r and ¢ for large ¢, 
and the integral must approach zero. 

#R. P. Feynman, Revs. Modern Phys. 20, 367 (1948) 
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where x is the particle coordinate, and H yar is derivable 
from a Lagrangian L. Then the amplitude for the 
oscillator to go from state m at time ¢’ to state m at time 
t’’, while the particle goes from x to y, is given by the 
sum over all paths x(¢) of the functional 


t’’ e’' 
eo(if LU x(t) wt) <m exo( if u'()4) »), 
v t’ 


where the sum is taken only over paths such that x(t’) 
=x and x(t’’)=y. This sum is denoted by 


f Dx(t). 


x(t')=x 
x(t’) =y 


H’ depends on the path x(¢) through the forcing function 
g. For any particular path, however, the matrix element 
is given by (9’). Hence, if we save the sum over paths 
and the integration on x and y till the end, the oscillator 
sums in (6’) can be carried out as before, and we obtain”! 


Vhk; a 
f(n) -( ' )wsio f d(y~x) expliq: (x—y) ] 


m 


x f Dx) exp(if L{-x(t) u) 
0 


x(O) =x 
x(n) =¥ . 
Xexp{—vyAL[x()]}, (13) 


where 


A[_x(t) | fae ff dtd Xa) g~ tw(t~a) 


O<act<y 


OA . poh 1 
Y ( )( )( ) w=hck. 
Op 2 (27)8 


The Hamiltonian A+(p—po)*/2u comes from. the 


Lagrangian L= —A+-}yu|dx/dt|*+ |dx/dt\ po. As p>, 
L becomes very large for all paths except the one with 
dx/dt=0. Consequently the main contribution to (13’) 
comes from paths whose end points x and y are very 
close to each other; furthermore, the entire path must 
stay close to x and y. If yw is actually infinite, x,—x, 
may be set equal to zero in (14’), and then (13’) 
reduces to (11’), which we henceforth call f,(n). 
The actual value of u is large; consequently, only for 
large n can the paths stray far enough from the origin 
to make f(n) appreciably different from f,,(n). Hence 
the line form is the same as that previously computed, 
except near the line center. 


2! We have replaced q by —q. This clearly does not affect f(n) 
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SCATTERING 
For any functional M[_x(¢) |, we define 


(M) expLiB(anl f dy x) expLiq:(x—y) | 


n 
x f x (t)M[x(2) jexn(i f L{x(t) wt), 


x(O) =x 
x(n) ™y 


The amplitude for a free partic le to ue) from x to y 
in time 7 is 


" 
Ko(x,y,n) f ox exn(if LEx(2) ut) 
0 


x(O) =x 
x(n) =y 


(21) fa exp{iLk-(y—x) — E(k)n]}, 


(15’) 


and therefore (1)=1. ( ), may be 
regarded as a kind of average. We want to find 


The operation 


exp. 1k (q)n \(exp( yA) 


If we define (exp(—yA) then ¢ can be 
expanded as a power series in y: 


exp(— ¢) 


~r7VF1 | Y' P2 fre: 
where 


"1 (A), 2 4((A? ( {)*), etc. (16’) 


If the integrations on k, ¢, and s are postponed, then 


the kind of integral which must be done in evaluating 
(A) is 


] fro x)e4: (ey) rh x (Lett (eae wits 


x(O) =x 
x(n) ™y 
” 
xew(if LLx(7) ur) 
cu ff favinar sei 
x f ox(s) ei f Lire " 
t 


x(t) @xs 
x(n) @y 


x f ox() exp( [ Lir)e ik +3) 
x(s) =x ? 
4 Dx(r) en(if Lar en 


x(t) = 32 
x(O) =x 
x(s 


ai 
ff feo X2)d(X2—X1)d(x,—x)e 4°99) 


Kol y,xo, n 
XK Ko(X2,x1, t—s)e4 
exp{—iLE(q)(n— 1) 

+ (E(q—k)+w) (1 


Le tua (tt ee i(q-- kt) (ae m)) 


11 ®) K o(x),x,5) 


5) + E(q)s |}. 
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(q) 


10. Diagrams representing the two terms in (A 


This integral clearly. describes the emission and re 
absorption of a phonon of momentum hk [ Fig. 10(a) }. 
The second term in A, corresponding to absorption 
and re-emission [ Fig. 10(b) |, results in the integral 

‘id t) 

+ (E(q+k) 


exp{—iL_ E(q)(n 


w)(t—s)+ E(q)s ]}. 


Similarly, (A*) gives rise to terms involving two 
phonons. ‘To calculate (A"), one must evaluate integrals 


of the form 
is f f dt, -dt, exp(i> ait) 
o<tcty ‘de ” 


ty ty, 


t,.,, and introducing the function 


Defining new variables x, Xo= le 


m 


1 
yA vf ail (14 )( 
c+ —1 kiq)—/ 


(q—k)—w 


A 


(18’) is the same as 


(Ps 


In the limit of infinite roton mass, 
the exponent in (11’). This is to be expected, since if 
there is only one possible path, then (exp(—yA) 

exp(—y(A)). The various terms in (18’) have the 
same significance as in (11’), and agree with the results 
of perturbation theory. None of the denominators in 
(18’) can vanish, since the roton is defined as the 
lowest state of momentum q. If we approximate 
(exp(—yA)) by y(A)) in our evaluation of 
f(m), then the delta function in n(Z) still persists. 

One naturally thinks of going further with the 
series (16') and replacing (exp(—yA)) by expl— (y(A) 
tye) |. This procedure not obviously valid, 
however, since we are interested in f(n) for large 7 
Suppose, for instance, that ¢» is linear in 9 for large , 


exp 


IS 


hic. 11 \ which 
contributes a term to (A*) propor 
tional to »*. This term is canceled 
by the square of (10a 


diagram 
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we find 


‘ f a f f(dX xi) exp(iiBw,)dx;--- 


exp id (Bit+-s)x; |dxy- - -dx, 


faa) 


i B; + S } 1€; 
To make the next to last integral converge, we have 
added a small positive imaginary part ite; to each 
B,. All the e, will be taken as different, so that all poles 
are simple, even if some of the 6; are equal. Closing the 
contour in the lower half-plane, we have finally 


eee 
«(——)], an 


The integral resulting from J has the form J», with 
B,=0, Bo=E(q)— E(q—k)—w. In general, the 6, are 
the energy differences between the initial state and 
various intermediate states. The time integral of J’ 
is similarly evaluated, and we find 


) 


elk 


Zs isn 


1 


ami” § 


s 


ef Bi «n—] 
J, 


Bitte; 


I] 


9 
171 


1” 


Bitte; 


d 


ei lE@ E(q~-k)—w) 


1 
k(q—k) 


Ww 


LE(q) 


in E(qtk) +a) 1 


)| (18") 
L(q+k)+w 

but some subsequent term in the series (16’) involves 
higher powers of n. Then neglect of the subsequent 
terms would make f(n) entirely incorrect for large n. 
However, by inspection of the diagrams which contribute 


hq) [ £(q)— E(q+k) +o F 


tO Yn, it is quite easy to see that ¢, is-always linear in 
n for large n. For instance, the “bubble” in Fig. 10(a) 
contributes a term to (A) proportional to 9 because it 
can occur anywhere on the solid line. Among the 
processes contributing to (A*) is the one shown in 
Fig. 11. Since each of the bubbles can occur (almost) 
anywhere on the solid line, Fig. 11 contributes a term 
proportional to 9’; but since the two bubbles are 
independent if the separation between them is large, 
the square of (10a) cancels the term in 7’. ‘There is a 
correction term in (A*) proportional to » because the 
¢ 
similar arguments apply to ¢,. Another way to see 
that 


» is linear in 7; 


two bubbles may overlap. Hence 


A 


¢ is asymptotically linear in n is to observe that 
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for large m and ne, f(n) obeys the functional equation 
f(ni+-n2)=const X f(n:) f(n2). We omit the proof. 

The only part of y*¢2 which interests us is the part 
proportional to n, since the rest is negligible compared 
with y¢;. Furthermore, pieces of y’¢2 proportional to 
in represent small corrections to the self-energy and 
can be omitted. Hence we are interested only in the 
piece of ¢g2 (if any) which is proportional to 7 with a 
real coefficient. Such a piece would cause attenuation of 
{(n) for large n, and would imply that the delta function 
is gone. 

The diagrams of Fig. 12 (and no others in this order) 
contribute the kind of terms we are looking for. For 
(12a) we have ~,;=0, B:=8,=E(q)+a,—E(q+k)), 
B,= E(q)+w,— E(q+k,—k») —w, and 


e711 ‘( 1 ) 
le Bx? (Bs + 1é3 ~i€1) 
oe B8s—e3) 9 | 1 1 
——* ar aa 
B3+1e, By +161 —1€3 (B2—Bs)* 


where the dots indicate that uninteresting terms have 
been omitted. It is possible for 8; to vanish; in fact the 


—J4(12a) 


condition 8;=0 states that phonon-roton scattering is 
+-ie) = P(1/z)—inb(z), 


) t ini (3). 


The principal value term is a correction to the self 
energy and is omitted. Omitting uninteresting terms 
again, we find for the second term 


cos(3n) -] + i sin(4n) 1 
| r( ) ino) 
Bs(Bo—B3)* 3, 


energetically possible. Since 1/(z 
the first term becomes” 


The contribution of (12b) has the same form, with 
By= E(q)— E(q—ky,) E(q)+.— E(q—k,+k,) 
—w),. Similarly, (12c) contributes a term (an/(234)6(B;), 
E(q) tw E(q t k,), B; E(q) TW) E(q +k, 
—k»)—we, By= E(q) — E(q—ky)—we2; (12d) contributes 


WI, Bs 


with By 


™ We are free to let ¢, and ¢€; approach zero in any order, so 
long as we are consistent. We let ¢,—+0 first 
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(d) 


ic. 12. Diagrams contributing attenuation to f(») 


the same type of term, with 
B,= E(q)— E(q—k,)—«, 
E(q+ke 


E(q+k,). 


B3 E(q) | We k,) Wy, 


Bs E(q) | We 
For fixed k, and ky we add the contributions of diagrams 
(12a)-(12d) to the contributions of the corresponding 


diagrams with k, and ky, Noting that 
5(B3) 6(—B3), we find 


exchanged. 
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1 
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nhR/2, 


where R is just the rate of roton-phonon scattering 
(Fig. 8) as computed in perturbation theory. Finally 
we find 


(1An+7(A)+nhR/2) | 
nhR/2). (19°) 


{(ny™~(a*hk;/m)NS(q) exp] 
~ ,. () exp ( 


The only appreciable change in the line shape n(2) 
is the replacement of the delta function by 


1 ( hR ) 
2m \ (EE— A’)*+-h?R?/4 


where A’ is the corrected roton energy. The uncertainty 
principle is evidently satisfied, 


(20') 


As we remarked earlier, the real interaction between 
phonons and rotons is more complicated than the one 
we assumed. The line width is determined by the life 
time for roton-roton collisions, rather than roton-phonon 
collisions. Landau and Khalatnikov" fitted the viscosity 
data by assuming a roton-roton interaction of the form 
VoAb(ti—F2) with Vo=0.5K10"% 
tion term in (1’), which we call H’, allows 


erg-cm’, ‘The intera 
one roton to 


emit a phonon which is absorbed by another roton 
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In computing the equivalent potential, it is permissible 
to regard the rotons as distinguishable. If the initial 
state is ¥;=exp[i(k,-1r;+kz-r,) ] and the final state is 
vy = exp{il (ki +k) -1,4 (k,—k)-r2}}, then the ampli- 
tude to go from i to f is 


MW all'y 
i h~ii, 


Roton 2 can emit a phonon k which is then absorbed 
by 1, or roton 1 can emit a phonon —k which is then 
absorbed by 2. Neglecting the dependence of roton 
energy on the momentum, we find Vy= (04/dp)*(po/c*). 
The equivalent potential is }> Vye*™?= (04/dp)*(po/c?) 
X4(ri2) (actually, the delta function is smeared out 
by the high-momentum cutoff). Using the value of 
Atkins and Edwards!® for dA/dp, we find V»=0.66 
X10" erg-cm*. The p-v coupling between rotons and 
phonons (see next paragraph) gives rise to a velocity- 
dependent roton-roton interaction which seems com- 
parable in strength to the one we have computed. 
If the picture of a roton as a moving smoke ring is 
correct, then the between rotons would 
depend strongly on their relative orientations. Accord 
ingly, even though the delta-function interaction can 
be simply explained, we think the actual roton-roton 
interaction is more complicated. 


interaction 


The interaction between phonons and rotons has 


been discussed by Landau and Khalatnikov, and 


R. P. FEYNMAN 

involves other terms besides (04/dp)(p—po). A phonon 
induces a velocity field v(r) which can be represented in 
terms of the a, and a,*. In the presence of such a field, 
the energy of a roton of momentum p is E(p)+p-v. 
Furthermore, there are terms in (p—po)*, such as 
(0°A/dp*)(p—po)*, which are responsible for most of 
the phonon-roton scattering. Nevertheless, a line 
arising from roton production will still have the shape 
pictured in Fig. 8, provided the delta function is 
replaced by a “witch” of the form (20’), where R is the 
rate of roton-roton scattering. As the temperature 
approaches zero, the rate R approaches zero because no 
other excitations are present to scatter the roton. 
Furthermore, at T=0, n(£) is “‘one sided” because it is 
impossible to produce an excitation of momentum q 
with less energy than a roton. The curve hits the 
axis with finite slope because the rate of production 
of rotons, plus a phonon of frequency of w, is propor- 
tional to w for small w. At finite temperatures, the 
background curve intersects the ‘‘witch” with finite 
slope on the right, and zero slope on the left,¥ because 
the rate of phonon production is proportional to 
w[ 1+ (e—1)~'] while the annihilation rate is propor- 
tional to w(e*’—1)~'. All these statements depend only 
on the fact that the coupling is a power series in the 
dy and a,*, with each creation or destruction operator 
accompanied by a factor k!. 


*% This is not exactly true. Processes involving several phonons 
can give rise to a small finite slope on the left. 
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Oscillations in Direct Current Glow Discharges* 


A. M. Piront 
The Johns Hopkins University, Baltimore, Maryland 
(Received December 17, 1956) 


A dc discharge can behave as an ac current generator; under certain conditions, stable oscillations appear 
with the same period in the current and in the light emitted by the positive column even if it seems steady 
to the eye. 

The current oscillations have been analyzed for their harmonic content. The various wave forms of the 
light oscillations observed along the positive column can be attributed to the fact that the component 
oscillations of different frequencies travel with different speeds 


I. INTRODUCTION in both experimental and theoretical aspects, the nature 
of the oscillations is not quite clear. 


INCE it was discovered that ionized gases in an é : 
A few years ago in this laboratory, researches were 


electric discharge can generate high-frequency os- 
cillations, the various aspects of this phenomenon have 
been the object of many experimental studies. One of 
these aspects is the appearance of moving and standing 
striations in the light emitted by the positive column. 
Investigations were carried out first by means of 
rotating mirrors,’ and later by means of probes? and 
cathode-ray tubes.* 
Several attempts to explain the origin of traveling I]. EXPERIMENTAL TECHNIQUES 
waves of charge density in the discharge (among the ‘The experiments were performed with two cylindrical 
latest is that of Luchina‘) have yielded different reasons 
for their existence; but none of these theories is com- 
plete because the features as they describe them or the 
assumptions made do not fit the physical reality. Thus, 


conducted on de discharges, mostly in argon and in 
mercury vapor’; this paper deals with the result of 
similar experiments on de discharges through helium 
gas where the observed phenomena are less complex : 
for instance, at a given pressure and current the mode 
of oscillation is unique and quite reproducible. 


tubes: tube I, internal diameter 7 mm, distance be- 
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Fic. 1. Schematic diagram of the discharge tube circuit 








* Work performed while a Fellow of the National Academy of 
Sciences. 
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hic. 3. Tube I. Frequency N of oscillations and static power-input 
V %7 as functions of current for 3.1 mm pressure. 


tween NI electrodes 56 cm; tube I], internal diameter 
14 mm, distance between Al electrodes 42 cm 

By means of a cathode-ray oscilloscope (Tektronix 
535), the periodic oscillations can be observed in the 
current at both electrodes, as well as in the light signal 
given by a photomultiplier. The photomultiplier is at 
the exit slit of a l-meter Ebert spectrograph and a 
scanning of the discharge tube allows the different se« 
tions of the positive column to be focused on the 
entrance slit 

The electric circuit is shown in Fig. 1. The wave form 
observed on the screen of the oscilloscope is often 
complex. In order to determine which frequen ies are 
contributing to it, and to what extent, the signal 
(either current or light) can be fed into a harmoni 








(B 


hic. 4. Tube I, Oscillations at 3.1 mm pressure, i= 1.4 ma 
\) Current V = 10000 sec’!, At=0.018 ma. (B) Light intensity, 
ac component at 8 cm from cathode 


PILON 


wave analyzer of working range 0-16 kc/sec (Hewlett 
Packard 300 A). Higher frequencies are detected by 
the same analyzer after beating in a pentagrid converter 
6-SA-7 with an appropriate frequency supplied by a 
local oscillator going up to 100 kc/sec. 


III. CURRENT OSCILLATIONS (AT CONSTANT 
PRESSURE) 

As observed in earlier experiments on rare gases,° 
stable modes of auto-oscillations exist only in a certain 
range of current values, for a given pressure; below the 
lower limit the signal has no ac component; above the 
higher limit the pattern on the screen of the oscilloscope 
shows only irregular oscillations. 

At 3.1 mm Hg, tube I oscillates from 3 to 21 ma, and 
tube II oscillates from 0.4 to 1.5 ma. The two tubes 
operate very differently; this is reflected, too, in their 
characteristic V= (i) which has a slope negative for 
tube I, positive for tube II. (V is the voltage across the 
tube, and 7 is the current.) 

The peak-to-peak amplitude Az is small (for instance, 
in tube I: i=7 ma, Ai=0.14 ma) and, for a fixed de 
current i, is independent of the external resistances R in 
the electric circuit. In tube I, when the current is in- 
creased, the wave form changes gradually from an 
almost sinusoidal shape to a more complex one in which 
harmonics up to the eighth can be detected (Fig. 2); 
at the same time the period 7 of the fundamental de- 
creases. The corresponding frequency varies linearly 
with the product V Xi, or with i, since in the region 
under consideration the product V X17 is a linear func- 
tion of 7. (See Fig. 3.) 

Eventually, at the limit of stability, the trace would 
settle down to a completely different wave form, saw- 
tooth shaped, after some sudden transitions between 
different shapes. 

In tube IT, the saw-tooth shape was the rule (Fig. 4), 
with a period for which no variation with current could 
be seen in the small domain of stable oscillations. 

A quantitative analysis of the current oscillations, in 
tube I, gives the curve of Fig. 5 for the amplitude Aiy 
of the fundamental as a function of the current 7. It 
appears to be of the form Aiy=k log(i/ig), io being the 
lower limit for the existence of oscillations 
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Fic. 5. Tube I at 3.1 mm pressure. Amplitude Aiy of the funda- 
mental as a function of current i and logi 





OSCILLATIONS IN 

The functions Aizy, Aizy, etc., do not follow a simple 
law and do not even increase monotonically. 

In contrast to Aiy, the resultant Ai shows a saturation 
towards the upper limit of stability, due to the appear- 
ance of the other components. 

The behavior of the frequency, the appearance of the 
saw-tooth shape, and the possible synchronization of the 
oscillations on an imposed frequency (see modulated 
de discharge®), would indicate a relaxation type in 
which the frequency is determined by the rate at which 
a continuous source of energy supplies an oscillatory 
energy. 

However, when a continuous transition occurs from 
a pure sinuosidal oscillation to a relaxation oscillation, 
the theory shows that the period 7 increases, which is 
not verified in our case of tube I. However, the transi 
tion considered by the theory involves a parameter 


Fic. 6. Tube I. Oscillations at 
V=10000 sec!. (A peak-to poe ak amplitude Ai=0.2 
(B) Light intensity at 6cem from the cathode (ac component 
(C) Light intensity at 28 cm from the cathode (ac component 


3.1 mm pressure, i=19 ma 
Current 


ma 


* A. B. Stewart, J. Opt. Soc. Am. 45, 8, 654 (1955). 
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Fic. 7. Tube IL. i=1.4 ma at 3.1 mm pressure. Amplitude of 
the ac component of the light signal as a function of the distance 
from the cathode along the positive column 


the 
actual change observed is gotten primarily through the 


occurring in the oscillating system only, while 


action of the outside supply of energy 


IV. LIGHT OSCILLATIONS 


These have the same period as the current oscilla 
tions but not necessarily the same shape (Fig. 6) nor 
the same percentage of modulation, which can go as 
high as 100°, towards the cathode end of the positive 
column in several instances 

When the discharge tube is scanned and the sweep 
of the oscilloscope triggered by a reference signal (cur 
rent at one electrode), the pattern given by the light 
signal shows a continuous shifting, giving the evidence 
of the 
at different times for different sections of the positive 


“moving striations”: the peak intensity occurs 
column 

The moving striations travel towards the cathode at 
speeds of the order of several hundred meters per 
second, For tube IT, the speed is 355 meters/sec at 1.4 
ma and 3.1 mm Hg, period 7 
stays the same. For tube I, at 18 ma, 2.7 mm Hy, 7 


100 usec; the wave form 
65 
usec, the change in the wave form can be interpreted 
to give the different speeds of the two main components 
N and 2N: 

Vy 600 meters 


275 meters/sec, J Se 


Actually the speed is not uniform over the interval of a 
wavelength, the above numbers are an average over a 
path close to the wavelength. The nonuniformity is 
periodic. A feature common to both tubes is the damp 
ing of the amplitude, away from the cathode, in a 
The de level of the light 
signal varies simultaneously: high with the high ampli 


manner illustrated in Fig. 7 


tude, low with the low amplitude. This causes oscilla 
tions to appear, towards the cathode, on the standard 
recordings of the average light emitted along the posi 
tive column, and, at times, the eye those 


can see 


“Standing striations.” 
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Temperature Dependence of Distribution Functions in Quantum Statistical Mechanics* 


Irwin OprennemM, National Bureau of Standards, Washington, D.C. 


AND 
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The Bloch equation is utilized to derive an integro-differential equation for the temperature dependence 
of the Wigner distribution function of a canonical ensemble. This equation is solved by two methods; one 
yields a power series in Planck’s constant and the other a power series in the potential energy of the system. 
Transformation functions for the density matrix and the Wigner function are discussed and their possible 
application in the treatment of systems obeying Fermi-Dirac or Bose-Einstein statistics is investigated. 


I. 


HE thermodynamic properties of a system at 

equilibrium can be derived from the partition 
function or the related distribution function. The 
evaluation of these quantities for quantum-statistical 
systems has been approached by various methods, all 
with the common purpose of avoiding the direct 
computation of the energy levels of the system obtained 
as solutions of the appropriate Schrédinger equation. 
These methods can be grouped generally into three 
categories: (1) direct evaluation of the partition func- 
tion by successive approximation! ?; (2) series solution 
of the Bloch equation for the density matrix*"; and 
(3) series solution of the quantum-mechanical analog 
of Liouville’s equation (the Wigner equation) for the 
Wigner function.’:” 

The present article is a study of the Bloch equation 
for the Wigner function, which is a quantum statistical 
phase space distribution function. We first derive the 
equation obeyed by the Wigner function for a canonical 
ensemble at an arbitrary temperature and then solve 
this equation for systems obeying Maxwell-Boltzmann 
statistics. ‘Two solutions are presented, one of which is 
an expansion in a power series in Planck’s constant, and 
the other of which is a power series expansion in the 
potential energy. Both series diverge at low tempera- 


tures, and it has not been possible so far to obtain a 


* Supported in part by the U. S. Atomic Energy Commission, 
Division of Research, A portion of this work is contained in a 
thesis presented by one of us (I.O.) in partial fulfilment of the 
requirements for the degree of Doctor of Philosophy in Yale 
University. 
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useful low-temperature expansion. From these solutions 
for the phase space distribution function, the configu- 
ration space and momentum space distribution func- 
tions are easily obtained and are compared with 
previous results, wherever possible. 

We next consider systems obeying quantum statistics 
(Bose-Einstein or Fermi-Dirac) and approach this 
problem with the aid of transformation functions for 
the density matrix and the Wigner function. The 
transformation functions are defined, some of their 
properties are discussed, and it is shown that a formal 
separation of the problem of statistics from the problem 
of quantum dynamics can be effected. 


II. 


Consider a system of N-identical particles obeying 
Boltzmann statistics and the laws of quantum me- 
chanics. For a canonical ensemble the partition function 
( is given by the expression 

O= Line Pe, (1) 
where the sum is over all eigenstates of the system and 
B= (kT). The energies E, are the eigenvalues of the 
Schrédinger equation 

Hy,.=E.wW,, H 


y, is the normalized wave function in coordinate 
representation, U(R) is the potential energy, R is a 3N- 
dimensional vector denoting the coordinates of the 
entire system, and H is the Hamiltonian operator. The 
unnormalized density matrix of a canonical ensemble 
in coordinate representation is defined by the relation 


eo) (R,R’; 8) =¥, cP! y,.*(RY,(R), (3) 


where y,* is the complex conjugate of y,.” Alternate 
expressions for the density matrix are 


po” =>, expl—BH(R’) ,*(R)y,(R), 
p” =>, exp —BH(R) ly, (R)y,.*(R’). (5) 


— (h?/2m)V 2+ U(R); (2) 


The Wigner function is a Fourier transform of the 


8 J. von Neumann, Mathematische Grundlagen der Quanten 
mechanik (Dover Publications, New York, 1943). 
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density matrix and can be written as 


1 3N 21 
f(R,p; 8) -( ) f ‘ f ef pY) 
hr h 


p™) (R+Y, R—Y;8)dY, (6) 


where p is a 3N-dimensional vector which denotes all 
the momenta of the system and the 3N-dimensional 
integration extends over all space. This function 
possesses many pertinent features of the classical 
distribution function; in particular, phase-space aver- 
ages may be formed without recourse to operator 
techniques as required with the density-matrix formal- 
ism. The quantum mechanical operator corresponding 
to the observable whose average is desired must be 
related to its classical counterpart by means of the 
Weyl correspondence. Thus the ensemble average of a 
quantity, a(R,p), a function of the coordinates and 
momenta of the particles of the system, is, simply, 


fans /)(R,p; 8)dRdp 
(a)= 
[10°Rp;8)ARap 


Differentiation of Eq. (4) yields the Bloch equation 


for the density matrix, 
dp’) /dB= —Hp™?, 


which has been studied by various authors.4"' The 
equation determining the temperature dependence of 
the Wigner function, Eq. (6), can be derived in the 
following way. Differentiation of Eq. (4) and Eq. (5) 
with respect to 6 leads to 


dp /dB= —4 LH (R’)p™ (R,R’; 8) 
+H(R)p (R,R’; 8) J, (8) 


and the Fourier transform of this equation becomes 


afm = 1y 7 1\ 88 2i 
MYT So) 
op 2 hr h 
2 2 


h hi 
x(- Vary’ -Vr ) 
2m 2m 


Kp) (R4 Y, R Y;8)dY 
1s oe 

+( ) J-feo( “p-¥ JCU(R+Y) 
hr h 
OS OES SR Eee (9) 


where R has been replaced by (R—Y) and R’ by 
(R+Y). The Laplacian operators can be rewritten in 
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terms of the variables R and Y; this permits integration 
of the first two terms on the right-hand side of Eq. (9) 
and we obtain the desired equation," 


af™ h? p’ 
(reP) manasa 
OB Sm 2m 
0’: f)(R,p; 8), 
UF as i Neca 2 
G-) S-SeGer) 
2\ hr h 


*LU(R+Y)+U(R— Y) | 
«Kp (R+Y, R—Y; B)d¥ 


1/1 \8 21 
(2) f-fofto-ns 
2\ hr . h 


«LU (R+x)+U(R—x) | 
x f (R,p’; B)dxdp’ 


i7viy” . 2i 
(°F - fod 
2\hr h 


«Ef (R, p+p’; 8) 


where 


0’. f™ 


tf) (R, p—p’; 8) |U(x)dxdp’ (13) 


cos(4AV,-Va)U(R) f(R,p; 2). (14) 


In Eq. (14), Ve operates on U(R) only. The @’ operator 
has been written in a variety of ways for later reference.'® 
Equation (10) may be considered a fundamental 
equation for equilibrium ensembles. Its classical 
counterpart is 


Ofer | p’ 


2m 


(15) 


r U(R) [ram, 


Op 


which is obtained at once from Eq. (10) in the limit as 
h—»0 or directly by differentiation with respect to f of 
the classical unnormalized canonical distribution func- 


tion, 
py 


1 aN t 
fa™ ( ) exp/( BH.1), I. { U(R). (16) 
2arh 2m 


Comparison of Eqs. (10) and (15) shows the influence of 
quantum mechanics on the equation for the distribution 
function: first, in the appearance of the terms 
— (h?/8m)Vx? f and secondly, in the more complex 
effect of the potential energy. 


Ill. 
The solution of Eq. (10) for the quantum mechanical 
distribution function in a power series in Planck’s 


4 Compare with H. S. Green, reference 7. 
J. H. Irving and R. W. Zwandg, J. Chem. Phys. 19, 1173 
(1951). 
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constant, appropriate for almost classical systems, can 
be derived most easily with the representation of the 
@’ operator given by Eq. (14). We postulate the 
solution for {( to be 


f"(R,p; 8) = fer (R,p; 8) > h"x,(R,p; 8). (17) 


n 8 


’ 


It can be readily established that the coefficients of odd 
powers of h in (17) must be zero if /'*? is to reduce to 
f.i'*’ at infinite temperature, and we may thus rewrite 
(17) as 


f(R,p; 8) = fa’ (Rp; 8) > hg, (Rp; 8). (18) 


Substitution of Eq. (18) into Eqs. (10) and (14), and 
equating of the coefficients of like powers of h, yields 
the desired equation for dy: 


Od», 1 
fa” 
Op 


Va’ l(dn fer ) 
Km 


(Vx V,)"" 


1)” U(R) fa Mdx=0, (19) 


k) |! 


[2(n 


of which the solution is, for n>0, 


‘ 1 
Py, f |e t ( VR" hy—ile pre ) ) 
0 km 


3’ p’ n 4 ( 1Vr V,)** k) : 
Fexp > (—1)"**'U(R) 
2m J k= 


[2(n—k) |! 
Bp? 
Je [wr (20) 


xexp( 
2m 


do 


N 


For n=0, we have 


Ago/ OB =O, constant; 


since {“?) approaches f,i‘%? as B approaches zero, we 
obtain @o= 1. The equation for ¢, can be reduced to 


Od) 1 
| 28(V,7U) 
Oop Sm 
, | ip PPT 
A} (Val)? +VaVR (RK): — pe, Gy 
m? 


(a-d)(b-c). The integration of Eq. (21), 
M1) as B—>0, is trivial 


where ab: ed 
subject to the initial condition ¢, 
and we obtain 


pe 
(V,7L/) 
km 


pi 


3 
| (Val)? +VeVRl (R): 


24m 
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Higher approximations to {‘*? can be easily determined 

by similarly straightforward evaluations of ¢2, $3, etc. 
The distribution function in configuration space 

ep’) (RLR;8)=p™(R; 8) is obtained from f'*”’ by 

integration over the momenta, 


(23) 


p™)(R; B) foo friar 


If we approximate f™> by fei’ (1+h’¢,), ep) (R; B) 


becomes 


m a 
p YR * 2) ( ) 1 
xan) | 


i 


BU 


of 


3 | 
+ (wat | e 
24m 


12m 


(24) 


‘This expression has been derived by earlier investigators 
by considerably more complicated methods. The distri- 
bution function in momentum space o'”)(p;8) can 
likewise be easily determined : 


a) (p; B) fro oar. (25) 


To terms of order h®, 0? is 


1 aN Bp 
a) (p; B) ( ) exp( Jf fern bl 
Qah 2m 
pe f exp( aoa], (26) 


where further evaluation depends upon the specific 
form of the potential energy function. Thus, the present 
formalism provides the advantage of yielding one 
solution of the fundamental equation from which the 
configuration space and momentum space distribution 
functions, as well as phase-space averages, can be 
obtained by relatively simple integrations. If, instead 
of Eq. (17), we had postulated the form 


1 aN Lr 
f(R,p; 8) ( ) [eso] -0( 10+ 5 #0.) || 
2rh nad 


as a solution of the fundamental equation, we would 
have arrived at the results of Mayer and Band. For 
the calculation of the first-order quantum corrections 
to thermodynamic functions it is immaterial which 
approach is used. 

The series solution, Eq. (17), is applicable to quantal 
systems obeying Boltzmann statistics. Consideration 
of Fermi-Dirac or Bose-Einstein statistics is of impor- 
tance in regard to the correct dependence of {? on N, 
the number of particles, and leads in the limit as_h 
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approaches zero to the proper entropy expression, i.e., 
a homogeneous function of the mass.*:* However, for 
practical purposes the neglect of Fermi-Dirac or Bose- 
Einstein statistics is justified as it appears that the 
power series solution in # for f is not useful for 
regions of density and temperature where Boltzmann 
statistics is inadequate. 


IV. 


The fundamental equation, Eq. (10), is also amenable 
to solution by a_ perturbation procedure. Other 
authors!:7~* have considered this method and our results 
agree with the previous work. We outline the steps 
briefly for the sake of completeness. For Maxwell- 
Boltzmann the unnormalized distribution 
function reduces to 


statistics, 


(1/2rh)** exp(—Bp*/2m) 


in the absence of all forces. We postulate therefore the 
following solution, 


f(R,p; 8) 


1 aN 
( ) exp 
2rh 


f the integro-differential equation 


Bp’ o 
) > A"wn(R,p; 8), 


2m 


net) 


(28) 


Of N) h’ p’ 
( a )s eoNeg™, 
0B Sm 2m 


where A is the expansion parameter and where we shall 
use the representation of the @’ operator given by Eq. 
(13). Substitution of Eq. (27) into Eq. (28) and 
equating the coefficients of like powers of d yields a set 


of equations with solutions: 


B h® 
Wn -f exp| -(B—r) vi | 
0 sm 
Tp” 
x [esr Jo 0/ 
2m 


the 


Tp’ 
er | far (29) 
2m 


To terms of order >?*, distribution function in 


configuration space can be reduced to 


m iN B 1 \% 
pon)" -S SG) 
2rBh? 0 2rh 

4am\ '% 7 4arm\ 18 m(R—x)? 

Gd) “secs 

B+r B-—r h?(B+7) 


m(R—x)? 
xen - |v corer, (30) 


h?(B—r) 
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which can be shown to agree with the results of Green,’ 
Goldberger and Adams,* and Chester.' In the same 
approximation the distribution function in momentum 
space, 


1 aN Bp 
a‘) (p; B) ( ) exp( ) 
2rh 2m 
x{v of URuR | (31) 


is identical to the classical distribution function, a 
result which becomes invalid when higher order terms 
Bose-Einstein or Fermi-Dirac 


are included or when 


statistics are considered. 


V. 


So far we have confined the discussion to systems 
obeying Boltzmann statistics. We propose to approach 
the problem of quantal systems obeying Fermi-Dirac 
or Bose-Einstein statistics with the aid of transfor 
mation functions and turn now to such considerations, 

We define a transformation function'® for the density 


K”)(R, R’; 8+7!/q,q/;8), by the integral 


matrix, 
equation 


p(R, R’; B+7) Hy Je RG ara a's) 


« p')(q,q’; B)dqdq’. (32) 


By use of the representation, 


p’”)(RR’; p) BH (R) \h(R—R’) 
BHR) \p\* (R,R’; 0), 


exp| 
exp| (33) 
for the density matrix, one easily finds 


KN 6(R 


exp! 


q)4(R’— q’) exp| — rH(q) |, 
rH(R) \6(R— q)d(R’—q’) 


pe’) (Ryq; 7)6(R’ 


(34) 
q), 


as formal representations for the transformation fun 
tion. In a similar manner, the transformation function 
for the Wigner function, K‘?(R,p;6+7/|R’,p’; 8), is 


defined by the integral equation 


{(R,p; B+7) f [x (Rp; B+ 7 R’p’; ) 


xf" (R’p’; B)dR’dp’. (35) 


The transformation function K‘*) represents a descrip 
tion of the formal transition of the system at one 


' The transformation functions defined here differ from the 
Green's functions discussed by Husimi,® Goldberger and Adams,* 
and Siegert. The present functions are analogous to the time 
dependent transformation functions, developed by J. Ek. Moyal, 
Proc. Cambridge Phil. Soc. 45, 99 (1949) and by J. Koss and 
J. G. Kirkwood, J. Chem. Phys. 22, 1094 (1954) 
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temperature and position in phase space to another 
temperature and position in phase space. 

It can be seen readily from the definitions of the 
transformation functions that «'”’ obeys Bloch’s 
equation, 

(N) /Ar= —H(R)K™ (36) 


Ox 


«”H(q), 


OK’) /dr 
with the initial condition 


«™)(R,R’; 8) q,q'; 8) =6(R—q)(R’—@q’). (37) 
Similarly, the function AK“? obeys the fundamental 


equation, Eq. (10), 


OK he p’ 
( VR’ yaw @’- KO), (38) 


Or Km 2m 


with initial condition 


K')(R.p; 8) Rp’; 8) =6(R—R’)d(p—p’). (39) 
Thus, the transformation functions can be determined 
by solving the appropriate equation, Eq. (36) or Eq. 
(3%). For example, power series solutions of Eq. (38) 
can be effected in a manner analogous to that presented 
above for the determination of the distribution function 
{‘™): the details are omitted. 

The formal separation of the problem of statistics 
(proper symmetrization) from the quantal problem of 
solving the Bloch equation or the corresponding equa- 
tion for the Wigner function can now be accomplished, 
Suppose that in Eq. (32) for the density matrix or Eq. 
(35) for the Wigner function we choose an initial state 
and construct a properly symmetrized function for 
that state. The transition to any other state with the 
preservation of the proper symmetry is effected by the 
appropriate transformation function which, in this 
scheme, is independent of statistics as it is determined 
uniquely by Eq. (36) or Eq. (38) and the corresponding 
initial conditions. Let us follow this procedure for the 
density matrix and select the initial state at 6=0. The 
density matrix with a subscript s to indicate a sym- 
metrized function, 


Ps )(R.R’: B) > is exp| 


exp| 


BH(R) Wy,*(ROy,(R) 


BH(R) |p,°%’(R,R’; 0), (40) 


can be evaluated by means of any complete set of 
symmetrized wave functions. The use of plane wave 


1 1 a 1 
( ) > (+1)'" exp p pr), (41) 
V'\2Qrh P h 


functions, 


y,(R) 
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leads very simply to the completeness relation: 


1 
p.’™)(R,R’; 0) =— ¥(+1)'"'5(PR—R’). (42) 
N! Pp 


In Eq. (41) the operator P permutes the components 
of R and the sum extends over all NV! permutations. 
Use of Eqs. (32), (34), and (42) leads now at once to 
the proof of the result 


fORRs 4,4; O)p."”) (q,q' ; O)dadq’ 


1 
- f R—@a(R'—4) exp[ — SH (q) } 
N 
> (+1)!"'6(PR—R’)dqdq’ 
P 


1 
exp[ —BH(R) }— ¥(+1)'"'6(PR—R’) 
N! Pp 


p.°?(R,R’; 8), (43) 


or, symbolically, 


pa?) (B)=«'*) (8) 0) +p, (0). (44) 


A similar equation can be written for the Wigner 
function. 

An alternative approach consists of considering an 
initial state described by Boltzmann statistics and 
constructing a transformation function which effects 
the transition from this initial state to a final state of 
the proper symmetry and at a different temperature. 
Equation (36) or (38) still suffice for the determination 
of the transformation functions, but must now be 
supplemented by the appropriate initial conditions. 


. Thus, symbolically, we write 


ps”) (B) =. (B} 0) -p (0), (45) 
l . 

«(%)(010) > (+1)!"'6(PR—q)6(R’—q’), (46) 
N! Pp 


where 


and 


> (+1)!"'5(PR—q) 


P 


1 
Ke) (8/0) exp. ~BH(R) } 
N! 


«6(R’—q’) =p,'*)(R,q; 8)6(R’—q’), 


and we observe that the permutation of one variable, 
R or R’ is sufficient. It is interesting to note that the 
relation 

(47) 


ps®?(B) =x, (B| O)p,® (0) 


also holds. Equations similar to Eqs. (46) and (47) can 
again be written for the Wigner function. 

Application of this formalism to problems in sta- 
tistical mechanics and quantum mechanics of molecules 
is under consideration. 
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The generalization of the Thomas-Fermi-Dirac atom model to 
include a temperature perturbation of first order is considered, as 
formulated from a variational procedure by Umeda and Tomi 
shima. Initially, no restriction is imposed on the shape of the 
atom’s boundary surface. It is shown that the model yields direct 
analogs for the case with exchange of relations given by Brachman 
for the Helmholtz function and the entropy in the extended 
Thomas-Fermi atom model for arbitrary temperature. The virial 
theorem is derived for an atom of general shape on the model in 
question, by means of which one obtains analogs of expressions 
for the heat capacity of the Thomas-Fermi atom. These results 
yield a set of theorems involving the energy which are direct 
analogs of ones in the Thomas-Fermi case at arbitrary tempera 
ture, and represent a generalization of Milne’s thecrem, which 
expresses the energy of an atom at zero temperature in terms of 
boundary and initial parameters derived from the solution of the 
equation. The of the temperature 


Thomas-Fermi entropy 


I, INTRODUCTION 
N THE basis of earlier work by Wohlfarth,! Lidiard? 
has generalized th. model of a degenerate gas of 
free electrons at norivanishing temperature to include 
the effect of exchange. His procedure for determining 


the distribution function from the pertinent integral . 


equation is to replace the absolute temperature in the 
corresponding Fermi-Dirac function by a disposable 
parameter, which becomes a modified temperature when 
fixed by a variational method. Thus, the formulation 
takes into account the effect of exchange on the distri- 
bution function as well as on the energy, in contrast to 
Yokota’s inclusion’ of the effect on the latter only. 
Lidiard’s results have been used by Umeda and Tomi- 
shima‘ to construct a generalized Thomas-Fermi-Dirac 
atom model, valid to first order in a temperature 
perturbation. Determination of thermodynamic func- 
tions involves solution of a differential perturbation 
equation, which is the analog of the Marshak-Bethe® 
equation in the Thomas-Fermi case. 

The purpose of this paper is to show that the model 
of Umeda and Tomishima yields direct analogs, for 
the case with exchange, of basic theorems on thermo- 
dynamic functions in the Thomas-Fermi case estab- 
lished by Brachman,® by Milne,’ by the author,** and 
by Mayer."’ As a further result, a complete solution for 
the thermodynamic functions of a Thomas-Fermi- Dirac 

1 E. P. Wohlfarth, Phil. Mag. 41, 534 (1950) 

2 A.B. Lidiard, Phil. Mag. 42, 1325 (1951) 

47. Yokota, J. Phys. Soc. Japan 4, 82 (1949) 

*K. Umeda and Y. Tomishima, J. Phys. Soc 
(1953) 

5 R. E. Marshak and H. A. Bethe, Astrophys. J. 91, 239 (1940) 

®M. K. Brachman, Phys. Rev. 84, 1263 (1951) 

7E. A. Milne, Proc. Cambridge Phil. Soc. 23, 794 (1927) 

* J. J. Gilvarry, Phys. Rev. 96, 934 (1954) 

9 J. J. Gilvarry, Phys. Rev. 96, 944 (1954) 

 M. G. Mayer (unpublished; results quoted in reference 9 


Japan 8, 360 


33 


perturbed atom is obtained in terms of a quadrature on the 
corresponding solution of the Thomas-Fermi-Dirac equation for 
zero temperature, in a form corresponding to a result of Mayer 
in the The following analog of Mayer's 
theorem thermodynamic 
Thomas-Fermi- Dirac in the 
perturbed case can be expressed in terms of quadratures on the 


Phomas-Fermi case 


is established: every function of a 


atom first-order temperature 
corresponding solution of the Thomas-Fermi Dirac equation for 
zero temperature. Results obtained are specialized to a spherically 
symmetric atom, and explicit expressions for the temperature 
perturbations in thermodynamic functions for this case are given 
in terms of quadratures on the corresponding unperturbed solution 
of the Thomas-Fermi-Dirac equation. It is argued that the results 
obtained for the analogs of the theorems of Brachman and Milne 
are probably exact for arbitrary the stricter 
formulation of the generalized Thomas-Fermi-Dirac atom model 


temperature, in 


given by Ashkin and Cowan 


atom in the first-order temperature-perturbed case is 
obtained in terms of quadratures on the corresponding 
Thomas-Fermi-Dirac function at zero temperature, 
Since Lidiard’s results are based on an approximate 
variational procedure, the thermodynamic functions 
obtained for the generalized Thomas-Fermi-Dirac atom 
model are not exact, as is true in the stricter formulation 
of the effect of exchange on the Thomas-Fermi model 
which has been given by Ashkin'! and Cowan" (whose 
papers are not available to the author). However, the 
functional form of thermodynamic quantities should be 
essentially correct for low temperature, and the approx 
imation should manifest itself significantly only in the 
values of coefficients, on the basis of Lidiard’s demon 
stration that his variational method yields thermo 
dynamic functions for Fermi-Dirac gas without 
exchange which approximate closely the actual ones.’ 
Furthermore, it will be argued in Sec, [V that the forms 
obtained for the analogs of Brachman’s relations and of 
Milne’s theorem are probably exact, just because of the 
fact that the derivations are based on results obtained 
by a variational procedure; the argument is an extension 
of one given by March" in connection with the virial 


a 


theorem. The limitation of the results for thermody 
namic functions to the case of a first-order temperature 
perturbation is not a serious one, since the effects of 
exchange become relatively unimportant for elevated 


temperature,'® in which domain numerical results!® are 


"J. Ashkin (unpublished ; some results quoted in reference 16) 

2 R. D. Cowan (unpublished 

4A. B. Lidiard, Proc. Phys. Soc. (London) A64, 814 (1951) 

4 N. H. March, Phil. Mag. 44, 346 (1953). Dr. March has 
informed the author that the derivation of the virial theorem 
cited in this reference is restricted to the case of a spherically 
symmetric atom 

'* Feynman, Metropolis, and Teller, Phys. Rev. 75, 1561 (1949) 

‘6 R. Latter, Phys. Rev. 99, 1854 (1955) 
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available from the Thomas-Fermi model as generalized 
to arbitrary temperature by Feynman, Metropolis, and 
Teller.’® 
validity of the results obtained arises from neglect of 
this further in 


A more important limitation on the physical 


correlation will be discussed 


Sec. IV. 


point 


Il, ATOM OF GENERAL SHAPE 


In the interest of generality and simplicity, the 
results will be formulated first for an atom with an 
arbitrary shape of bounding surface 


4 
A. Analogs of the Brachman Relations 


The density f of the Helmholtz free energy, adopted 
by Lidiard for a gas of free electrons with exchange, 
can be written as’ 


Ts, (1) 


kinetic and 


exchange energy, respectively, s is the entropy density, 


where e«,,, and «, are the densities of 
and 7 is the absolute temperature. The quantities ¢,;, 
and ¢. can be expressed in terms of the modified 


temperature 7” and a parameter 2 by 


¥omol 1+ (5/12) (9kT"/ qu)? |, (2a) 


kin 


€ex ton) | 1 (1/12)(1—2 Ind) (ekT"/ qo)? ), (2b) 


where k is Boltzmann’s constant, and ny and 9, are 
parameters given in terms of the (constant) number 


density p of electrons by 


no= (h*/8m)(3p/mr)', ny =e (3p/m)!, (3) 


in which # is Planck’s constant, m is the electroni 
mass, and e is the (positive) electronic charge. The 
parameter » is defined by 


Ind =In(rkT"/no) 4-37 —Inw— 5, (4) 


where y is a constant evaluated by Lidiard. The entropy 
density s is given by 


5= bomo(mh/o)?T" (5) 


Minimization of /f of Eq. (1) with respect to the 


modified temperature 7” yields 
T =T'(1—4(,/n0) Ind |, (6) 
as the relation fixing 7” in, terms of the actual tempera 
ture 7. The parameter 7” reduces to T when ; vanishes, 
or exchange is neglected ; hote that 7-90 implies 7’—0, 
and conversely. 
For the corresponding density / of the Helmholtz free 
energy for the Thomas-Fermi-Dirac atom 
generalized to include the temperature, Umeda and 


model as 


Tfomishima write 
f= €xint €ext €oot €en— TS, (7) 


which differs from Eq. (1) only by inclusion of the 


densities of the electron-electron and electron-nucleus 


interaction energies, €.. and €en, respectively. These 
quantities are given by 


éeo=—fepV., €en=—epV a, (&) 


where V, is the potential arising from the electrons, 
and V, that from the nucleus. Minimization of the 
total Helmholtz function with respect to 7” yields Eq. 
(4) as the relation connecting 7’ with 7. Thus, the 
modified temperature 7” becomes a function of position 
within the atom, since the parameters no and , of 
Eqs. (3) depend on the density p of electrons at a point 
within the atom, as fixed by Poisson’s equation 


V’?V =4rep (9) 


for the total potential V. By minimizing the Helmholtz 
free energy subject to the constraint that the total 
number of electrons be a constant, Umeda and Tomi- 
shima find 


nol 1+ (1/12) (ekT’/n0)? | 
(1/12) (akT’/no)? | 


J 


uteV 
nll 


kno(akT/o)(akT’/qy), (10) 


as the equation determining the chemical potential 
per electron of the atom. Elimination of p between 
Eq. (9) yields the generalized 
Thomas-Fermi-Dirac equation, 

Use of Eq. (10) to eliminate e€.,, 
identification of terms yield 


this equation and 


in Eq. (7) and 


/ #exin— f€ex— Eee TMP, (11) 


for the density of the Helmholtz free energy at a point 
within the atom. By integration of this relation over 
the volume of the atom, one obtains 


B= — 4B xin— Vox Boot Zi - 


for the Helmholtz function # of an atom of atomic 
number Z in terms of the kinetic energy Fyin, the 
exchange energy /,x, the electron-electron interaction 
energy F,., and the total chemical potential Zu; each 
such function is obtained from the corresponding 
density by integration over the atom volume. Equation 
(12) corresponds to Brachman’s basic theorem for the 
Helmholtz function of a Thomas-Fermi atom,® with an 
added term arising from exchange. For the entropy S 
of the atom, one obtains 


TS = (5/3) Exint fEext+2Eeet Eon— Zp (13) 


directly, where /,., is the electron-nucleus interaction 
energy; the relation can also be obtained from Eq. 
(10), by multiplication with p followed by an integration 
over the volume of the atom. Equation (13) differs 
from the corresponding relation of Brachman in the 
Thomas-Fermi case by a term in the exchange energy.® 


B. Virial Theorem 


For the Thomas-Fermi-Dirac atom model as general- 
ized by Umeda and ‘Tomishima to include the tempera- 
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ture, March has shown that the virial theorem in the 
same form as for zero temperature is obeyed, provided 
that the atom is spherically symmetric."' For the pur- 
poses of this paper, the extension to an atom of general 
shape is necessary. 

The equation 


P=—-(0d ao)n f sr 


where P is the pressure and dr is the volume element 
corresponding to the atom volume 2, yields 


Of Op 
lig ox fr- €ee, bh I( ) ( ) dr, (14) 
vy \Ops 7 \ Ov 7 


in which the subscript 6 implies evaluation of a quantity 
at a point on the boundary surface of the atom." 
When one notes that (0 f/dp)7 
makes use of the relation 


OZ Op 
( ) pot ( ) dr=0, 
dvJ y J, \ av] r 


’ 


w iS a constant, and 


one obtains 
r lo €ee, b T HDD. 
With use of Eq. (11), this equation becomes 


P=eyin ot deex,s (17) 
Clearly, the right-hand sides of Eqs. (16) and (17) must 
be constant over the surface of the atom, for equi- 
librium. The same results for the pressure must be 
obtained by computation of the average rate of transfer 
of momentum by electrons at the atom boundary, as 
carried out by Feynman, Metropolis, and Teller in the 
Thomas-Fermi case’; Eq. (17) reduces to their result 
when e€.x vanishes for a spherically symmetric atom. 

To derive the virial theorem, multiply the two sides 
of Eq. (17) by the corresponding sides of the identity 
3u=fyr-dS, where dS is a directed element of surface 
area on the boundary surface 6 of the atom. Use of 
Gauss’s theorem yields 


3P1 2 xin + | ie t raves { 1Veux)dr. (18) 


' 


The parenthetic factor in the integrand can be evalu 
ated from Eq. (11), with use of 


V f=pVetteV .Vp—tepVV,.—epVV,, (19) 


in which the second term takes account of the double 
counting, implicit in the first term, of the effect on f of 


a change in p, and the last two terms take account of 
the effect on f of a change in the potential. Making 


7 The term é€ee,, arises from the fact that J,e.dr involves two 
integrations over the volume of the atom. This term seems to 
have been omitted in the corresponding Eq. (26) of Umeda and 
Tomishima 


IONS 


use of Duffin’s lemma,'* 


Epot ef on: Var, 


one obtains directly the virial theorem, 


3Pv=QkyintEextHl (21) 


for the model in question, by an argument which 


nowhere involves the assumption of spherical sym 
metry. The 
Phomas-Fermi atom of general Shape at 


derivation is directly applicable to a 
arbitrary 
temperature 

that the boundary condition 
required for an atom of general shape is that the atom 
as a whole be electrically neutral, or that J),VV-dS=0 


» must be 


It can be mentioned 


However, it is clear from Eq. (17) that ex), 


constant over the surface of a Thomas-lermi atom of 
arbitrary shape, at zero temperature or otherwise. In 
the total 


constant over the atom surface, to which VI 


general, therefore, potential Vo must be 
must be 
normal; in this respect, the boundary conditions agree 
with those applicable to a conductor of zero total 
charge. The condition to be imposed at the nucleus is 
that the potential V approach the nuclear potential 
V .=Ze 


ras the distance r from the nucleus vanishes 


C. Analogs of Milne’s Theorem 


The results of this section follow from conjunction of 
the Brachman the 
Equation (13), with use of Iq. (21), yields 


oP 
SP: { Lox (7/6) Eg, +d Kon Zu r( ) 
ol ; 
Ok, . Ok, Ou 
Hr( ) +7( ) +z1/ ). (22) 
ol . ol : ol ‘ 


as the analog of Brachman’s equation for the heat 
the 
further use of the virial theorem, Eq. (22) for C 


relations with virial theorem 


17C. 


capacity C, of atom at constant volume.® By 
cali 
be reduced to 

EG: (7/4HE+4T?7(0 OT),| (Pot+4 ke, 


tEentZp)/T}, (23) 


where /. is the total energy. This form for C, is the 
analog of that given by the author for the Thoma 
Iermi case." 

If one writes (0//07 
a linear partial differential equation of first order in 


T for the total energy /. Its 


for C, in hg 3) one obtain 


olution | 
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where the integrations are to be carried out at constant 
volume, and the additive constant of integration is to 
be taken as zero, The pressure P? entering the right-hand 
side of this equation can be determined by means of 
Iq. (17) in terms of parameters evaluated at the bound- 
ary of the atom, and the volume v is fixed, of course, 
by the boundary condition. From Eq. (10), it follows 
that » also can be evaluated in terms of boundary 
parameters. Further, the energy /,,, is given by*® 


Ken =ZeV (n), (25) 


where V,(n) designates V, as evaluated at the nucleus. 
Hence, the right-hand side of Eq. (24) contains no 
term depending on an integral over the volume, and 
can be evaluated in terms of parameters determined at 
the boundary and at the nucleus from the solution of 
the generalized Thomas-Fermi-Dirac equation. For the 
limit in which exchange is neglected and 7-0 (in 
which case the integrand appearing is singular), it is 
III that Eq. (24) yields correctly the 
explicit. expression for the energy of a_ spherically 
symmetric Thomas-Fermi atom in terms of boundary 
and initial parameters, as given originally by Milne? 
for the infinite atom and extended by Sommerfeld'® 
and by Slater and Krutter (to the compressed atom).” 
Hence, kg. (24) represents the extension to the general- 
ized ‘Thomas-Fermi-Dirac atom model of the general- 
ization of Milne’s theorem for nonvanishing tempera- 
ture given by the author for the Thomas-Fermi case.* 

The analog of Inq. (24) for the kinetic energy becomes 


7 : 
Exie4 yr f T ( 
or 
7 0 6Pv— Een —Zp 
mf 
OT AL T 
oP 
( ) sfar, - (26) 
OTs, 
which yields 


r 0. Bn 
EnoutELea—T' f T ( ) dT 
. On avy 
1 0 5 Pv—2Eon— 2Zp 
ofl) 
. OTs, T 
aP 
37 ( ) sfar, (27) 

Oiv 


from Eq. (24). The corresponding forms of these 
equations without exchange terms have not been given 
previously for the Thomas-Fermi atom model at non- 
vanishing temperature, but the validity in this case 


shown in Sec. 


A. Sommerfeld, Z. Physik 78, 283 (1932); 80, 415 (1933) 
~ J. C. Slater and H, M. Krutter, Phys. Rev. 47, 559 (1935) 


follows from the fact that the derivations of Eqs. (26) 
and (27) require use only of the Brachman relations 
and the virial theorem. A form in which F,x appears 
only algebraically can be given as 


TE 
Fax 2b4 47 f dT =—3(Put+Eent+Zu), (28) 
T? 


and analogs exist in which the role of E is taken by 
Fxin and by Epo. 

The forms of Eqs. (24), (26), and (27) obtained by 
setting 7=0 must be strictly true for a Thomas-Fermi- 
Dirac atom at zero temperature, since Lidiard’s model 
of a gas of free electrons subject to exchange becomes 
exact in this limit. Equation (24) for the total energy 
becomes 


ky wai (2 7) Eex, 0= (3/ 7) (Pov + Een, ot+Zpo), (29) 


where zero subscripts imply that a quantity is evaluated 
at zero temperature; this equation represents the limit 
of Eq. (28) also. The forms of Eqs. (26) and (27) for 
zero temperature are 

in: 0 + (2 1 ec q= (3 ‘'7)(6P ov _ ew. = Zo), 


| ot (3 lex 0 
=—(3 7)(5Pov—2E en, o- 2Z 0). 


(30a) 


(30b) 


These expressions represent direct analogs for the 
Thomas-Fermi-Dirac atom model at zero temperature 
of corresponding relations for the Thomas-Fermi case ; 
it is shown in Sec. III that they reduce, when the 
exchange energy is neglected, to the corresponding 
relations of Slater and Krutter” for a spherically 
symmetric atom. Obviously, their derivation must not 
require use of the Lidiard formalism; they can be 
proved independently by means of the virial theorem 
and the relation 


Zyy= (5 3) Exin, ot $Eex, ot . ot | en (31) 


to which Eq. (13) reduces for 7—+0. These simple 
relations for the Thomas-Fermi-Dirac model at zero 
temperature apparently have not been given previ- 
ously. 

For the zero-temperature case, the computational 
significance of Eqs. (29) and (30) lies in the fact that 
they permit algebraic computation of the remaining 
three energies when one of the four energies Ko, Exin,o, 
Eyot.o, and E.x.9 is evaluated by direct integration. 
Note that the virial theorem alone does not permit this 
possibility for the Thomas-Fermi-Dirac atom model. 
(In the Thomas-Fermi case, the virial theorem yields 
a determination of the complete set of three pertinent 
energies when one has been evaluated.) For the case of 
nonvanishing temperature, the relations obtained deter- 
mine (but not algebraically) the remaining three of the 
four energies /, Ein, Epor, and ., when one is known; 
if x is available, the conclusion follows from Eqs. 
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(24), (26), and (27), and otherwise use must be made 
of Eq. (28) or one of its analogs referred to. It can be 
noted that the coefficient of the explicitly temperature- 
dependent part of ¢.x. in Eq. (2b) is independent of 
position in the atom, so that /,, can be written as 


E.x.=— tf ondrtat* f T?(1—2Ind)dr, (32) 


where a= (12ze’a,")', in which apo is the radius of the 
first Bohr orbit for hydrogen. 


D. Analog of Mayer’s Theorem 


When the usual Thomas-Fermi-Dirac function y is 
generalized to VW in order to include the temperature to 
first order, Umeda and Tomishima find from Eqs. (9) 
and (10) that (d°/dr’)! satisfies an algebraic equation 
of fifth degree in the spherically symmetric case (r is 
the radial distance in the atom). Since analytic solution 
of the equation for d°W/ 0dr’ is not possible, these authors 
treat the effect on W of the temperature-dependent 
terms as a perturbation on the zero-temperature value 
y, by writing 

W=~t+or(kT)?, (33) 
where @ is a perturbation function satisfying a differ- 
ential equation analogous to that of Marshak and 
Bethe,’ and ¢ is the Marshak-Bethe parameter. The 
perturbation function @ is restricted to be of zero degree 
in T and 7” jointly. With this restriction, 6 must reduce 
to the corresponding first-order perturbation function 
x in the spherically symmetric Thomas-Fermi case 
when exchange is neglected, and the differential equa- 
tion for # must reduce to the Marshak-Bethe equation.* 

When the corresponding approximation of treating 
the effect of the temperature-dependent terms as a 
perturbation on the zero-temperature solution is made 
for an atom of general shape, it is clear that all terms 
equal to O(T) or O(7") which appear in the coefficient 
of T’ in s of Eq. (5) can be neglected. On the approxi- 
mation in question, therefore, the entropy of the atom 
can be written from Eq. (5), with use of Eqs. (3) and 
(9), as 


S ake [ 1"(0°V.)Mr, (34) 


where Vo represents the value of the potential V for 
T=0, and B=4(}w)!(age7*)"'. The 
Dirac equation for zero temperature and for the atom 


Thomas-Fermi- 


shape in question provides ¥V’Vo in terms of Vy at a 
point in the atom, and solution of this equation yields 
V’Vo in Eq. (34) as a function of position in the atom. 
Hence, Eq. (34) yields the conclusion: the entropy of 
a Thomas-Fermi-Dirac atom in the first-order tempera- 
ture-perturbed case can be expressed in terms of a 


quadrature on the corresponding solution of the 
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Thomas-Fermi-Dirac equation for zero temperature. 
This result is the analog of a theorem stated by Mayer'® 
for the corresponding case in the generalized Thomas 
Fermi atom model. 

The total energy of the atom follows from Iq. (34) as 


, 
E rota f[ rr [var] evo. (35) 


v 


The partition of the energy can be determined directly ; 
Eq. (28) yields /.y. from £, and then /yin and Eeyore 
can be found from Eqs. (26) and (27), respectively. 
The Helmholtz function becomes 


‘y 


F=ko am f f T’(V? Vo) 'dT dr, 


v 


from which the pressure 


os 


0 T ; 
P=Po4 aue( ) ff T'(V? Vo) dT dr (37) 
Ov TY, 0 ) 


4 


4 


follows immediately. 
It is clear from these 
dynamic functions of the atom can be obtained in a 


results that all the thermo 


similar manner, since every thermodynamic fuyiction 
can be obtained from the entropy by algebraic, differ 
ential, or integral processes. Hence, the theorem follows: 
every thermodynamic function of a Thomas-Fermi 
Dirac atom in the first-order temperature-perturbed 
case can be expressed in terms of quadratures on the 
corresponding solution of the Thomas-Fermi-Dirac 
equation for zero temperature. This statement is the 
direct analog of a corresponding theorem of Mayer'’ 
for the generalized Thomas-lermi atom model. 

The results obtained yield a complete solution for the 
thermodynamic functions of a Thomas-lermi-Dira: 
atom in first order for a temperature perturbation, 
without the necessity of solving the differential pertur 
bation equation for @ of Eq. (33) in this case. The 
statement is not restricted to a spherically symmetric 
atom, on the basis of the development presented. For 
the the 
extension of Mayer’s theorem which states that all 


Thomas-Fermi case, author has yiven an 
thermodynamic functions corresponding to any order 
of perturbation can be expressed in terms of quadratures 
on the zero-temperature solution of the Thomas-lermi 
equation.’ It can be conjectured that an analogous 
result holds in the case of the generalized Thomas 
Kermi-Dirac atom model. One can note that the 
theorem in question is similar in content to one in 
quantum-mechanical perturbation theory, stating that 
the perturbation in every observable of the system, to 
any order, can be expressed in terms of quadratures on 


the unperturbed wave function. 
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Ill, SPHERICALLY SYMMETRIC ATOM 


In this section, the salient results of the foregoing 
discussion will be particularized to a spherically sym 
metric atom 

For this case, Umeda and Tomishima express the 
generalized Thomas-Fermi-Dirac function ¥ at temper 
ature T by 
(38) 


(Ze*/vx)V¥=eV-4 wt 2me'/h?*, 


in which x is the dimensionless Thomas-Fermi variable, 
connected with the radial distance r in the atom by 
r-=vx, where v is defined in terms of the radius dy of 
the first Bohr orbit for hydrogen by ay(9r?/128Z)! 
(ne obtains 

(39) 


p= (Ze*/v)(V,/x,— &) 


directly, where W, is the boundary value of W at the 
atom radius (3/32m?)'Z~ 4 is the ‘Thomas 
Fermi-Dirac parameter. Equation (25) yields’ 


kien = (Ze /v) (Vs —Vi/ x0), 


r,, and ¢ 


(40) 


where V,'=[ 0W/0x |,-o is the initial slope of W. The 


pressure is given by Eq. (17), with use of Eqs. (2), (3), 
(9), and (38), as 


Pe 2 y”’ 6/4 ‘ yy! 
pn) a 
4nv'i5X\ x 2\ «x 


wy! P 
ur( ros r)4 cr" , (Al) 
r 3 rer) 


in which a prime on W denotes differentiation with 
n’y"/Se'Z* is the Marshak-Bethe 
parameter. This expression for the pressure is identical, 
of course, with that obtained by Umeda and ‘Tomishima, 
and reduces to the corresponding result of Marshak 


respect to x, and ¢ 


and Bethe when exchange is neglected (€ vanishing). 
Substitution of Eqs. (39) and (40) into Eq. (24) 


yields 
7 


u D:- Khan 
Kk sre f raf ya ref 
ot 2 vx 
0 | Zé’ | 
oT | v | 


where P is given in terms of boundary values by Eq. 
(41), and v= (4a 
(28) yield analogous results. For the case of zero 


3) py'xy,". Iquations (26), (27), and 
temperature, W reduces to the usual Thomas-Ferm) 
Dirac function y, and Eq. (42) for zero temperature or 
hq (29) becomes 


where y, is the boundary value of y, and y,’ is the 
corresponding initial slope. The correctness of this 
relation in the Fermi-Dirac limit «,—0 can be verified 
by means of the asymptotic form 


y = 34) vy" 


given by the author for y in this limit.” For ¢ vanishing, 
Eq. (43) yields exactly the corresponding result of 
Slater and Krutter”’ in the Thomas-Fermi case. In 
like manner, forms similar to Eq. (43) can be obtained 
for Eqs. (30). 

The Thomas-Fermi-Dirac equation for a spherically 
symmetric atom at zero temperature is 


Oy / dx? = x (p/x)!+e}*, 
which must be solved subject to the requisite boundary 


and initial conditions. For any solution W of this 
equation, the corresponding entropy of the atom for 


-2X%34(x/x,Jet+x€ (44) 


(45) 


the same atom radius can be expressed directly as 


rb y ] " 
S=,p'F J r|( ) +e, 
x 


0 


(40) 


from Eq. (34); is 4(Z%e?/v)t. This 
expression reduces to the result of Mayer for S in the 


the value of p’ 


Thomas-Fermi case when exchange is neglected. The 
corresponding energy of the atom to first order in the 
temperature perturbation is 


rb e y j 
E= Ko ta'e f ler f var] ( ) pea (47) 
0 0 F x 


and the Helmholtz function is 


rh 4 y 4 
F=EKo- ae f J r|( ) ; «fares (48) 
0 0 x ; 


The pressure P follows from Eq. (37) as 


A’ k? | yr ) r 
Po { | ( ) + € If T,'dT 
4nx,’ | Xp, 0 
% eT 1 OT’ y\! 
SF (2) eosra 
“0 OX), 4 & x d 


Yh Oy 
dTdx ; (49) 
y? OX 


where 7,’ is the boundary value of 7”. In these integrals, 
7” is defined in terms of T by 
T=T'{(1—eL (y/x)'+e}" Ind}, (50) 


and & is given by 


| vy pear’ 
Ind =In re|( ) + }+400- 1). ($1) 
| x R 


"J. J. Gilvarry, J. Chem. Phys. (to be published) 
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where R is the rydberg; these two relations follow from 
Eqs. (6) and (4) respectively. 

In principle, the expressions above specify completely 
the temperature dependence to first order of the thermo- 
dynamic functions in question, for a particular zero- 
temperature function y. One notes that P involves the 
derivative d¥/dx, explicitly and also implicity through 
(0T’/dx,)7. The value of d¥/ 0x, as a function of x can 
be obtained directly if solutions for y are available for 
a sufficient number of values of x. The most extensive 
solutions over a atom radius and atomic 
number have been tabulated by Metropolis and Reitz”; 
these authors give solutions for 24 elements, for an 
average of perhaps five different atom radii in each 
case. For the Z values treated, the results of Metropolis 
and Reitz may be sufficient for a reasonable determi 
nation of the pressure at all values of the atom radius, 
when cases determined from their results are comple 
mented by asymptotic forms for small and large atom 
radii, and the regions in which data are not available 
are spanned by fitted functions based on the computed 


range of 


cases and the asymptotic forms. An analogous procedure 
in the first-order temperature-perturbed ‘Thomas-Fermi 
case,* based on only three computed cases, yielded fitted 
functions for the significant parameters over the entire 
range of x, which were not changed greatly when 
extended later to include an additional three*® and a 
further seven cases,” and when treated independently 
by March.” In any event, limitations on the usefulness 
of Eq. (49) arising from paucity of data will be removed 
when more extensive solutions of the ‘Thomas-lermi- 
Dirac equation become available. It can be noted that 
Umeda and Tomishima have given only three numerical 
solutions (for iron) of their differential perturbation 


equation, based on approximations to the expression 
of Eq. (50) for 7’ in terms of T. 

In the Thomas-Fermi case, the corresponding deriva- 
tive dp/dx, (where @ is the zero-temperature Thomas 
Fermi function) is not needed as a datum to determine 


the temperature perturbation in the pressure, since an 
exact solution of the Marshak-Bethe equation in terms 
of quadratures on @ and 0¢/dx has been given by the 
author.’ (A corresponding result for the ‘Thomas 
Fermi-Dirac case has not been obtained.) 

The condition for validity of the temperature 
perturbed Thomas-Fermi-Dirac theory is that the 
temperature be small relative to the chemical potential] 
per electron. Hence, one requires TT , where the 


definition k7o= yo yields 


ZSNRT)/R=8(2 On) My/ x (52) 


As in the 


permits 


from Eq. (39) for the degeneracy limit 7; 


Thomas-Fermi case, this condition large 


temperatures in the Fermi-Dirac limit, but demands a 
2 N. Metropolis and J. R. Reitz, J. Chem. Phys. 19, 555 (1951) 


J. J. Gilvarry and G. H. Peebles, Phys. Rev. 99, 550 (1955) 
*N.H. March, Proc. Phys. Soc. (London) A68, 1145 (1955) 
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vanishing temperature for the limiting atom (atom of 
largest radius for given Z) 


IV. DISCUSSION AND CONCLUSIONS 


It is clear that the results obtained yield a complete 
solution to the problem of determining thermodynamik 
functions from the model of Umeda and ‘Tomishima, 
and reduce the question of obtaining numerical values 
to one of evaluating quadratures. 

Lidiard? (and Wohlfarth)' imply a 
behavior of the heat capacity when exchange is included 


The results of 


to which attention had been called previously by 
Bardeen.” The heat 
exchange is decreased relative to the Sommerfeld value 
by the reciprocal of a factor of form a—6In(7/7T)), 
where a and 6b are positive constants and 7 is the 


capacity at fixed volume with 


degeneracy limit. Hence, the ratio of the heat capa ity 
with exchange to the Sommerfeld value varies asymp 
totically as 1/|In7) at low temperature, and vanishes 
for T—0. This behavior is a consequence of the fact 
noted by Brillouin®® that the density ‘of states vanishes 
at the top of the Fermi distribution when exchange is 
included. Corresponding features appear in the model 
r 


and 


of Umeda and Tomishima through the fact that 
an infinitesimal of higher order than 7 as 7-0, 
hence the ratio of the entropy density of Eq. (5) to 
the Thomas-Fermi value vanishes in this limit. Thus, 
the entropy, the heat capacity, and the temperature 
dependent parts of the energy and pressure show a 
large decrease at low temperature (at least for small 
volumes) relative to the values without exchange 
However, it is found experimentally that the elec 

tronic heat capacity of metals is generally of the same 
the Sommerfeld 
value (and is significantly higher in the case of the 


order as but somewhat higher than 


transition elements).27 The anomaly has been inter 
preted by Wigner** as caused by the nevlect of corre 
lation effects (consequent to use of one-electron wave 
functions), which otherwise would cancel the protoun | 
effect of exchange on the density of states at the top of 
the Fermi distribution. A general theoretical treatment 
of correlation effects is not available. For the present 
problem, Wohlfarth' has sugyested use of Landsberg’s 
artifice’ of a screened Coulomb potential to estimate 
the effect of correlation, and Ferrell® has indicated the 
possible use of the theory of collective electron oscilla 
Pines* for in 


tions, since the method of Bohm and 


cluding the effect of correlation yields electronic heat 


capacities in essential ayreement with experiment for 


the alkali metals 


2» |. Bardeen, Phys. Rev. 50 

© L. Brillouin, Helv. Phys 

27 Ht. Jones and N. F. Mott 
49 (1937) 


1098 (19346 
Acta 7 (Suppl. 2 


Pro 


$4 (1934 
Roy OK London 4157, 
34, 678% (1938 

A62, 806 


* E. Wigner Faraday Soc 
* Pp. T. Land Proc, Phys. Soc 
” R. Ferrell (unpublished) 


" 1). Bohm and D. Pines, Phys. Rev 


T rans 


sherg (London 1949 


92) 609 (1953 
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It follows from the foregoing discussion that the 
first-order temperature-perturbed Thomas-Fermi theory 
yields numerical results which are more realistic physi- 
cally than can be obtained from the theory of Umeda 
and Tomishima when correlation is neglected. Hence, 
it can be argued that small departures from complete 
degeneracy in the Thomas-Fermi-Dirac atom model 
should be taken into account, in practice, by means of 
the fitted functions given by the author and others®*.*.*4 
for the corresponding Thomas-Fermi case.” In practical] 
applications made of the Thomas-Fermi theory at low 
temperature,“ corrections arising from exchange 
should be restricted to the zero-temperature compo- 
nents of thermodynamic functions. The procedure sug- 
vested is the usual one in obtaining numerical results 
be taken into account ade- 


when correlation cannot 
quately, and is suspected or known to be comparable 
in its effects to that of exchange, as in the Landau- 
Peierls theory of electron diamagnetism.”° 

March ascribes the validity of the virial theorem in 
the theory of Umeda and Tomishima to the fact that 
the model is based on a variational procedure which 


minimizes the assumed form for the free energy, since 
the free-electron models of both Wohlfarth and Lidiard 
are obtained in similar manner and conform to the 


# It can be noted that Eq. (64) of reference 8 is in error, through 
use to determine es of the ratio of the heat capacities (which fixes 
only the temperature-independent term) rather than the ratio of 
bulk moduli. The correct expression for es in terms of er is 
es@er+Sy.la+2r)C(kT)*, where y, is defined (reference 33) as 
h(a 4+-21r)/(a+27r+3w). With this revision, es satisfies general 
relations given in reference 8, and is in agreement with other 
results (J. Appl. Phys. 27, 1467 (1956) } of the author. Equation 
(12) for the sound velocity in the second paper of reference 34 
corresponds to this value of es and is correct 

“J. J. Gilvarry, Phys. Rey. 102, 317 (1956) 

“J. J. Gilvarry and J. E. Hill, Publs. Astron. Soc 
223 (1956); Astrophys. J. 124, 610 (1956) 

% F Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 601 
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theorem. One can show directly that both of these 
free-electron models satisfy all the general relations 
obtained here, and in particular Eqs. (12) and (24), 
when terms arising from the potential energy are 
ignored, On an argument corresponding to that of 
March, therefore, one can expect the analogs obtained 
for the theorems of Brachman and Milne to be generally 
valid (beyond the limits of validity of the theory of 
Umeda and Tomishima) and thus to apply to the 
formulation of Ashkin" and Cowan," even at arbitrary 
temperature. Aside from March’s argument, a strong 
reason for the presumption lies in the fact that the 
forms obtained for the Brachman relations yield the 
correct form of the virial theorem directly. (The 
converse can be shown only within the indefiniteness 
corresponding to a term which vanishes when integrated 
over the volume.) Further support is lent by the fact 
that the zero-temperature limits (29) and (30) corre- 
sponding to the general formulations of Milne’s theorem 
involve terms which depend on the functional form of 
the latter in the temperature, and no terms appear as 
additive constants of integration. 

The author acknowledges gratefully helpful corre- 
spondence on this problem with Dr. N. H. March of 
the University, Sheffield. Thanks are also due Professor 
K. Umeda of the University of Okayama, and Professor 
R. Ferrell of the University of Maryland, for discus- 
sions. 

Note added in proof.—A joint paper of R. D. Cowan 
and J. Ashkin [Phys. Rev. 105, 144 (1957) ] has ap- 
peared, in which the generalization (12) of Brachman’s 
relation and Eq. (17) for the pressure are shown to hold 
for the Thomas-Fermi-Dirac atom model at arbitrary 
temperature. It follows that the derivation in Sec. II B 
of the virial theorem for an atom of general shape and 
the generalizations in Sec. II C of Milne’s theorem are 
valid in this extended model at arbitrary temperature. 
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Density Change of Sodium Chloride Produced by Proton Irradiation 
and Its Thermal Annealing* 
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The density change of sodium chloride crystals upon irradiation with 350 Mev protons with a total flux 


of 1 10'* protons/cm? has been measured and found to be 


8.3104 g/cm‘. The number of negative-ion 


vacancies calculated from this density change is of the same order as the number of F centers estimated from 
the stored-energy measurements. The recovery of the density change with thermal annealing has also been 
studied. A relation between the behavior of the density change and of color centers is discussed 


INTRODUCTION 

HE electrical conductivity,'* stored energy re- 

lease,’ and absorption spectrum*® of sodium 
chloride crystals irradiated with high-energy protons 
have been studied, particularly as a function of pro- 
gressive annealing. The purpose of this paper is to 
describe the change of density of sodium chloride 
crystals caused by irradiation with 350-Mev protons, 
its recovery process at successively higher temperatures, 
and the relation between the density changes and 
other properties. 


EXPERIMENTAL 


The methods of treatment of the crystals and the 
irradiations at room temperature were the same as 
those previously reported.’ The measurements of the 
density change were made by observing the difference 
of flotation temperatures‘ between irradiated and non- 
irradiated crystals in 1,2-dibromo-ethane. This liquid 
was purified three times and was transferred into the 
measuring celi by vacuum distillation. Particular care 
was taken in heating the crystals for the purpose of 
thermal annealing. Since the density measurement is 
very sensitive to the surface condition of the crystal, a 
transfer of crystals from the measuring cell to a separate 
annealing system had to be avoided. In order to do so, 
after each measurement the liquid was removed from 
the measuring cell to a storage cell and the crystals 
were dried completely by a vacuum distillation. The 
crystals were then heated in vacuum in the measuring 
cell at a rate of 2°C/min which is the same rate as was 
used in previous work.’ After they reached the desired 
temperature, the crystals were cooled rapidly to room 
temperature, the suspension liquid was transferred 
back into the measuring cell, and the measurement was 
repeated. 

* This work has been supported by the U. S. Atomic Energy 
Commission. 

1E. A. Pearlstein, Phys. Rev. 92, 881 (1953); see also “Pro 
ceedings of the effect of radiation on dielectric materials,”’ Office 
of Naval Research Report ACR-2, 31, (1954). 

2R. Smoluchowski, Report of Bristol Conference on Defects in 
Crystalline Solids (The Physical Society, London, 1955), p. 252 

3K. Kobayashi, Phys. Rev. 102, 348 (1956). 

‘ For example: Estermann, Leivo, and Stern, Phys. Rev. 75, 627 
(1949); M. Hacskaylo and G. Groetzinger, Phys. Rev. 87, 789 
(1952) 
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RESULTS AND DISCUSSION 


Figure 1 shows the density changes of crystals irradi 
ated by a total flux of 8.110! protons/cm?® and of 
7.110" protons/cm’, as a function of annealing 
temperature; the changes of concentrations of several 
color centers for the same conditions of heating are also 
given. The latter were taken from a previous report. It 
can be seen that, while up to about 200°C the density 
change remains constant, there are large changes in the 
type and the concentration of color centers. In this 
region, with the continuous decreases of the and V, 
bands, the M and N (840 my) centers increase at first 
and then decrease, being accompanied by the growth of 
R’ centers®* which are probably large aggregates of 
vacancies such as early stages of colloid centers. ‘These 
results show that when the simpler color centers dis 
appear, some probably by changing to more complicated 
ones, the density change remains unaltered and, there 
fore, no appreciable annealing of vacancies takes place. 

At the instant when the RX’ centers start to dissociate 
at about 200°C, the density change drops drastically, 
and reaches about half of its initial magnitude at around 
240°C, where all color centers have practically dis 
appeared. This suggests that the mechanism of the 
disappearance of vacancies can be described in terms of 
the disappearance of highly-aggregated color centers, 
particularly R’ centers. Above this temperature, where 
no color centers are observed, the presence of further 
density change indicates the existence of stable vacancy 
clusters. In this range, the density change decreases 
almost linearly with temperature, ending at 400° with 
a complete recovery of the crystal. This complete 
recovery temperature is in good agreement with those 
obtained by other methods.* 

The density changes, Ap, are measured to be 
10-4 g/cm‘ and —6.02%10™ g/cm* just after irradia 
tions with 8.110" and 7.110! protons/cm’, re 
8.3% 10-4 g/cm? for an 
irradiation of 1.0% 10'* protons/cm?*. The possible error 


6.54 


spectively. This gives about 


*’ A.B. Scott and W. A, Smith, Phys. Rev. 83, 982 (1951) 

6 A.B. Scott and L. P. Bupp, Phys. Rev. 79, 341 (1950) 

7G. W. Neilson and A. B. Scott, Report of Bristol Conference on 
Defects in Crystalline Solids (The Physical London 
1955), p. 297 

5 F. Seitz, Revs. Modern Phys. 26, 7 (1954) 
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Density changes of NaCl crystals irradiated with 350 
with a total flux of 8.110" protons/em? (open 
(solid circles), as a function 


hic. 1 
Mey 
circles) and of 7.1% 10" protons/cm? 
of thermal annealing temperatures. The curves in the lower graph 
are changes in the concentrations of color centers (arbitrary scale) 
which are taken from Fig. 6 of the previous report.4 


protons, 


in the density change is 41% and in the proton flux 


£ 10°. If we assume that the number of negative-ion 
vacancies is about 2.3 times the number of positive ones, 
as has been suggested in the previous paper,’ the 
number of negative-ion vacancies can be estimated from 
the density change as (1.140.1)10"/cm* for an 
irradiation of 1.010'® protons/em*. This number, 
however, would be reduced to (8.6+0.9) & 10!'*/cm# for 
the same amount of irradiation had we assumed that 
the number of negative-ion vacancies is the same as the 
number of positive ones. 

In principle, the number of negative-ion vacancies 
can be compared to the concentration of F centers. 
Unfortunately, here the concentration of / centers was 
too high to measure the optical density of the crystal. 
The number of / centers, however, can be estimated 
very roughly from stored-energy data. As indicated in a 
previous a peak in the stored-energy curve® 
between 150 and 250°C is believed to be associated with 


paper, 


a disappearance of color centers. The integrated heat 
under this peak would correspond to the energy dif 
ference between a crystal at 150°C and at 250°C, and 
this quantity may be expressed as a function of the 
The energy released 


number of / centers as follows 


thermally when an electron is removed from an Ff 


center and combines with a hole at a neutral chlorine 
+-5 ev.’ Thus, if ” is the number of 


atom is about 


I centers, about 4-5 ev will be released by this 
electronic process when all F centers are bleached out. 
The maximum additional effect to electron re 


combination with holes at the V, centers, other than the 


due 
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neutral chlorine atoms, would probably be within 30% 
of this. There is also the energy associated with the 
annealing out of vacancies. The fact that about half of 
the density change recovers at the temperature which 
corresponds to the end of the peak in the stored-energy 
release indicates that about half of the vacancies, pre- 
sumably most of which had onginally been associated 
with color centers, disappear at this temperature. Since 
the energy of formation of a pair of isolated vacancies 
of opposite sign is 2 ev,* an energy of about 2(n/2) ev 
will appear in this process, if one assumes that the 
number of negative-ion vacancies which disappear is 
the same as the number of positive ones. It has been 
suggested, however, that the number of negative-ion 
vacancies may be much greater than the number of 
positive ones after irradiation, and therefore, it would 
be possible that some of the negative-ion vacancies dis- 
appear without the simultaneous disappearance of 
positive-ion vacancies. The energy released when a 
negative-ion vacancy alone disappears would be equal 
to the energy required to remove a negative ion from 
ihe interior of the crystal and place it on the surface. 
This energy would be much less than the energy that is 
necessary to remove a negative ion from the interior of 
the crystal to the outside, which is 5.2 ev.’ Therefore, 
the possible error in the above estimate, which is based 
on the assumption that the number of negative-ion 
vacancies which disappear is the same as the number of 
positive ones which disappear, is less than (5.2—2)n/2ev 
or less than 25% of the total energy release. The 
remaining half of the vacancies will presumably form 
clusters at this temperature, and this process will con- 
tribute to the total released energy an amount 0.9(n/2) 
ev, if one assumes that the energy of clustering is about 
0.9 ev® per pair. Then the total energy released between 
150°C and 250°C may be expressed as about 6n ev with 
a possible error of 30%. Thus, with this expression, the 
number of / centers, n, can be estimated from the 
measured stored energy in this range, and it is found to 
be (1.2+0.4) 10" per cm* of the crystal irradiated 
with 1.0 10'® protons/cm?. This is in good agreement 
with the number of negative-ion vacancies estimated 
from the density change mentioned above. It can be 
concluded, therefore, that most of the vacancies pro- 
duced by proton irradiation are in the form of color 
centers. 

As mentioned above, at about 250°C, approximately 
half of the vacancies still remain in the crystal in the 
form of clusters which disappear at 400°C. One can 


estimate roughly how much energy would be evolved in 


this temperature range owing to the disappearance of 


these clusters. Since the energy of formation of a pair 
of isolated vacancies of opposite sign is 2 ev, and the 
energy of formation of a neutral pair from isolated ones 
is 0.9 ev as indicated above, it can be assumed that an 

*N. F. Mott and M. J. Littleton, Trans. Faraday Soc. 34, 485 
(1938) 
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energy of the order of 1 ev or a little less per vacancy — possibly be due to energy release associated with the 
pair would likely be released when a vacancy cluster 
disappears into the perfect lattice. As the number of 


elimination of strains from a crystal. 


vacancy pairs remaining at 250°C in one cc of crystal 
irradiated with 1.0 10'® protons/cm? is about 5X 10", 
one can estimate that about 0.2 cal or a little less would 
be evolved from this crystal in the temperature range, 
250-400°C. The corresponding observed value from the 
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F'® Nuclear Magnetic Resonance Line Shapes in CaF,t 
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Wissouri 


The F magnetic resonances have been measured in Cal’, with the magnetic field along the [100], [110], 
and [111] crystal directions and these data are compared with the data of Pake and Purcell. Calculations of 
the second and fourth moments for the new data further confirm the theory of Van Vleck on magnetic 
dipole interactions in solids since improved agreement with theory is obtained in the case of the magneti: 


field along the [111 ] crystal direction. Corrections of the moments for modulation broadening were small 


HE measurements by Pake and Purcell! of the F' 
magnetic resonance line shapes confirmed the 
theory proposed by Van Vleck* on magnetic dipole 
interactions in solids. Their data were taken in the very 
early days of nuclear magnetic resonance before the 
effect of modulation on line shapes* was known and, 
though the second moments of the resonances with the 
magnetic field aligned along the [100 | and [110 | crystal 
directions were in excellent agreement with theory, the 
result for the [111] direction was in doubtful agree 
ment. Therefore, the experiment has been repeated 
using the same fluorite crystal that was used by the 
early investigators but employing a spectrometer of 
later design and correcting for modulation broadening, 

A conventional single-coil spectrometer with phase 
sensitive detection was used. The magnetic field was 
that of a permanent magnet with an inhomogeneity of 
0.01 gauss over the one-milliliter sample volume. ‘The 
field was modulated at 30 cps. A crystal-controlled 
oscillator operating at 25.81 megacycles provided the 
radio-frequency field. The nuclear paramagnetic ab 
sorption signal was isolated by means of a bridge net 
work.’ The radio-frequency signal was preamplified by 
a cascode amplifier? and then amplified and demodu 

t This research was supported in part by the Office of Naval 
Research of the Navy Department and the Air Force Office of 
Scientific Research of the Air Research and Development Com 


mand 
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3—. R. Andrew, Phys. Rev. 91, 425 (1953 

‘ H. L. Anderson, Phys. Rev. 76, 1460 (1949 
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700 (1948) 


Radio Engrs. 36, 


lated by a National HRO-7 receiver. The derivative of 
the absorption curve obtained from the phase-sensitive 
detector® was displayed on a Leeds-Northrup recorder. 
The recorder chart drive was used to sweep the mag 
netic field through resonance thereby assuring a con 
field 
chart abscissa. This relationship was determined by 


stant relationship between the magneti and 
amplitude modulating the oscillator at a known audio 
frequency and measuring the spacing between reso 
nances arising from several of the side-band frequencies 
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A narrow proton resonance was used for this calibration. 
Thermal shielding of the magnet and the bridge with 
two-inch thick Fiberglas insulation allowed sweep times 
greater than 30 minutes without appreciable change in 
the bridge balance. 

The crystal orientation in the magnetic field was 
ascertained by plotting the resonance width measured 
between points of maximum slope as a function of 
crystal rotation about a [110] crystal direction per- 
pendicular to the magnetic field. Directions correspond- 
ing to the [100], [110], and [111] crystal directions 
could be aligned parallel to the magnetic field. Figure 1 
shows the plot of line width versus crystal orientation. 
The line width increases rapidly as the magnetic field 
deviates from alignment along the [111] direction so 
that a small error in crystal orientation will cause 
appreciable error in the moments of the line shape 
relative to theoretical values. If one assumes that the 
minimum resonance width occurs with the [111 | direc- 
tion parallel to the magnetic field and assumes that 
the axis of rotation is a [110] direction perpendicular 
to the magnetic field, then the error in crystal orienta- 
tion was less than two degrees. 

The sets of line-shape data were taken under slightly 
different conditions though all parameters except crystal 
The 


frequency field amplitude was below saturation levels 


orientation were constant for each set. radio- 
for all data. The magnetic field was swept at 0.02 
gauss/second and the modulation amplitude //,, was 
0.43 gauss. Six consecutive resonances were taken for 
the field along each of the three directions of interest. 
The six curves were superimposed and reduced to a 
single mean curve by tracing, thereby integrating the 
noise. The resultant curve was then symmetrized by 
superimposing the two halves and tracing a mean curve. 
Figure 2 shows the data in the reduced form. 

The second moments of the experimental curves were 


obtained by numerical evaluation of the integrals in 
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Fic. 2. Derivatives of F absorption lines in a single CaF, 
crystal with the magnetic field along the [100], (110 ], and [111] 
crystal directions 
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Eq. (1). 
” 


* 4 dx 
(at) f ( AH 
o we 


* 4 dx 
xaant / sf ( )anaan . & 
» \ddH 


where A// is the deviation of the magnetic field from Ho, 
the value it has at the center of the resonance, and 
dx"’/dAH is obtained from the curves of Fig. 2. Correc- 
tion of (AH’),, for modulation broadening by Eq. (2),’ 


(AH?\y— tH p?, (2) 


(AH)* 


(AH?) 


gives the true second moment (A//*)7. At the modula- 
tion amplitudes used by Pake and Purcell, and also by 
us for the data reported here, the modulation correction 
is negligible. 

In Table I the data presented above and the data of 
Pake and Purcell are compared with theoretical values 
of the root mean second moments calculated by Van 
Vleck. The error was estimated under the assumption 
that the curves are in doubt by one-fourth of the noise 
amplitude and hence that the error increases with the 
resonance width. The numerical integrations of the 
second moments were checked using the Nordsieck 
mechanical differential analyzer at the University of 
Illinois. The dy’’/dAH functions of Fig. 2 were fed into 
the analyzer which drew x” curves on an output table 
and produced values for the integrals of Eq. (1) on 
counters. A typical set of the x” curves in Fig. 3 clearly 
shows the change of line shape with crystal orientation 
and, in particular, the non-Gaussian character of the 
line shape. 

The root mean second moment for the [ 111 | direction 
of set 3 is not listed in Table I since the magnetic field 
was misaligned about 10 degrees off the [111] crystal 
direction. ‘The root mean second moment for this field 
direction is 1.76+0.03 gauss which illustrates the im- 
portance of crystal orientation near the [111 | direction. 

In Table [II the root mean fourth moments, which are 
calculated from the data in a manner similar to the 
second moments, are compared with theory. Again the 
correction for modulation broadening is small. The 
theoretical values were obtained from Eq. (24) of 
Van Vleck,’ by considering only the 26 nearest neighbors 
of a simple-cubic lattice. The contribution of nuclei at 


TABLE I. Root mean second moments of the F absorption line 
in CaF, for the magnetic field H along the [100], [110], and [111] 
crystal directions 


(Av)! in gauss 
Pake and 
Purcell* 


Direction 


of H Data 1 Data 2 Data 3 Theory» 
3.68 +0.20 
2.25 +0,20 


1.77 40.20 


3.60 
2.24 
1.53 


3.51 40.30 
2.20 40.07 
1.59 + 0.06 


3.47 +0.17 
2.26 +0.07 


100) 
1104 
111) 


® See reference 1 
» See reference 2 
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TABLE IT. Root mean fourth moments of the F"’ absorption line 
in CaF, for the magnetic field H along the [100], [110], and [111] 


crystal directions 


(Aw) in gauss 
Direction 
of H Data 1 


tito4 4.17+0.15 


1i0 2.65+0.05 
rit 1.88+40.03 
® See reference 3 


Data 3 


4.13+0.11 
2.76+0.06 


Theory* 


4.31 
2.73 
1.88 


Data 2 


4.19+-0.21 
2.68 +-0.08 
1.964-0.05 


the remaining lattice sites is negligible relative to experi- 
mental error because Eq. (24) converges very rapidly 
with the separation of the interacting nuclei. From this 
calculation the ratio of the root mean fourth moment to 
the root mean second moment is 1.20, 1.22, and 1.23, 
respectively, for the magnetic field along the [100], 
[110], and [111] crystal directions, whereas Van Vleck 
gives 1.25 for the [100] direction. The ratio of experi- 
mental moments for each set of data corresponding to 
the [100 ] direction in Tables I and I is 1.19 which is in 
good agreement with the theoretical value 1.20 given 
here. Likewise the experimental and theoretical ratios 
are in excellent agreement for the [110] and [111 ] 
directions. However, this agreement is not surprising 
since the ratio is not a very sensitive criterion of line 
shape, varying only from 1.16 for a rectangular shape 
to 1.32 for a Gaussian shape, and since the second 
moments are in good agreement with theory. 

In conclusion, the data presented here are in excellent 
agreement with theory. The spectrometer sensitivity 
allowed the comparison to be extended to fourth 
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Fic. 3. F™ absorption lines in CaF, with the magnetic field 


along the [100], [110], and [111] crystal directions. These curves 


are obtained by integration of data set 2 in Fig. 2 and have the 


same abscissa 


moments without appreciably increasing experimental 
errors due to loss of the wings of the resonance in noise. 
The new value for the second moment with the mag 
netic field along the [111] crystal direction is in better 
agreement with theory than are the corresponding data 
of Pake and Purcell. 
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Free-Induction Decays in Solids*t 
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\ beat structure has been found on free-induction decays associated with the pulsed nuclear magnetic 


resonance of nuclei in rigid lattices. A general quantum-mechanical theory is developed for the shapes of 


induction decays. The theory is specialized to the case of rigid solids and applied to the magnetic dipolar 


interactions among the F nuclei in a fluorite (CaF) crystal. It is also shown rigorously that, except at very 


low 


line shape 


temperatures, a free-induction decay is the Fourier transform of the corresponding steady-state resonance 


The calculation of the shape of an induction decay in CaF’, thus « orresponds to the calculation 


of the shape of the F' resonance line for the crystal. It is demonstrated that the resonance line shape for an 


ordered rigid lattice is not Gaussian 


I. INTRODUCTION 


SREE induction or Bloch decays observed in pulsed 
nuclear magnetic resonance experiments on protons 

in polyethylene'* and on fluorine nuclei in Teflon 
exhibit a beat structure when examined at temperatures 
sufficiently low that large-amplitude nuclear motions 
have effectively ceased. All solids subsequently exam 
at liquid nitrogen temperatures (paraffin, ice, 
Lucite, ethyl methyl 
fluoride powders and_ single 


ined 
hydride, alcohol, 


calcium 


zirconium 
alcohol, and 
crystals) have been found to display a beat modulation 
of their decay envelopes (hig. 1). 

Induction decay beats previously reported in liquids 
and solids have arisen either from a chemical shift 
which produces nuclei with slightly different Larmor 
frequencies’ or else from a crystalline lattice structure 
with several nuclei closer to each other than to other 
neighbors and thus splitting one another’s resonance 
lines into several components.‘ In the case of the solids 
investigated in the present paper there is no evidence 
for the existence of any splittings of the c.w. (steady 
state) line shapes larger than 10°° of those required to 
beat fre 
quency is in fact of the order of the full nuclear dipolar 


explain the observed beats. The observed 
coupling 

In the only previous paper which attempts to predict 
the shape of free-induction decays in solids, Herzog and 
Hahn® that the 
between nuclei in a solid produce a Gaussian distribu 


assume dipole-dipole interactions 


tion of magnetic fields at the nuclear sites. Their calcu 


lation is based on a classical stochastic model and 
Sloan 


Naval 
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predicts a monotonically decreasing decay without any 
beat structure. 

It was decided that the most suitable approach to 
the present problem would be to examine a simple solid 
about which a maximum amount of nuclear resonance 
information was available. The calcium fluoride crystal 
(CaF,) was well fitted for this role for the following 
reasons. All of the abundant isotopes of calcium have 
zero angular momentum, and therefore have no dipole 
or quadrupole moments. The only isotope of calcium 
that has a spin other than zero is Ca“, and this is only 
O.14Y very magnetic 
moment. The only stable isotope of fluorine has an 
angular momentum of $h, and therefore has no quadru- 
pole moment. The fluorine nuclei form a simple cubi« 
lattice. Furthermore, Pake? and Bruce*® had already 
made c.w. measurements on the particular cystal used 
in this experiment and found that its second moment 
agreed with that predicted by Van Vleck’ to within a 
few percent 


abundant and has a small 


Fourier transforms have been calculated of Bruce’s* 
c.w. line-shape data for three orientations of the CaF, 
crystal with respect to the external field /7y. The trans- 
forms have been found to have beats and in fact to be 
identical, within experimental error, to the experi- 
mentally observed decay shapes. 

In order to interpret the decay measurements made 
on calcium fluoride, a general theory of free-induction 
decays has been formulated. The results of the theory 
are evaluated in this paper for any solid satisfying the 
conditions that there be only one species of magnetically 
active nuclei, and that these nuclei have an angular 
momentum of 4 and occupy sites rigidly fixed in space. 


II. EXPERIMENTAL PROCEDURE 


A standard spin-echo apparatus" was employed in 
the A permanent magnet 
produced a static field of 6890 oersteds in which the 
Larmor frequency for F'’ nuclei was 27.6 Mc/sec. The 
magnet gap was only 1.9 cm which made close control 

7G. E. Pake and E. M. Purcell, Phys. Rev. 74, 1184 (1948) 

*C. R. Bruce, Phys. Rev. 107, 43 (1957), preceding paper 

* J. H. Van Vleck, Phys. Rev. 74, 1168 (1948) 

” FE. L. Hahn, Phys. Rev. 80, 580 (1950) 
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FREE-INDUCTION 
of the sample temperature quite difficult. The magnet 
inhomogeneity was about 0.1 oersted over a 1 cm? 
sample cross section. 

A pulsed rf oscillator-power amplifier transmitter was 
used and was capable of rotating the F'’ magnetization 
through w/2 in about one microsecond. The sample was 
placed in one coil arm of a balanced twin-T rf bridge, 
which served to reduce the amplitude of the rf trans 
mitter pulses arriving at the signal amplifier. The signal 
amplifier was a commercial 30 Mc/sec I.F. strip manu 
factured by Linear Equipment Laboratories and desig 
nated I.F. 21. 

Free-induction decay data were photographed from 
a Tektronix 531 oscilloscope and measurements made 
from the photographs. The low temperature measure- 
ments were made by immersing the sample and coil 
directly into a bath of liquid nitrogen contained in a 
styrofoam vessel. 

The calcium fluoride crystal examined was cylindrical 
in shape and fit the rf coil snugly so as to obtain the 
largest possible signal-to-noise ratio. The crystal (the 
same as used in ¢.w. measurements made by Pake’ and 
Bruce*) had been cut so that the axis of the cylinder lay 
along the [110 | axis of the crystal. The angle that the 
[100 | axis of the crystal made with the magnetic field 
was determined by attaching a rod with a pointer to 
the crystal and then reading the angle from a protractor. 


III. QUANTUM MECHANICS OF 
FREE-INDUCTION DECAYS 


A. Description of Decays 


The quantum-mechanical description of free-induc 
tion decays will be given here in as general a form as 
possible, with restrictions for special cases being intro- 
duced as needed. 

Let a sample containing .V» identical nuclei be placed 
in a static magnetic field //)2, where 2 is a unit vector 
in the z direction. The magnetic moment operator and 
spin operator of the 7th nucleus will be denoted by w, 
and S,, respectively. u;= yhS,, where y is the gyromag 
netic ratio. The total magnetic moment operator of the 
No nuclei is obtained by summation over the .Vy nuclei. 
v= iw=vh dD Si=yhs. 


The Hamiltonian for the sample is 


KH= Kot Kit Ho, (1) 


where 4y= nuclear Zeeman energy term yh > iS), 

yh S,, KR, Hamil 
tonian among the NV» nuclear magnetic moments, and 
Ke 
due to the motion of the nuclei, the magnetic inter 


total magnetic interaction 


all other parts of the Hamiltonian, such as those 


action of the .Vy nuclei with electrons and nuclei of 
other species. 

After thermal equilibrium is established, the sample 
will have developed a macroscopic magnetic moment 
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Fic. 1. F™ free-induction decay in a Cal’) single crystal. H 
along [1 0 0). Temperature 77°K. The occur at 
approximately 22, 43, and 63 ysee after the rf pulse. The double 
exposure shows superimposed a second rf pulse which was applied 


visible nu 


several hundred ysec after the first pulse in order to check the » 
condition of the first pulse. The response to the second pulse also 
the 30: Me this 


The beat pattern is distorted by square law detection 


shows a 10-yusec blocking of signal amplifier in 


case 


(uw). In Appendix A, formula (A8), it is shown that 


(w)w= Tr{exp(— /RT)p}/Tr{exp(— /RT)}, (2) 


where 7 is the the temperature of the sample 
that 
5Cy and can be ignored. It is further assumed that 


For the evaluation of Eq. (2), it is assumed 
He, < 
any spin operator terms in 4Cy which refer to the Vo 
nuclei are small and can also be ignored, That part of 
HK, which does not contain any spin operator terms 
referring to the Vo nuclei will be denoted by 3C.’. Since 


5,’ commutes with 3Cy and since 


Tr{ Aop(7i) Bop (75)} = Tr{ A op(7i)} Tr{ Bop(r;)} 


where r; and r; are different sets of variables, 


Trf{exp(— 3,'/kT)} 


cancels out of the calculation. If one substitutes into the 
resulting equation the definitions of 3¢y and wp, one finds 
Tr{exp(t > 


a—— —' 


Si)yh & (S,,2)} 
(UW) Ay : 
Trfexp(¢ >>, S,,)} 


Trfexp(¢ >> 
t 


iSizyh > (8 ),8# +S jf)) 
‘| rfexp(¢ 3 sD ds )} 


(yhIT,/RT) 


The trace of a matrix is independent of basis 


where ¢ 
If one 
chooses the basis in which each spin is individually 
quantized along the z axis, the trace associated with the 
x and y components vanishes, and 


phe De Tr T Ts ef) Se) 
Tr(T], ey 


which may be rewritten as 


(UW) ay 


Tr{eeS,,} 
yhH 2 7 


) Tr{ef} 


(Uh) ay 
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4% LOWE AND 


Pasie [. The transformation properties of the spin operators to 
rotations about the x, y, and z axes 


Rotation about 
2 axis 


Rotation about 


y axis 


Rotation about 
x axis 


eS, ef Ny 
S, cos —S, sind S, cos8+S, sind 
S, cos — S, sind 

Se 


S, Cosh + S, sind 


¥ 
S, cos — Sy sind S, cos-+5, sind 


The terms on the right-hand side of Eq. (5) form a 
geometric progression containing 25+ 1 terms, having a 
ratio factor of exp(—f¢) and a first term of exp(¢S). 


Therefore 
Viyh2{4 (2s +1) coth| 4(2s+1)¢ 
} coth(4g)}. 


‘Bay 
(6) 


Equation (6) agrees with the Langevin value and its 
magnitude will henceforth be denoted by (0). Its high 
Volyh)?s(s+1)Ho/3kT, 
will be denoted by w’(O). (The high-temperature ap 
proximation is valid for (254+ 1)¢/2<1.) 

After the sample is placed in a magnetic field and 
allowed to reach thermal equilibrium, a ‘ 
netic field pulse //,((’) is applied in the x,y plane. The 
pulse nutates the macroscopic magnetic moment into 


temperature approximation, 


‘/2” rf mag- 


the x,y plane. The rf pulse will be assumed to have a 
square envelope, at last 4, seconds, and to have a 
carrier frequency fo equal to the Larmor frequency. 
For the sake of convenience, the phase of the rf pulse 
will be chosen such that 


Hy’) 


where ¢' is the time measured from the beginning of the 
rf pulse. The Hamiltonian describing the sample while 


IT, (sinwol’)# } (< oswol’) i 


the rf pulse is on is H'() = K+ H5('), where 
u H(i’) 
with WwW) yl, 

The wave function describing the sample while the 


(1) hw, (8, sinwot’ +8, coswot’ ), 


rf pulse is on will be denoted by ¥(1’). It satisfies the 
Schrédinger equation, K'(1)~(') = thdy’(')/dt’. Since 
the wave function describing the sample cannot change 
instantaneously, (/’) |» 9 must satisfy the initial con 
dition that it be the 
describing the sample immediately before the rf pulse 


identical to wave function x 


is turned on 


Let Y(t’) 


exp(it' K/h) (1) exp 


exp(il’ /h)y'(U’), so that 
il’ /h)y'(t') 
thay’ (t')/at’. 


(7) 


Trf{exp( 
(u(t) day 
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It is now assumed that 4, is sufficiently small that 
those terms in 5C; and 3%» which do not commute with 
H(t’) or Hy have expectation values which are much 
less than 1 when multiplied by ¢,/h. Their effect upon 
H(t’) may then be ignored. This procedure is equiva- 
lent to the assumption that the Fourier spectrum of the’ 
rf pulse is much broader than the Larmor frequency 
deviations of the individual nuclei. The Larmor fre- 
quency deviations in question arise from the “‘local 
field inhomogeneities induced” by 3, and X,. Thus 
there are left only those 3C, and JC, terms in 


expl —it( Ho+ Hit K2)/h | 


that do commute with 33(t’) and Ko, and Eq. (7) may 
be reduced to 


e wot’ Saf wi (S, sinwol’ +S, ( OSwot") ] 


Keiwot’ Sal! (1") =1dp'(l')/dat’. (8) 
The quantity exp(twol’S,) is just the operator R,(wot’) 
for rotation about the z axis. It is easy to demonstrate 
that the transformation properties of the spin operators 
are those given in Table I. 
Using ‘Table I, Eq. (8) reduces to 
iw Say’ (t') = ap’ (t')/at’, 
the solution of which is p(t!) =exp(iw, Sy’ (0). To 
satisfy the previously mentioned initial condition, (0) 
is chosen to be identical to the wave function «(0) 
describing the system immediately before the rf pulse 
is turned on. Then 


W (tw) 


The wave function describing the sample after the rf 
pulse is turned off will be denoted by $(t), where the 
origin of (is the instant at which the pulse is turned off. 
Since the wave function describing the sample cannot 
change instantaneously, $(¢) must satisfy the initial 
condition that it be identical to the wave function 
describing the sample immediately before the rf pulse 
is turned off; that is, ¢(0)=y(t,). 

Therefore, for 4, short enough, the action of the rf 
pulse upon the sample is well approximated by a simple 
operator. Exp(twolyS,) represents the precession of the 
spins about //oz and exp(tw,t,,S,) represents the preces- 
sion of the spins about H,. The nutation produced by 
the rf pulse is made to satisfy the condition by 
setting yH \ty=/2. 

In Appendix A, it is shown that ¢ seconds after the 
‘“/2” pulse is turned off 


eXP( — ity Io’ /he tote Sae eiteSuy (()), 


‘Cn 2” 


H/RT) Exp lily Ko’ /h) Roy" (to) Topt OpT op (t)Rop (tw) €xP(— thy He’/h)} 


(9) 


Tr{exp(— 3C/kT)} 


14C/h) and Roy (tw) 
Tr( BopAop), where 


where 7,,(1) 
Since Tr( Ao, Bop) 


exp 


(ul) av 


Trfexp(— it, He’ /h) exp(— C/RT) exp lit H2'/h) Root (te) Topt (pT op (t) Rop (tw) } 


exp(iwolyS,) exp(tSyr/2). 
A, and B,, are any two operators, Eq. (9) may be rewritten in the form 


(10) 


Tr{exp(— /kT)} 
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Equation (10) can easily be evaluated for ‘=0 by 
using the technique previously applied to Eq. (2). 
Equation (10) then reduces to 
Vovh{4(2s+1) coth[ $ (25+ 1)¢ | 

¥ coth}¢}{ 


(u(Q) day 
(11) 


(COSwolw)#+ (Sinwolw) HZ}. 


Therefore the macroscopic magnetization has nutated 
from along the z axis into the x,y plane. While doing so, 
it has also performed ¢,,/ fy revolutions about the g axis, 
and at the end of the pulse, makes an angle wof, with 
respect to —#. Since the system has cylindrical sym- 
metry about the applied static field, the 
initial azimuthal angle which the macroscopic mag- 
netization makes with the —x axis should not affect 
the rate of decay of the macroscopic magnetization. To 
simplify later calculations, this angle will be assumed 
to be (2p+1)m, where p is an integer. Then (p(O))a 


magnetic 


u(O)?. 

In the usual free-induction decay experiment, a 
single receiver coil is oriented perpendicular to the 
static magnetic field. With no loss of generality, one 
may assume the x axis of the laboratory coordinate 
system to be along the coil axis. This coil is responsive 
only to changing magnetic fields along the x axis and 
one need only evaluate (u,(t)),, since this is the physical 
quantity observed. Therefore, the general quantum 
mechanical formula predicting the shape of the decay 
for a particular species of nuclei in any substance at any 
temperature is given by the x component of Eq. (10). 

Another useful result derivable from Eq. (10) is the 
rate of relaxation of the spins, after the ‘“‘w/2”’ pulse, 
toward the direction of the static magnetic field. The 
time constant 7’; associated with this process describes 
the rate of growth of the z component of the macro 
scopic magnetization (u,(t))s and is derivable from the 
z component of Eq. (10). 


B. High-Temperature Relationship between the 
Free-Induction Decay and the Spectral 
Density Function 


Let the shape function of a spectral line be g(w), where 


f g(w)dw= 1. 


£ 


Let F(t) be the Fourier transform of the shape function 
g(w). Then 


z 


F(t) f e “'9(w)dw 


s x 


-twt)” 
g(w)dw 


yo { 
bi 


not) 
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One is concerned with the magnetic dipole radiation 
linearly polarized parallel to the x axis. The probability 
of the radiation producing a net absorption between 
levels a and b (assumed to have negligible widths) is 


(Wa My yr E, kT) u 


The mean nth absorption frequency is the sum of 


yroportional to - exp 
| 


absorption frequencies raised to the nth power and 


summed, each frequency being weighted by its transi 


tion probability, 
pa b Wa, b" | (Wo Mae Wa 
p b Wp Me Wa ‘€ 


(Eo E5)/h 


Equation (13), without the Boltzmann factors, is just 


where wa 


the Starting point of the Van Vleck method of moments.” 
Substituting Eq. (13) into (12), one obtains 


doa, Wa |e ew, | n(n] eho Mu se 


doa, Wa BT | be) Wo! oe |Wa 


s/h Wa 
F(t) 


Trfexp(— HK kT) .(O)u,(t)} 


Tr{exp(— 3C/RkT) 2 (0)} 

Thus one sees that the Fourier transform of the shape 
function of the absorption line, excluding the Boltzmann 
the 
function of the associated dipole moment. This result, 
kT) fac tor, 
Yokota” as a suggested 


factor, is nothing other than autocorrelation 
without however inclusion of the exp(— H 
has also been derived by 
technique of calculation for pressure broadening of 
microwave spectra. 

Suppose now that the temperature of the sample is 
high enough that one may ignore Ho+- y+ (He Hy’) 
H/RT) in Eq. (14). (This is 


equivalent to assuming that the sets of energy levels 


while evaluating exp/( 


generated by these terms are all equally populated.) 
Then 

Trtexp(— 52//kT)S(0)S,(0} 
F(t) (15) 
Vos(s4 1)(2s+-1)% Trfexp(— K »/kT)) 
where the leading terms in the denominator correspond 
to Tr{ S(O) }. 

It will now be demonstrated that the general expres 
sion for the free induction decay, the (u,(t))« from Eq 
(10), is equal to w’(O)F(t) in the approximation that 
Ky KKRy and Ky = Ky’. In this approximation, Eq. (10) 
may be written 

SM. BH. Lb 
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Trfexp(— Hy’ /kT) exp(— Ho/RT) Roy" (te) z(t) Rop (tw) } 


(perl lL) ) ny 


Trfexp(— Ko/kT) exp(— K2//kT)} 


Tr{exp(— Hy! /kT )e'™® eth Suet See~ 4 Sue~ 7 5y,(t)} 


Tr{exp/( 

Using ‘Table I, one finds that 
yh Trlexp(—Hy/kRT)E SD} 

. (17) 


(pl) ) my 
Ko/kT)} 


Trtexp(— K2//kT)} Trfexp/( 


As in the case of the spectral density function, it is 


assumed that (<1. Therefore 


No 


é «~T[(1+¢S,,) (18) 
i=! 


and 


yh Tr{exp(— 5,'/k7 TTL.4+¢5,)5,10} 
a 


(pes(l)) av 19) 


Tr{exp(— 32'/k7T) J]. Tr{14+¢S..} 


However, ‘Tr(1,,)=(2s+1) (for the ith set of wave 

functions), Tr(.$,,) =0, Trl exp(—%2'/kT)S_(t) |=0, and 

He SRT) Si (O) Si (O)S 5,(0) |=O for (k#¥l 
Therefore one finds that 


Trl exp( 
e~myY ) 


(pty (O) jay 


Tr{exp(— K o' / kT >, 4 Sj2(O)S,,(0)} 


yhi (20) 


(2s+1)%° Trtexp(— 3.//kT)} 

with the terms of higher order than the first making no 
contributions. For (>0, S,,(4) is a function of the spin 
operators S,,(0), S.(0), Therefore there is some 
correlation of S,,(1) with S,,(0), S_(0), , etc., an 
Trl exp Moe / RT) Sy (OOS LAOS, (1 | does not nec 

essarily vanish. If the interaction between spins is of a 
short-range nature, then the contributions cf the higher 
order terms are still small. ‘To show this, assume that 
S,,(t) is influenced by only .V’ 
the influence of each of these neighbors may be approxi 


near neighbors, and that 


mated by a correlation function c(t). Then 


yht Tr {exp 


(ptr — 1) ) aw 


(2s+1)*° 


It will be assumed for the evaluation of Eq. (25) that 
oy RT) 


~exp 


exp (it3C /h) exp 
Ke /RT) exp(it3c/h) 
Therefore, (u,(1)),4 iS an even-valued function of /, and 


u’(0)(cos (wy +- Aw) 
(where w—wy 


(py(t) Ay 
Aw) 


(if)" 
u'(0){ coswol > ((Aw)” 
even n n! 
(it)" 


((Aw)") (26) 


sinwel >> 
odd n am! 


Ko/kT) exp! 


Hy /RT)S (0) exp | 


Trf{exp( 


Hy’, kT)} 


CL Trlexp(— H2'/kT)S42(0)S12(0)S j2(0)} 
‘gt 
~2PC()N’ & Trfexp(— H2//kT)S,.(0)S j2(t)}. 


ak 


(21) 


If 2¢c(t)N’<1 for all ¢, then expression (21) is neg- 
ligible in comparison to 

¢> 54 Trlexp( 
and may be ignored. The same argument holds true 
for the higher order terms except that the product 
containing S,,(0) terms will end up with a coefficient 
smaller than [¢c(t).V’ |""'. Thus, only the first term of 
this series makes a major contribution to (yuz(t))a and 


~ He /RT)S,(0)S,(t)} 


~ Ho! /RT)Si2(O)S j2() | 


yhe Trfexp( 
(or (t)) mv (22) 


(2s+1)%° Tr{exp(— H2'/kT)} 


Comparing Eqs. (22) and (15), one finds that 
w(O)F (t). (23) 


Thus, as was to be proven, the Fourier transform of 
the spectral density function is identical to the expres- 
sion for the free-induction decay to within a multi- 


(uz(L) i hy 


plying constant at a high enough temperature ((<1; 
i.e., 7 >O01°K for Ho~10' gauss). This theorem holds 
for solids, liquids, and gases, and for any type of short- 
range interaction between the particles making up the 
sample. 

tut) ) 


Equation (12) may be restated as F(t) = (exp/ 


and Eq. (23) can then be rewritten as 


(z(t) y=’ (0)(e- *#*), (24) 


One may therefore consider a free-induction decay to 
be just the expectation value of the phase function of 
the Larmor frequency of all the .V, nuclei of the sample. 
From Eq. (22), one finds that 


i5C/h)S,(O) exp(it K/h)} 
(25) 
Ky /kT)} 


Equation (26) will be useful for comparing the results 
of Sec. IV with those of Van Vleck.’ If the high-tem- 
perature condition is not satisfied, then the various 
expansions involving ¢ are not permissible and (uz(1))a 
Fu (O)F (t). 


IV. FREE-INDUCTION DECAY CALCULATIONS 
FOR A RIGID CRYSTALLINE SOLID 


A. Hamiltonian 


For the calculation carried out in this section, it will 
be assumed that the sample contains only one species 
of particle having a magnetic moment, and that these 
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are nuclei. The nuclear magnetic interaction among 
these nuclei may be expressed in the following way.’ 


Sar 
2S ¢S5°Sit (yh)? > S,-S,4(r,) 
kK<) 3 


Ky = , 
kK<) 


3(S Fn) (Sue Fix) 

(27) 
rie 
Here rj is the vector connecting the positions of the 
jth and kth nuclei, and J, is the usual exchange 
integral. The first term in the above expression is the 
exchange interaction term arising from the possibility 
of two identical particles “exchanging places.’’ The 


Trf{exp| 
(ur(l)) ay 


The direction cosines of rj, relative to the laboratory 
frame of reference are now defined as (aj4,8jx,y jx). 
S,=5,+15, and S_=S,—15S,, then 


+S Sur) +S joSs- 


5K, may then be rewritten as!* 


Hi= Dd [A jSj-Set ByeS jeSee$C j(S jp Seat S jeS ey) 


k<) 


+-Dj(S;Sist S 


+E 59 545 
where 
Sar 


2S jk ——(7N)*6(r jx) 
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(yh)?/2r j3 |(1— 37 jx") 


3L (yh)? U9 4), 


(Ov jh 


aL (yh)? 


(aj, t 13 i iF 


aL (yh)? ri? | ( 21a 43 1 


IL (yh)? Vi (ayy + 2icr j4f3 jp 

If 3,’ denotes 5C, transformed to the Larmor rotating 
reference frame whose z axis coincides with the z axis 
of the laboratory reference frame, and whose x and y 
axes are rotating about the z axis with an angular 


velocity wo, it can be shown from Table I that 


yh Tr{exp( 
(per (L) av 


Tr{exp(— 3 


(Hot 301) /RT |Rop (Ly) exp it( Hy t+ Hy) /h |p, exp| 


Trfexp| (IC, 


RT) Roy* (tw) expit3ey"/h) exp(itx 
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second term is the dipole-dipole interaction term, 
including the Fermi hyperfine term 

At sufficiently low temperatures, all the nuclear 
motion in a solid is vibrational and of small amplitude. 
Such nuclear motion does not effectively average out 
dipole-dipole interactions, nor destroy the coherence 
of spin processes. It is therefore permissible to assume 
that 3. and 3, commute for the evaluation of free 
induction decays of solids at these temperatures. Since 
KH» commutes with 3Cy and u,, one has 


IO/RT) exp (the WHo'/h) 


exp 


exp (— tty He'/h) exp! 


and formula (10) may be reduced to 


il( Wot 51)/h |Rop(tw))} 
(28) 
+ 4C1)/RT |} 


Ky 


DCA Sj Set ByS joSke 
] 


k 


tCulSaSist3) Sue 


+ Dil S; Seat S jaSp—e'™ 


bE Sy Seyer? + F Sj Sy 20"), (30) 


It is found experimentally that the nuclei of a par 
ticular species have a distribution of Larmor frequencies 
with a half-width of no more than 19% in a sample free 
of paramagnetic impurities in a static magnetic field 
of 1000 oersteds or more. In the previously discussed 
solid where the nuclei may be considered to be fixed 
in space, these spins when viewed from the Larmor 
rotating reference frame will have little relative motion 
with respect to one another or the observer. ‘The most 
effective terms of 5,’ are therefore those that are time 
independent in the rotating frame the 
dependent terms will be effectively averaged out over 
a short interval of time (such as several Larmor periods 


since time 


Consequently the time-dependent terms of 3,’ will be 
dropped from future calculations of this section. Van 
Vleck,’ in the fourth 
moments for a solid, also dropped these same terms 
of their Thus, 
remain only those components of 5C; which are secular 


his evaluation of second and 


because nonsecular behavior there 


in the rotating reference frame 


Hi =4 DS (A Sj Set Bye jeSks) 


yah 


(31) 


It is further assumed for the evaluation of 


(Ho+ K,)/R7 


f 
exp 


in Eq. (28) that 4, is much less than Ky and may be 


ignored. It is easily shown that Ky and 4,’ commute 


‘Therefore 
h)S, exp(—itKo/h) exp(— it y"/h) Roy (tw)} 

(32) 
kT} 


In a slight modification of a notation used by Van Vleck (reference 9) 
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It was shown in the previous section that 


Roy (ty) = exp(imS,) exp(hirS,). 


Using the results of Table I, we obtain 


exp(ilKo/h)S, exp(—utKHo/h) 


+ COSWol + a Sinwol, ( 33) 


Tr{exp(— Ko/kT eS ,¢ 
(pert) ) ay yh coswol 
Tr{exp(— Ho/k7)} 
where 
] 
> A j35°Sx, 


2h ik 


1 
> BuSiSeo- 


2h irk 


If a=6=0 (no magnetic interaction between nuclei), 


then 


Trfexp( 
(p(t) ) av i( OSwol 
Trfexp( 


Ko/kT)S,} 
Ko/kT)} 


Ho/kT)S,} 
) (37) 
Ko/kT)} 


Trfexp( 
SINwyf 
Trfexp( 


As in Eq. (2), Eq. (37) may be immediately evaluated 
Therefore, in’ the 
interaction between nuclei, the 


as (u-(1))y = ulO) COsawol. case of 


vanishing magnet 
macroscopic magnetization of the sample, subsequent 


Ko RT )e'"e''*S,€ lag aes | 


Trlexp( 
(pry (L) aw yh Coswol 

Trfexp(— Ho/k7)} 
It is easy to show that [a,S, | =[a,S, | =[a,S, 


The above expression then reduces to 


Tr{exp( 


(peel Tl) ay yh COSWol 


are TS 
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Rop' (tw) exp(itHo/h)S, exp(— it o/h) Roy (tw) 


S, coswol—Sy sinwol, (34) 


and 
Roy" (tw) exp(it31"") Rop (tw) 
=expl — (it/2h)>° (A jSj- Sit Bj S j2Sx2) ]. 


pk 


(35) 
Therefore 
Tr{exp( oan Ko/RT eS € it(a+h)) 


—h sinwol ’ 
Tr{exp(— Ko/kT)} 


(36) 


to its nutation into the x,y plane, precesses about the 
z axis with the angular speed y//) without diminishing 
in magnitude. This same result is derivable in a much 
simpler manner by using the vector model.” 


B. Decay Shapes for Special Values of A,, and B,, 


The evaluation of Eq. (36) is hampered by the fact 
that a and 6 do not commute. ([a,8 |- is evaluated in 
Appendix B.) Since the coefficients of operators in a 
and 6 are of the same order of magnitude, one cannot 
use any expansion technique for exp{ —it(a+8) ] based 
upon one of the two quantities being much smaller than 
the other. A different criterion for expansion will be 
developed in this section from an examination of the 
two special cases: all By independent of 7 and k, and 
A, =0 for all 7 and k. 

The results of Appendix B show that, for the spin 4 
case, [a,8 | =0 if By, is independent of j and k. In this 
case exp| il(at B) } exp ( ila) exp( if) and 


itag~ itp 


Trfexp(— Ho/kT e'e''*Sye 


yh sinwol (38) 
Ho/kT)} 


Tr{exp( 


() (this follows at once from the rotational invariance of a). 


(39) 


Sinwol 


1B) Tr{exp(— Ko/kT Je Sye “| 


Tr{exp(— Ko/kT)} Tr{exp(— Ko/k7)} 

Thus for s= 4 and By independent of j and k, the shape of the decay is independent of the A x's. This fact was 
first pointed out by Van Vleck® in a different way. He demonstrated that the moments of a spectral density 
function are independent of A, if By is independent of j and k. For s greater than }, [a8 |_ is zero only for @ or 
B=0. If B=0, (u,(t))» can be shown to be independent of a by the same argument as was used above. 


In the special case that A,,=0 for all 7 and k, 

Ho/kT) exp (it/2h)> 54! By SjoSu2)S. expl— (it/2h)D 54! ByeSjrSe2}} 
Trfexp(— KHo/k7)} 

Ho/kT) expl (it/2h)> 5x’ ByeSjoSee Sy expl— (it/2h)> 5.0! BjSjrSc2}} 


Trfexp( 


(pelt) ) av yh COSWol 


Trlexp( 
yh sinwol (40) 
Tr{exp(— Ko/kT)} 


In the first term of Eq. (40), 


exp[ (it/24)¥ 5.4’ ByS jSee Se expl — (it/2A)D 5.4 ByS jrSe2 =D i eS sem See®, (41) 
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where 0;= (t/h)>- ;’ Bj,Sj,. (The prime notation indicates the exclusion of the diagonal term ) 
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1.) Since 6; does 


not contain any spin operators referring to the ith particle, 6; commutes with S,. Therefore, exp(70,S,,) may be 
considered to be just a rotation operator for the ith particle. Referring to Table I, the first term in Eq. (40) 


becomes 


>: Trlexp(— Ho/kT)(S,, cos8;—S i, sin8;)} 
yh coswol 
Tr{exp(— Ko/kT)} 


yh coswol x/( 


From the results of Sec. IIIA, Eq. (42) reduces to 


Tr{efSsS j,} ) (A= > i Sys) (e* 


Tr{e"} 2 Tr{exp(¢ >>,’ 


fas J * 
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2No il; i Pr{efs*} 


Trfet si} 


where, in the product also, the prime notation indicates 
the exclusion of the diagonal term j=7. Expression (43) 
may be evaluated for any permissible value of s by the 
following technique. Since the trace is independent of 
the basis in which it is evaluated, one may use the 
basis in which the spins are quantized along the z axis. 
Then 


Tr{ef* exp(tB;Sj,/h)} 


dS (ar ef Si* exp (iB, Sj2/h) |W) 


8 


DD Why lexp (BS j2/h) Pe (44) 


- 


In order to carry out the evaluation of (44), we now 
express Y, as a superposition of wave functions @,” for 
a spin quantized along the x axis, since exp (i1/h)B,)S)j, | 
working on @,” is replaceable by exp [ (it/h)B,,s’’ | 
(where s’’=—s to s). The trace is then expressed in 
terms of the expansion coefficients of the yp, with 
respect to dy. 

All further free-induction decay calculations will be 
performed only for s= 4. For this case it will be more 
convenient to express the spin operator S in terms of 
the Pauli spin operator @: 


Another method will be used for the evaluation of 
expression (43) because of its special convenience for 
the spin 4 case. Using the expansion," exp(100,) = cos 

yh Tr{exp(— Ho/kT ey" (Nax (le 8'y 


(uz2(l)) w= — COSWol 


Trfexp(— Ko/k7T)} 


x(t) =exp(iat) exp[—it(a+B8) | exp(iBt), x(t) 


may be evaluated by expanding the three exponentials 


Since 
into power series and multiplying the power series 
together. 


4A. Abragam, “Lecture notes on nuclear magnetic resonance,” 
Saclay, 1956 (unpublished) 


tio, sing, expression (43) may be rewritten as 


u(O) CoSwol No B,,t 
¥ IN’ cos"). 
N 9 im] j 2h 


(45) 


Using the same technique, the second term in Eq 


(40) may be shown to vanish. Therefore, if A ,,.=0 for 


all 7 and k, 
1 %o 
po CoSwol—— >> []’ cos( B,/t/2h) 


g tly 


(per (l) ay (46) 


One finds from the above calculation that in the 
special case in which A = 0 for all j and k, (u,(t))4 may 
be evaluated without any approximations being made, 
and that the evaluation predicts a decay shape having 
beats. This result is not useful for the prediction of 
actual beat periods, however, because in the case 
where some A, are different from zero, the A, terms 
wash out those beats predicted by the above expression 
and introduce others. 


C. General Decay Shapes 


From the calculations of the previous section, it 
appears that the expansion — of 
exp{ — it(a+) | is of the form exp/( ip), 
where x(t) is a correction term to take care of the non 
commutability of a and 6. The reason for this choice 
is that the exp(—tat) term produces no effect at all 
upon the free-induction decay, and the effect of the 


most promising 


tla)x (1) exp! 


exp(— 1Bt) term can be evaluated in a closed form 
Since a and # are Hermitian operators, and since a 

commutes with a, and a,, Eq. (36) reduces to 

yh Trfexp(— KHo/kT)e®y'(Na,x(He #4 

SINwol (47) 
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where the first five coefficients of the power series are 
co=1, 

ca= (Lar | 


(=0, Ce [ a6 | A, 


[B,A | )y (4 ct $d? 
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Tasie Il. Traces containing products of a operators.* The 
symbols used include n= 2y(0O)/yhNo and o4=Byd/2h 


Il’ cos(ga; + arto) means II, with a xj, k,l 


Ov Irlexp( —Ko/kT je BOs BY /Trlexp 
Oj nll’ COSp,; 
n tang, tang, Il’ cosp, 
bn®LIV cos (ba; +a + bai) + WV’ cos’ 
I’ CO8(qaj;+-baz dat) — WV c08( ga; 
n tang IN’ COSdas 
yn land 


Dj, Ik 
aj + Pak t Pal) 


Pak T Pat) J 


TPAifIly 


TiO hky 

CPLA LAT AL , land, tang, 11’ COB a ; 

i sin(@yit py ty IV CO8( dag + bait bar) 
snl doit byt du) UW cos( 
BIN Dot — Pit di IV CO8( pay 

+ sin/ Dy Pil +-dyi) I’ cos! 
i 


5 ’ 
aT AN hoi Poy aol COB! Pag t Pa; 


DD gy pyPhy 

Pay t Paj Pak) 
Paj + Pak) 

Pai 1 Pak) ] 
+ Dok) 
Pak) 

+ Dak) 


dat) J 


f 
Pag 


P SIN Dy hey di) WN COS (day + Pa; 


f ’ 
P SIN (yim G4 de) MM CO8' hag — Pa; 


PSN yt — Pj dui) WN’ CO8( pag a; 


jelded zero: aj,, ¢ 
Dik Dy 


containing the following operator 
Di gD eA yO jn 


phe, ThA gD yey 


Ca [B,[ aA | | [af aA | [8,1 B,d | 


The cutting off of the power series at ( is dictated by 
the tremendous increase in labor required in order to 
evaluate any of the terms7,t" for n>4. Comparison of 
the theoretical and experimental results will indicate 
the range of tf over which this procedure is valid 

Since a and # are Hermitian operators, ¢2' = (La,3 

Cy. In exactly the same way, one finds that c;' 

Cs, 4) (\*)'=\*. Therefore, keeping 


(c4’) and 
terms up to and including (, 


(4) 


t 
tLo, 
1 


x! (La. (t)o~o,4 [a,,A 


t([o4,¢4' | + 3[ [o.,d | 


l 
Pot PF a—t Pos 
1 


and a similar expression results for o,. Therefore, 


yh P f 
(pi, (1) Ay consul( F(t) | F(t) + y(t) 
) »! 3! 


t' yh fig 
{ F,(t) ) sina Gold + Gol) 
417 2 ? 


t? 
+G3(l)—+G,(1) 
3! 


where the F(t) coeflicients are given by 


Trlexp(— Ko/kT)e”'P,,€° 
F (1) 
Tr{exp(— Ko/kT)) 


and the G,(t) by a similar expression. 
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F(t) and Go(t) are the two terms that describe the 
induction decay shape for the case A ;,=0 for all 7 and 
k. These two terms were evaluated in (IV B). In order 
to evaluate the higher-order terms, it is first necessary 
to evaluate some of the commutators in F(t) and 
G,(t). These commutators been evaluated in 
exactly the same way as is [@,8 | in Appendix B, and 
show that F(t) and G,(t) become more unwieldy and 
difficult to handle as the subscript increases. There- 
fore, only those terms up to and including F4(¢) and 
Gi(t) were specifically evaluated. The commutators 
connected with F(t) and G,(t) were not evaluated 


have 


directly, but rather a procedure was used by which 
many terms could be discarded on inspection before 
evaluation, 

To find the various F(t) and G,(¢) components, one 
needs to evaluate terms of the form 


Tr{exp(— Ko/kT )e”'O, pe 8). 

(51) 
Tr{exp(— Ko/kT)} 

O., represents the various products of o operators 
which occur in F and G. The techniques of evaluation 
fall into two groups. The first is characteristic of that 
demonstrated in Appendix C for O,, 
second technique of evaluation is characteristic of that 
demonstrated in Appendix D for O,, 
results of these trace evaluations are listed in Table II. 
Using the evaluated commutators and the traces 
(1), Go(t), F(t) 
and G;(t). Among the traces are some which have factors 
n= 2u(0)/yhNo, and some which have factors of n*. For 
T>OA°K and Ho <10° oersteds, 71 for all known 
nuclei. Those terms which contain a 7 factor are there- 
fore dropped. The traces which yield a ’ factor contain 


DO j20kxO Ie The 


DT 520k ly- The 


listed in Table II, one can evaluate Fy 


the product of at least two a, operators where a¥ x. 
Therefore, on this basis one can drop before evaluation 
all such terms in F(t), 

It is seen that for each oa, term to be evaluated in a 
trace, a tangent term is produced. Since one is only 
interested in terms independent of ¢ in the F4(t) and 
G,(t) terms (this was previously set as a limit for the 
order of term desired), one need keep only those terms 
in the commutator results which contain only a oj. 
terms in general be identified without 
complete evaluation of the commutator. Evaluating 
G,(t), one finds that G,(t)=0 for n=0, 2, 3, and 4. It 
seems reasonable that all the G,,(¢) terms should vanish, 
but thus far this has resisted mathematical proof. 
Proof of G,(t) 


an observer in the coordinate system rotating about the 


These can 


0 for all n is equivalent to showing that 


z axis with the Larmor frequency y//» sees the macro- 
scopic magnetization decay without precessing with 
respect to him, 

Evaluation of Fo(t), F(t), Ps3(t), and F4(t) yields 


(url) ay uO) CoswolM (1), (52) 
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where 


u(Q) (53) 


1 1% Bayt r 
{ZIT cos( )+— 5 
Voli=l a 2h Sh? jrkwl 


By Boil Bay 
xtan( ) tan( JIT’ cos( ) 
2h 2h J a 2h 


he 


i Noyh tanh(yhH)/2kT) 


and 
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+A jr A nil By 
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—Ayi( Bj— Bj)? | tan( 
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DL [Ae (Bu 


pA#kel 


“4 By)? 
128h' 


+-2A kA jt Bei Bj) (Bai 


Iron") 


The function O(f) is written in a form which is inde 
terminate for certain values of ¢ (Appendix C). ‘These 
indeterminacies are introduced through multiplication 
and division of certain terms by cosine functions. At the 
points /, where Q(t) is indeterminate, we find 
O(t,) by evaluating the limit of O(1) as t->f,. 

If one neglects surface effects and considers a lattice 


Bx) | 


may 


in which all the nuclei occupy equivalent lattice posi- 
tions the fluorine nuclei in CaFk.), then 
IL.’ cos(Ba,t/2h) is independent of 7, and O(t) may be 
rewritten as 


(such as 


O()=U(t)V (0), 
where 
U(t) 


and 
f 1 
V (t) 


amy cos (B,jt/ 2h) 
) 


Bil 
A jx( By Bu) tan( ) 
Sh? No izkel 2h 


Bilt ha 1 
xtan( ); 7 * 
2h Kh? Ny ike 


} 4A 57 (Bu . Bx) + 2A jc A yt Bui 


But 
+ 2A jp A nil Bj, ~ B,) | tan( ) 
2h 


ae 


“An(Bn 


B jx) 


: » CA jx? (Ber— By)? 
64h* No iver! 
+A jt A ji( Bur 


B,1)(By— By) }. 


DECAYS IN SOLIDS 

Upon examination of the qualifying assumptions 
made up to this point, one concludes that the free- 
induction decay formula (52) should hold for all rigid 
solids containing a single species of spin 4 nuclei. The 
effects of other nuclear species or of electrons may be 
taken by including their interaction 
Hamiltonian in 3C,; and re-evaluating (u,()), for the 


into account 
new 3. The present formulation of the problem has 
not been limited to spin } particles, so one could evalu 
ate formulas for induction decay shapes of particles 
possessing any spin by following the technique sug 
IV B 


Van Vleck, in his classic paper,” evaluated (Aw*) and 


gested in Sec, 


(Aw*) for a rigid lattice of particles of any spin, 
By comparisons of Eq. (26) with Eqs. (52) to (54) 
for (u,(t)),, one finds that 


O(t)=4 (58) 


A power series expansion for Q(t) in Eq. (54) reveals 
that the coefficients of f/2! and f/4! in (58) coincide 
respectively with the second and fourth moments 


predic ted by Van Vile k. 


D. Classical Interpretation of the Decay 
Calculations 


Some of the results of the 


mechanical calculations for free-induction decays can 


previous quantum 
be reproduced from a simple classical model. Although 
the model does not seem amenable for extension to the 
general calculation of the decays, it does give some 
insight into the mechanisms involved. 

It will be assumed that the sample under examination 
contains only one nuclear species with a magnetic 
dipole moment, that these nuclei have spin } and occupy 
fixed points in space, and that all lattice points are 
equivalent. As in (IV B), it will be assumed that A, =0 
for all 7 and k, so that the total Hamiltonian for the 


nuclear system may be written as 


> ByS jets 


xh 
] 


(59) 


) 


K yh) > Sj+4 
j=l 


The expectation value of the magnetic field in the 
z direction at the 7th nucleus is 
H j= (| — (yhS ;,)™ 


K (— yh oS +d’ By SjSi2)\b), (60) 
where the prime signifies k# 7 and y is a suitable wave 
function for the system of nuclei. We may use the wave 
functions y for which all the spins are individually 


quantized along the z axis, since such wave functions 
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are eigenfunctions of 3. Therefore 


HH, Hy, (1 Qyh)> x ( + By). (61) 


After the “2/2” pulse there are as many spins up as 
down along z. Thus the probabilities for having a plus 
or minus sign for By in Eq. (61) are each }. 

> «(+ By) can be evaluated by the techniques used 
for random-walk processes. 

The Larmor precession rate of the jth nucleus is 


w= 7H j;,=wo— 4w;, where 


Aw, dx’ ( t W jx) > (4 Bi 2h). 


From (ILI B) it can be seen that an induction decay 
based upon the above model must have the form 


(ptz(t) y= (0) > P(Aw,;) cos(wo— Aw )t, (62) 


aw; 


where ?’(4w,) is the probability that any nucleus (since 
all the sites are equivalent) will have the Larmor pre- 
cession rate wy Aw,; and where u(O) is the value of the 
macroscopic magnetization immediately after the “/2” 
Q and, since 


pulse. P(Aw,) is symmetric about Aw, 


sindw,f is an odd function of Aw,, 


(0) COSwol i P (Aw ;)e'4*1' (63) 


bw; 


(pu, (1) hy 


However, ?(4w,) = >> (4)%s, where the sum is to include 


all states such that >°y'(+w,,) = Aw,;. Therefore 
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(u(t) w= w(O) Coswol D> ((5)%° SULT’ e****)} 
k 


4w; 


(0) CoSwol []' (e+e twjkt) 2 
k 

= u(0) coswol []’ cos( Bjxt/2h). 
k 


Equation (64) is identical to Eq. (52) which was 
derived quantum mechanically in Sec. IV B for the 
same set of qualifying conditions used in the present 
section. The classical interpretation of Eq. (64) is that 
each nucleus has only a finite number of possible 
Larmor frequencies, the range of choice of frequencies 
being the same for each site. The nuclei may be con- 
sidered to start out in phase at time zero and beat with 
one another to produce nulls in (4.(t) )a. 

Equation (64) illustrates the fact that the assumption 
by Herzog and Hahn® of a Gaussian distribution of local 
inhomogeneities of A//;, at the lattice sites is not com- 
pletely justified in the present case. A Gaussian dis- 
tribution of static local inhomogeneities at the lattice 
sites would yield a Gaussian-shaped spectral density 
function and a Gaussian-shaped induction decay, which 
is in conflict with our experimental results. By using a 
more complicated summation procedure, which will not 
be reproduced here, it is possible to show that the 
correct distribution function for an isochromat of the 
local field distribution is a Bernoulli function: The dis- 
tribution function of the local fields over the lattice is 
a sum of products of Bernoulli functions, which however 
reduces to a Gaussian function for Bj,—0 and Nooo. 


V. COMPARISON OF THEORY WITH EXPERIMENTAL RESULTS 


A. Predicted Free-Induction Decay Shapes for Calcium Fluoride 


Equation (55) can be used to describe the shape of the fluorine induction decay in CaF» since all the fluorine 
sites are in this case equivalent. If we make the reasonable assumption that the magnetic interaction between the 


fluorine nuclei is purely dipolar, then A j, 


(urlt) ay 
where 
U(t) 


and 


Vit)=1 


iwi\* i ; 
t ( ) Zz (2B jx? Bua- By By 
Q\2h Vo iekel 


(0) coswoll (1) V(b), 


Bj,/3, and Eq. (55) reduces to 


(65) 


IL COS(B jx 2h) 


cst | 
( -) dX (By tan( Byt/2h) LB) tan( Byt/2h) )—C By tan(Bjyt/2h) By tan(Byt/2h) | 
O\2h Vy eke 


wv ta* 2 
BB i By tan( Byil 2h)— ( ) =. (Bj? Bue Bje2 Bu Bi). 
12\2h7 No ivkwi 


Terms in V(¢) which contain odd functions of By, are dropped since the sums of these terms over the lattice are 


negligible compared to the sums of the even functions. Thus, 


V(t)=1 


1 ‘vas 
> Bye By tan( Byit/2h)— ( ) 
12 2h No iAk#l 


Le eS 
( ) > (By tan( Byt/2h) [By tan(B yt/2h) | 
6 2h No pekel 


z7tx5 I : 
a? 
Q\2A/7 No ieee 


eS ByeByr. (66) 
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Since the fluorine nuclei in a cubic lattice are all equivalent (ignoring surface effects), one can eliminate the 
indicated summation over j in Eq. (66) and multiply the right-hand side of the equation by Vo. By using the 


relation 


ae TS 


kl 


Eq. (66) may be rewritten as 


Kym Z, Xi, 
k 


k 


1 = By Byt 2 J By Byil 2 2 Bl . By By | 
V(t)=1- py tan( } -5'| tan( )| |: | (= ) ye tan( ) 
6LIT 2h 2h T | 2h 2h ANT \ 2h Th an | 


4 Bil 3 
-r'( ) 
l 2h 


The above method of writing V(t) has the advantage 
that all summations are to be taken over a single 
subscript. 

In the evaluation of Eqs. (65) and (67), the terms 
corresponding to the first 26 near-neighbor fluorine 
nuclei have been evaluated individually, and the terms 
corresponding to the more remote nuclei have been 
coalesced into another sum by a power series expansion. 
This latter quantity turns out to be isotropic to within 
+5% for the orientations considered. 

With the use of a fluorine near-neighbor separation 
of 2.725X10~* cm in CaF», free induction decay shapes 
have been calculated for the cases that Ho is applied 
along the [100], [110], and [111] axes. The results of 
these calculations are plotted as the solid curves in 
Fig. 2 for comparison with the experimental results. 


B. Experimental Free-Induction Decay Shapes 
for Calcium Fluoride 


There are two sets of experimental data to be com- 
pared with each other and with the shapes theoretically 
predicted for the F" decays in calcium fluoride. The 
first set consists of the actual decay measurements for 
fluorine in CaF. The second set is made up of the 
Fourier transforms of the experimental c.w. line shapes 
for the same Cal’, crystal. 

The rf pulse applied to the sample had a width of five 
microseconds as measured between half-power points. 
During the interval of time that the rf pulse is applied, 
the magnetic dipoles of the sample are being rotated 
or flipped rapidly by the //, field, and the magnetic 
inhomogeneities at the lattice sites are varying at a rate 
rapid in comparison with the rate at which they can 
dephase the spins producing the induction signal. 
Therefore, while the rf pulse is being applied, the macro- 
scopic magnetization is not decaying but has a constant 
magnitude. The induction decay may therefore be con- 
sidered to begin at the end of the rf pulse. The experi- 
mental free-induction decay measurements are indi 
cated as the crosses in Fig. 2. 

As mentioned before, the Fourier-transform data 
have been derived from experimental c.w. line shapes 
for CaF, by use of Eq. (23). The F"’ c.w. line shapes for 
our crystal were supplied by Bruce.* The Fourier trans 


Byil 1 J By\*\' — f By! 
tan( )| |(=:( )) x'( ) | (67) 
2h 12 l 2h l 2h 


formation of the ¢.w. line shape was carried out by the 
numerical integration of F(t) 
various values of /. g(w) is just the normalized function 


S g(w) coswidw for 


corresponding to the c.w. line shape. The results of 
these calculations are plotted in | ig. 2asthe OPEN-CLr¢ le 
points. 

The c.w. line-shape data for calcium fluoride were 
taken at room temperature; Le., about J00°K. The 
induction decay data were taken at both 298°K and 
77°K. The 77°K data and the 298°K data were found 
to agree to within experimental error, so that no dis 
tinction has been made between them in the presenta 
tions on the graphs or tables 

Table [1 lists the times, 7, at which the decays have 
nodes; 7, refers to the nth zero. .V stands for no evidence 
of a zero-point near Tp. 


C. Discussion 


Table Ill and Fig. 2 show excellent agreement 
between the experimental induction decay data and 
the Fourier transforms of the c.w. data at each orien 
tation. These results corroborate the prediction of Eq 
(23); viz., if the high-temperature condition is satisfied 
the shape of the Fourier transform of a c.w. line shape 
is identical to the corresponding free induction decay 

Figure 2 further shows good qualitative agreement 


between the experimental decay shapes and the theo 


Locations of nodes on FF free-induction decays in a 
single crystal of Caky.* 
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hic. 2. Bipolar plots of F free-induction decays in a 
single crystal. (a) Hy along the [100] axis; (b) Hy along the 
(c) Hy along the [111] axis. The 


The circles show the 


axis; 
served induction decay amplitudes 
transform of Bruce’s® line shape data for the same crystal The 


theoretical induction decays predicted by Eq. (65) are shown as 


the solid curves 


retically-predicted decay shapes. The best agreement 
occurs for Hy along [100] and the poorest for Hy along 
[111]. For Hy along [100] there is excellent agreement 
between the theoretical and experimental values for 7, 
and re, while the disagreement between the theoretical 
and experimental values for r, is definitely outside the 
limits of experimental error. The most probable source 
of this discrepancy lies in the cutting off of the power 
series expansion for x(t) at f (see IV C). While the 
theoretically predicted shape of the induction decay 
may be accurate for small /, one expects to obtain poorer 
results for large ¢ since the higher order terms which 
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have been ignored then make a relatively larger con- 
tribution. 

Another source of error in the theoretical results 
arises from the manner in which the induction decay 
formulas have been evaluated in (V A). There only 
the first 26 near neighbors were treated individually. 
The agreement between theory and experiment for 
reasonably short times corresponds to a successful calcu- 
lation of all of the F resonance line shape thus far 
observable in CaFy. This result has been achieved by 
explicit consideration of only the first three near- 
neighbor shells of fluorines and the representation of 
the contributions from more remote nuclei by a very 
nearly isotropic function. 

Additional sources of discrepancy between the pre- 
dicted and observed induction decays include misorien- 
tation of the crystal and such crystalline lattice defects 
as vacancies, substitutional impurity ions, and phonons. 
Because the six nearest I" neighbors to a given fluorine 
site make no contribution to the local magnetic field at 
the site for Hy along [111], it is in just this orientation 
that the experimental results should be most sensitive 
to the above sources of deviation from theory. Rough 
calculations indicate that an 8° rms deviation of the 


r,, to the six nearest neighbor F sites is sufficient to 
bring the theoretical position of the first beat node into 
agreement with experiment for the [111] direction. 
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APPENDIX A. TIME-DEPENDENT 
STATISTICAL THEORY 


Consider a large number \ of identical systems 
making up an ensemble, each described by the Hamil- 
tonian K. Let the kth system be described by the 
normalized wave function ¥(/). This wave function 


satisfies the Schrédinger equation 


Ky (t) = thay (1) / dt. (A.1) 


Introduce now a complete set of orthonormal wave 
functions ¢, [involving the same coordinates as in 
y*(t)] into which the wave function y(t) can be 
expanded. 

(A.2) 


V*(t)= >on An* (Ldn, 
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where Assume now that to each system in the ensemble, an 
identical ‘“‘shock”’ (i.e., the w/2 pulse of Sec. IIT) is 
dy*(t) foorw (t)dr. (A.3) applied. Assume further that this shock is of such form 
that if the wave function for the kth system is Y(0) 


r is a volume element of coordinate space. The coef- before the shock, it is 


ficient a,*(t) can be used to describe the kth system. ; v—R 0 19 
a . . . : *( ( 
rhe density matrix pmn(t) is defined as LW" (tw) Cop (ho )¥"(0) 
1 =N after the shock is turned off, 4, being the length of time 
> ay*(t)Lan*(t) }*. (A.4) — the shock lasts. Thus / seconds after the shock is turned 
k=! 7 
off, 


Pmn(t) 


rhe expectation value of any physical quantity O of VE () = Top (OW (te) 1 = Top (t)Rop(teW*(0),  (A.10) 
the ensemble is found by taking the quantum-mechan 
ical average of O,, over the kth system and then the — \here 
average over the ensemble. Thus T(t) =exp(—it/h) 
} m4 ) ‘ 


‘Therefore, / seconds after the shock is turned off 


1A 
(O(L) ny > Fy) Ow (dr. (A.5) 
V k=1 


1 A 
Substitute (A.2) into (A.5) (O(t) ) mu ¥ fiw VOL W(t) |'d7 
V k=l 


YW 
(O(L) ) ay z( + B (ast()*antd) ) f 6.%Onsbnde 1 oN 
nom N k=] > [ Top (t) Roy (ty (QO) |* 
V kets 


YY pmn(l) bn! Oop Om (A.6) (A.11) 
XK Oopl Top (0) Rop (tw) W* (O) |dr 
1 


N 
Tr{ pop(L)Oop}. > W*(0)l Ron’ (he) Top’ (OO op 
! V k=l 
It can be shown!® that for an ensemble in thermal % Ty, (t)Roy (tw) W(O)dt 


equilibrium, p,,(¢) is time independent and is given by 


n,m 


By substituting (A.2) into (A.11) and proceeding as 


Pop (t)=exp(— 3C/kT)/Tr{exp(— 3C/RT)}, (A.7) 
above, 


where 7 is the temperature of the ensemble. Therefore Tr{exp(— 3C/RT) Roy" (la) Top! () 
Tr{exp(— 3C/RkT)O,p} Onnd 06) ion la) } 
(O(t) ay (A.8) op )te (A.12) 
4 r{exp( 5C/k7 )} ‘I rfexp( IC/RT )} 


APPENDIX B. EVALUATION OF [4,3 | 
From Eq. (36) 
[a,B]=(1/4h?) So Ay jBull (SiS jyt+SieS jz), SeoSte | 
ix) kA 
To evaluate Eq. (B.1), one must sum over 1, 7, k, and /. Those terms where 1% 7Ak#1 vanish since all the 


operators commute. The only terms left in (B.1) are 


1 
[a6 | {dj AjBetl (StyS jy +S jeSte), SeaStze + Yj A pBell (SuS jyASeS je), SeoS iz | 


— a 


Mh? kl jk 


) 
prkel 


tS, AB (SuyS iytSeod iz), See l+ Yi; etl (StS yA Ste is), SeoS ts 


eke 


+2 1,,B, | (S, ls tS, Sy - bad bs 


Using the fact that i, 7, k, and / are umbric variables and SKS=7S, Eq. (B.2) reduces to 


; 1 
[a8] Oe, oe ee ee ee a Ae eA, ee, Pe, Oe 
2h? kel 


'8T). ter Haar, Elements of Statistical Mechanics (Rinehart and Company, New York, 1954), p 





60 LOWE AND R NORBERG 


For S=4, one has (.S,,S, |. =(LS,,S,], =(S.,S, |, =0 and the second term vanishes in (B.3). Thus for S=4 and 
By independent of j and k, [a,6 | is equal to zero. 


+ 


APPENDIX C. EVALUATION OF 
Trlexp(—Ko/kT)e'a;,.0.,0,€°'"'} /Trlexp(“Ko/kT)} 


Let ox = Byl/4h. The expression to be evaluated may then be rewritten as 
Trfexpl(€/2)>0 ois expli da! bajGa20 jx) 0420 129 j2 EXP(—1 Dea! bajOard jx)} 
— ; (Ca) 
Trfexpl(¢/2)>>, 0, }} 


where the notation >°,’ indicates a summation over a with a# j. To initiate the evaluation of (C.1), let a=k. 
Since exp 10 {(0,,0y,02) cos6+-1 f(a, ,0,,0,) sind for the case that ;* 1, it follows that 


CNPIRT IK Oy 0 [gl PIRI Ik = 1,0 OKs COS2g jy To yy sin2d jx). (C.2) 
Therefore (C.1) becomes 


‘| rfexp| (C 2)>° | Ou | exp(1 p : Pa jFard jr)F ixO jy exp —i>,! . Pa jFard jx)} 
sin(2p,,) 
Tr{expl(¢/2)0 # a4 ]) 


If one now lets a=/ and repeats the above process, (C.3) reduces to 


. Trfexpl(¢/2)20 4! a4.) exp(i oa!!! bajo 0x0 j2)0 52 EXP(—1 Dea’ *! ajFar9 jz)} He 
sin(2,,) sin(2@ ;1) . (CA) 
Treexpl(t/2)E 0 ]} 


The remaining traces in (C.4) may be evaluated in exactly the same manner that Eq. (40) was evaluated since the 
two are now identical. Thus expression (C.4) reduces to 


sin (2 j,) sin( 2g j,) (2n(0) /yhN 0) II. cos(2u,;). (C5) 


avy kl 
If one multiplies and divides expression (C.5) by cos(2@,) cos(2@;,), it may be rewritten as 
(2u(0)/yAN 9) tan( By t/2h) tan(Byt/2h)[] 4" cos( Ba jt/2h). (C.6) 


The trace expressed in the form of Eq. (C.6) is indeterminate at the points where the tangent functions have 
infinities 


APPENDIX D. EVALUATION OF 
Trlexp( —HokT)e'?'a,,0,,0,,e '°') /Trlexp(—KHo/kT)} 


As in Appendix C, let @a,= Bat 4h. The expression to be evaluated may then be written as 
Tre r/2 Ligize(t 2)Ze b' baboar eg Op yO Wye (i/2)Ze b baroassbs) 


(D.1) 
Tr{e(t/?)2ay 


Those terms in (1DD.1) where a and 6 are both different from 7, k, and / will vanish since those terms commute 
with 0 ),0%0 . Those terms where a and b are equal to j, k, or / also vanish, and expression (D.1) may be rewritten as 


Trle f/2 Ziis(ehisiz4i'g Le bioyr6; ) (ehinetk’ ge biokeOk’)(phiotzbi'g) ¢ hiotr61’)y 
(D.2) 
Trl elt /2) 20a) 
where 


/ 


‘ kl 
A, 2 yw PaiF a2 


and 6; commutes with @,, o,, and @,. 
From Table I, one finds that (D.2) becomes 


Tr{exp| (¢/2)¥° Po. KET rile! 0;,) cos8;’ +Tr(e!!?)%05,) sind,’ |X (CT r(e!!®) apy) cosd,’ 
Tr(et/?)*g,,) sind,’ |X [Tr(e!!?""0,,} cosd)’ — Tre!) *"9,,} sind,’ }} 

(D.3) 
Pr(e(f ose) Tr(eh ee) Teele) Tr(expl (¢/2)d0 2*'o is }) 





FREE-INDUCTION DECAYS IN SOLIDS 


The only terms to survive in (D.3) are of the form 
Trf{e 2)oj4q ;,) u(Q) 
Tr{e/? 12} = yhNo 


Therefore Eq. (D.3) reduces to 


(OQ) \# j 

_ ) Tr{exp[ (¢ 2)" k lacy |[et Oi’ Hen +00") } et! 6;'+ On! +60" et ()'+O% 
YANO 

~ ¢@i(9;’ On’ +60) -e'! 6; On +81 


Tr{expl(¢/2)>. 2", }} 


The first term of Eq. (D.4) may be evaluated as follows: 


Jkt 
6,’ + 6,! { 6,’ 2 ,H Tazr(Paj t Pak t Pai). 


Therefore the first term of (D.4) reduces to 


(= ) ' (—— ul cos(2(baj+Gart hat) + toaz 8in (2 (aj +bart bai) ) ’) 


VhN o (a4) ,k,L) Tr{e? via) 


pu(Q) 3 
( ) IIa cosl(Baj+ Bart Bur)t/2h}. (D.5) 
VhN 0 (a#j,k,l) 
If the same procedure is carried out for the other seven terms, Eq. (D.4) reduces to 
1/2u(0)\3 
= ( ) { []. cosl(Bij+Bart+ Bat/2h J+ TJ. cosl(—B.j+ Bart Badt/2h | 
4 yhNo axj,kl a#j,k,l 


[Ia cosl(Baj+Bar— Bat/2hJ— [Ja cosl(Bajy— Bart Bui)t/2h]). (D.6) 


avi hk axj kl 
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Soft X-Ray Absorption by Thin Films of Chromium* 
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The absorption of soft x-rays by chromium has been measured in the spectral region between 250 A and 
300 A. The observed absorption band is interpreted as a combination of M, and M, bands in the ratio of 


$:2 and separated by 1.5 ev 


W'" have measured the M,, absorption bands of 
chromium. This absorption is produced by 
transitions from the 3/44 states to the unfilled portions 
of the conduction band, The apparatus and experi 
mental procedure are essentially the same as described 
previously’ and will not be discussed here except to 
mention that a new source has been built. This source 
is a Lyman discharge tube similar to that described by 
Rathenau.? The source produces lines of ionized silicon ; 
these lines have been identified so that second order 
lines were recognized and eliminated from the data. 
The films were prepared by vacuum evaporation on 
to thin celluloid supports from baskets of 20-mil 
tungsten wire. The chromium was vacuum fused when 
the pressure fell to 510° * mm of Hg. After the pumps 
had removed the gases released and the pressure had 
ayain fallen to this value, the evaporation was begun. 
The films ranged in thickness from 10 A to 45 A and 
the absorption curve was determined by comparing 
the transmission of two films of different thickness but 
which were otherwise identical in preparation. In each 
case the difference between the two film thicknesses 
ISA 25 A. Such thin 
necessary because the absorption coefficient of chro- 


was between and films were 
mium is high (the thickness to give maximum intensity 
change at the absorption band is less than 20 A) and 
also because thicker films of chromium on celluloid had 
a tendency to tear. Film thicknesses were determined 
by measuring the optical density in visible light, the 
optical density vs thickness curve having been previ 
ously determined by using fringes of equal chromatic 
order.* 

The solid curve presented in Fig. 1 is the average of 
several runs made on films prepared using chromium 
from three independent sources. ‘The first was commer 
cially available chromium with no unusual claims for its 
purity. The second was obtained several years ago from 
Adam Hilger as spectroscopically pure. The third was 
obtained recently from DuPont with a total impurity 


of less than 0.030%, the impurities being primarily Op, 


* This research was supported by the National Science Founda 
tion 

tOn leave from the Physics Department, 
Allahabad, Allahabad, India 

'M. P. Givens and W. I’. Siegmund, Phys. Rev. 85, 313 (1952 
Also, R. W. Woodruff and M. P. Givens, Phys. Rev. 97, 52 (1955) 

2(. Rathenau, Z. Physik 87, 32 (1933) 

4S. Tolansky, Multiple Beam Interferometry (Oxford University 
Press, New York, 1948), Chap. 8 


University of 


H,, and N». The absorption curves for these three 
different samples were essentially the same and the 
minor differences, if real, have been lost in the aver- 
aging. 

In Fig. 1 is also shown a suggested separation of the 
band into two parts representing the absorption due to 
M, and M, separately. The separation was made on 
the assumption that the two curves would have the 
same shape. Their relative intensities and their sepa- 
ration were adjusted to obtain a fit. The curves shown, 
which represent the best fit we could make, are in the 
ratio of 3:2 and have a separation of 1.5 ev between 
the two bands. } 

Since the M>, states are p-type states the individual 
curves should represent the combined densities of s- 
and d-type states in the unfilled portion of the con- 
duction band. The conduction band in solid chromium 
is derived from the 4s and 3d atomic states so s- and 
d-type wave functions are expected to be prominent. 

Since both the ratio and separation of the peaks may 
be adjusted (and to a lesser extent the background also 
may be adjusted), the separation of the band into two 
components is not necessarily unique. We tried the 
ratio 2:1 but were unable to make a fit using any value 
of the separation. Ratios of 1:1 and 1:2 were also 
attempted without success. It is, however, still possible 
that some other ratio might be found which will give. 
another satisfactory decomposition. 

The value of the ratio and separation of the M, and 
M. bands can also be determined from the M23 emission 
band of chromium. These emission measurements have 
been made by Gyorgy and Harvey‘ and also by Skinner.® 
Their results do not agree with each other. Gyorgy and 
Harvey give a ratio of 1:2 and a separation of 0.45 ev. 
Skinner obtains the ratio of 2:1 and a separation of 
1.0 ev but his values are uncertain. The predicted 
value of the ratio for atomic chromium is 2:1 and the 
separation of the M», levels of atomic chromium is 
predicted® as 0.8 ev 

We have examined the curves published by Gyorgy 
and Harvey and take the liberty of suggesting an 
alternative analysis as shown in Fig. 2. In this figure, 
curves A and B are taken from their paper. The dotted 


‘FE. M. Gyorgy and G. G. Harvey, Phys. Rev. 87, 861 (1952) 

*H. W. B. Skinner, Phil. Mag. 45, 1070 (1954) 

*E.g., A. E. Ruark and H. C. Urey, Atoms, Molecules, and 
Quanta (McGraw-Hill Book Company, Inc., New York, 1930), 
p 256 





Fic. 1. The soft x 
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curves are now suggested as the separated M; and M, — fluctuations are, however, not in their final curves, but 


bands. The sum of these two curves is also shown for have been lost in the averaging process. Also, on the 
comparison with the original. In this resultant there high-energy side a slight toe appears which was not 
are some fluctuations on the low-energy side resembling reported, but which might have been mistaken for 
the individual runs of Gyorgy and Harvey; these background in the original data. The separation sug 
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C--sum of curves D 
and E; D and E 
suggested M, and 
M,» emission curves 
Curves A and B by 
Gyorgy and Harvey; 
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gested by authors 
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gested gives a ratio of 3:2 and a separation of 1.5 ev 
for the M, and M, bands. The agreement between these 
figures and the results of our absorption studies lead 
us to suggest this interpretation of their results. 

So far we have been unable to reconcile Skinner’s 


segs 
experimental results with gither our own or those of 


Gyorgy and Harvey even though we agreed with 
Skinner in expecting the ratio to be at least as great 
as the 2:1 value predicted by the statistical weight of 
the atomic states 37, and 3P, 

A theoretical study of the valence band of several 
substances including chromium has been made by 
Slater and Koster.’ They conclude that the 3d band 
V(E) vs E, 
which is symmetrical about its midpoint. Since chro- 
the density of d 
states must fall to zero at the middle of the band, 


must have a density-of-states curve, L.e., 
mium is mildly antiferromaynetic, 


leaving a narrow gap in the band, and the Fermi level 
must lie in this gap. Thus there are five electrons per 
atom in the lower half of the d band and a like number 
of empty states above. The sixth valence electron per 
atom lies in the 4s band, and this band must be so 

7 J ( 


Slater and G. F. Koster, Phys. Rev. 94, 1498 (1954) 
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located that when it contains one electron per atom 
the Fermi level will fall within the gap of the d band. 
The density of states at the Fermi level is due to the s 
band only and is fairly small since the s band accommo- 
dates only one fifth as many electrons as the d band 
and is believed to be quite broad. 

These theoretical predictions are approximately con- 
firmed by the curves of Figs. 1 and 2. Although. the 
two M, curves are not exactly symmetrical, attention 
may be called to the existence of the two peaks and 
their relative height and separation. The symmetry is 
probably as good as the experimental! data can reveal. 

The emission and absorption curves in this interpre- 
tation of the data overlap slightly, the M3 emission 
extending to 41.7 ev and the absorption beginning at 
41.2 ev. This much overlap can hardly be real and the 
energy (wavelength) scale can certainly be established 
to much better accuracy than this so the trouble may 
lie in the interpretation. Also, in Fig. 1, the absorption 
between 40 and 41 ev, which appeared consistently, 
does not fit into this proposed explanation. 

We acknowledge the help of Mr. William L. Goffe 
who prepared the samples. 
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In a recent paper, a rate limitation at the surface for impurity diffusion into semiconductors was dis 
cussed. The rate limitation leads to a radiation-type boundary condition for the diffusion differential 
equation. Experiments on the diffusion of radioactive antimony out of germanium have shown that the 
solution to the diffusion differential equation appropriate to this boundary condition does indeed agree with 
the experimental data. The constant which describes the rate limitation has been measured as a function 
of temperature and has an activation energy close to that of the diffusion constant of antimony in germanium 
The diffusion constants found in this work are in agreement with those found in other experiments in which 
antimony was diffused into germanium. By a proper choice of the diffusion-system geometry, an increased 
rate limitation was produced which provided data from which sticking coefficients and partition coefficients 


were calculated for the system gaseous antimony-solid germanium 


These data have also been used to 


estimate the binding energy of an antimony atom in the germanium lattice 


INTRODUCTION 


HE boundary condition for the transport of im- 

purities across a solid-ambient interface has been 
discussed in a recent paper.' Evidence was given that 
for some systems there was a significant measurable 
rate limitation at a solid-gaseous interface. This rate 
limitation can be pictured as a potential barrier at the 
surface which the impurity atom must surmount to 
leave the solid. 

The research reported in this paper is concerned with 
quantitative experiments on the diffusion of antimony 
out of germanium and it is shown that the experimental 
antimony distributions are consistent with the picture 
of a rate limitation, or potential barrier, at the ger 
manium-ambient interface. In addition, external rate 
limitations have been purposely introduced to provide 
data from which one can calculate partition coefficients 
and sticking coefficients for the antimony-germanium 
system. These data have also been used to estimate the 
binding energy of antimony in germanium. 


DIFFUSANT DISTRIBUTIONS 


The material presented in this section has been 
discussed in detail elsewhere.' A brief treatment of the 
appropriate expressions will be given here for the out 
ward diffusion of impurities from a homogeneously 
doped crystal. 

For the diffusion of an impurity out of a solid in a 
the 
ambient interface results in a flow of diffusant atoms 


perfect vacuum, the rate limitation at solid 
out of the solid whose rate is proportional to the con 
centration of the diffusant in the solid at the surface, 
N(0,t). Thus, the boundary condition becomes 


ON (x,t) 
D KN(O,1), (1) 
Ox — 
1 F. M. Smits and R. C. Miller, Phys. Rev. 104, 1242 (1956) 


‘diffusion is carried out is given by LN, atoms sec ', 


where D is the diffusivity and N(x,f) is the concentra 
tion of the diffusant in the solid at a depth x from the 
surface at time ¢. The rate constant AK has the dimen 
sions of velocity and is termed the interfacial con 
ductance. 

When the experimental conditions are such that the 
impurity which diffuses out of the solid is not immedi 
ately removed from the diffusion system, \V(0,t) de 
creases more slowly with time than when the ambient 
is a perfect vacuum. Thus, the effect is that of an 
which is termed “external 


additional rate limitation 


rate limitation.” For the discussion which follows, it is 
convenient to introduce a partition coefficient k, de 


fined by ky= N./N,, 


the diffusant in the gaseous phase in equilibrium with 


where V, is the concentration of 


7] 


a concentration NV, in the solid. It will be assumed that 
k, is not dependent on diffusant concentrations, ‘This 
assumption will be discussed in a later section, If the 
diffusion system is such that the only source of diffusant 
is the doped sample, and that the rate at which the 
leaves the volume in which the 


gaseous diffusant 


j 
then the appropriate boundary condition has been 


shown to be! 


ON (x, 1) , LK 
D 7 V (0,0) 
Ox y L+k,KA 


K'N (0,0). (2) 
In this expression L is the pumping speed of the con 
necting channel from a high vacuum to the chamber in 
which the sample is placed and A is the total area of the 
diffusion sample. Thus, Eq. (2) has the same form as 
Eq. (1) except that K is replaced by K’. Note that as L 
becomes equal 


the 


becomes much larger than k,KA, K‘’ 
to K. Then, for N(x,t)=N, for (=0 and x>0, 
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solution to the diffusion differential equation is!? 


| ‘ l 
V (x,1)/Ny=erf { ete ( )+n°( 
2(Dt)' | 2(Dt)3 dD 


K'x K"*t 
exp ee 
D D 


A graphical solution of Eq. (3) is shown in Fig. 1. Note 
Vix) as a 
function of x is sufficient to determine both D and K’ 


that an experimental determination of 


directly. The measurement of A’ as a function of L 
enables one to obtain the interfacial conductance A 
and the partition coefficient ky. Finally, it is also possible 
to determine the sticking coefficient s from the same 
data, where the sticking coefficient is the probability 
that a diffusant atom incident on the solid will become 


part of the solid phase. For at equilibrium,! 
KN.=Kk,N,= (N,/4)is, (4) 
where # is the average thermal velocity of the gaseous 
diffusant atoms. Therefore, one obtains 
S 4k, kK v. (5) 


2 erlf ys 2(r) $ fi¥ exp s*)\de 1 —ericy 


Fic. 1. Graphical so- 
lution to the diffusion 
differential equation for 
diffusion out of a doped 
sample taking into ac- 
count the rate limitation 
at the surface. These 
curves were taken from 
H. S. Carslaw and J. C. 
Jaeger, Conduction of 
Heat in Solids (Clar 
endon Press, Oxford, 
1948), Fig. 7, p. 54 


DIFFUSIONS AND RESULTS 


The antimony-germanium system was selected for 
the experiments. Antimony was chosen as the diffusant 
for two reasons. First, it is a sufficiently fast diffuser in 
germanium to make these experiments relatively easy 
to perform. Secondly, an antimony radioactive isotope, 
Sb'™, with a half-life of 60 days, is readily available so 


that radiotracer techniques could be used. The vapor 
12 


pressure of germanium’ is sufficiently small, about 10 
mm of Hg, over the temperature range investigated so 
that any effects due to the evaporation of germanium 
are negligible insofar as this research is concerned. 


The germanium single crystals had antimony con- 
centrations of approximately 210'? atoms cm™ as 
determined from the radioactive analysis. The crystal] 
was cut so that the diffusion current was in the [100 | 
direction. The samples were lapped with silicon carbide 
and acid etched prior to the diffusions. 

The diffusions were made in two types of quartz tubes 
shown in Fig. 2. The pumping speed of the straight 
! will be shown to be 


quartz tube, L=900 cm* sec 


sufficiently large so that L>>k,KA and the K’ deter- 


+A. W. Searcy, J. Am. Chem. Soc. 74, 4789 (1952 
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mined with this tube is equal to K. The constricted 
tube contains a capillary quartz length which reduces L 
to 0.223 cm’ sec~! so that it becomes comparable to 
k,KA and hence provides an external rate limitation. 
The pumping speeds of the quartz tubes were calcu- 
lated from data given in the literature.‘ Prior to use, 
the quartz tubes were etched in hydrofluoric acid for 
ten minutes, rinsed with de-ionized water, and finally 
fire-polished with an oxy-hydrogen torch. The amount 
of antimony removed from the system by chemical 
reaction with the quartz envelope prepared in_ this 
fashion, and by diffusion into the quartz walls, was 
found to be too small to measure and hence negligible 
insofar as this research is concerned. 

After the diffusion sample is placed in the quartz 
tube, the apparatus is assembled as shown in Fig. 2 and 
the tube is evacuated to about 10°© mm of mercury. 
When the constricted tube is used, one end of the tube 
must be closed after the sample is placed in the appro 
priate region of the tube. Care is taken to insure that 
the germanium does not heat up and therefore oxidize 
during the sealing procedure. After the tube is evacu 
ated, the furnace is brought to about 500°C for a few 
hours to outgas the quartz and sample. ‘The lower stop 
cock is then closed and the sealed off components are 
removed from the vacuum station by opening the ball 
joint just above the lower stopcock. After the furnace is 
brought up to the desired diffusion temperature, the 
evacuated diffusion tube is inserted in the furnace and 
reconnected to the vacuum station. Thus the tube and 
sample attain the diffusion temperature in a sufficiently 
short time interval so that the temperature transient 
has a negligible effect on the results. The diffusion tem 
perature is held to within 1°C of the nominal desired 
temperature. After the diffusion period, the tube is 
removed in the same manner as described above. 

The samples are then removed from the quartz tubes, 
trimmed around the edges to a depth several times the 
expected depletion penetration, and mounted in prepa 
ration for grinding. Layers parallel to the surface are 
ground off on silicon carbide paper and the activity on 
the paper is then counted with a Geiger counter, From 
the difference in weight of the sample plus the holder 


before and after each grinding, the area of the sample 


Data and results for diffusions made in unconstretied 
quartz tubes L=900 cm? sec 


TABLE I 


Diffusion 
time Pemperature D K 
hours ( cm? sec cm sec 


39 K10°7 
4.3 «10°! 
6.3 *%10°7 
1.0510"? 
2.4310 
*10 


900 
900 
900 
850 
850 
800 


2.axX10°° 
re pS lt 
2.9X10-" 
7.0XK%10°" 
&7«10 il 
35«10" 6.6 


68.0 
6.47 
6.50 

72.0 

72.0 

76.0 


4S. Dushman, Vacuum Technique (John Wiley and Sons, Inc 


New York, 1949). 
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Fic. 2. Two types of quartz tubes used for the diffusions. The 
straight and constricted tubes have pumping speeds of 900 and 


1 


0.223 cm sec respectively 


surface and the counting rate, the specific activity can 
be calculated and a plot of the relative concentration 
versus distance can be made. The diffusivity and inter 
facial conductance AK’ which best fit the experimental 
data are determined from this plot with the aid of the 
graphical solutions given in Fig. 1 

The data for a sample which was heated in a straight 
quartz tube for 72 hours at 850°C are shown in Fig. 3 
The experimental points are plotted as triangles. The 
solid curve is the theoretical curve which best fits the 
experimental data and was calculated from Eq. (3) 
with K =2.43%10°7 cm sec’! and D=8.65K10~-"! cm? 
sec’', A plot of the solution for the case when it is 
assumed that .V(0,/) is equal to zero at all times, i.e., no 
rate \ , erf| hy (Dt)} | is also 
shown in the same figure as a dashed curve. It should be 
noted that the solid theoretical curve fits the experi 
Table I contains the pertinent experi 


limitation, so N(x,/) 


mental data 
mental data and results for the diffusions which were 
made with unconstricted quartz tubes. The logarithm 


of K versus T-! is shown in Fig. 4. It is found that A 
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0.67 0.69 0.91 0.93 0.95 0.97 


1000/T (*k"!) 
4. The interfacial conductance K versus 1000/T °K“ 
The activation energy is 2.19 ev 


can be represented by 
K = Ky exp —AH/(kT) ], 


with Ao and AH equal to 1.140.3%10* cm sec”! and 
2.194-0.28 ev, respectively. The constants have been 
determined from a least squares fit of the data and the 
probable errors in the constants have been evaluated 
by the method described by Birge.® 

Figure 3 also shows a concentration versus distance 
plot for a sample which was heated in a constricted 
tube for 72 hours at 850°C. The experimental points are 
plotted as circles. The solid curve is the theoretical 
curve obtained from Eq. (3) with K’=3.110°% cm 
sec! and D=9.0X 10"! cm? sec '. This depletion curve 
can be compared with the one obtained for the other 
sample which was heated in a straight tube for the 
same time at the same temperature. One sees that the 
constricted tube provides an external rate limitation 
which results in an \V(x,/) greater than that found with 
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Fic. 5. The partition coefficient versus 1000/T °K! 
The slope gives an energy of 1.2 ev 


*R. T. Birge, Rev. Phys. 40, 207 (1932) 
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the unconstricted quartz tube. Table II gives the 
significant data and results for the constricted-tube 
diffusions. To calculate s and k, from Eqs. (2) and (5), 
the interfacial conductance K was taken from the least- 
squares fit of logK versus T~! data shown in Fig. 4. 
It is clear from the values of k, obtained in this fashion 
that Kk,A<900 cm* sec~! so that the interfacial con- 
ductance determined from the unconstricted-tube data 
is indeed equal to K. A plot of logk, versus T~' is given 
in Fig. 5. The partition coefficient can be represented by 


k, = kgo exp[ — AE/(kT)], 


with kyo and AE equal to 6.7 and 1.2 ev, respectively. 
Since there are only three values of k,, uncertainties 
calculated in a formal manner are not given for the 
constants. It is estimated that each k, is known to 
within 50%. 

Figure 6 shows a plot of the logD versus T~! where all 
the diffusions have been included. The diffusion con- 
stant can be expressed by 


D= Dy expl —AH/(kT) ], 


with Dy and AH equal to 1.3+1.0 cm? sec”! and 2.26 
+().07 ev, respectively. The constants have been deter- 
mined from a least squares fit of the data and the 
probable errors in the frequency factor and the activa- 
tion energy calculated by the method given by Birge.® 
Note that the activation energy given here for D is 
the same within the experimental uncertainties as 
that found for the interfacial conductance K. The 
diffusivities of antimony in germanium determined by 
Dunlap® and Fuller’? are also shown in Fig. 6. Their 
values are about 25% smaller than those reported here, 
which is equivalent to a 10°C shift in the temperature 
scale. In the present work, the temperature measure- 
ment is thought to be within 5°C of the true tempera- 
ture, so it is believed that the 25% discrepancy results 
from temperature encountered in the 
three investigations. 


uncertainties 


DISCUSSION 
From the data obtained in this research, it is possible 
to estimate the binding energy of an antimony atom in 
the germanium lattice. Consider the equilibrium 


Sb(g)=2Sb(s), (6) 
and let .V, be the concentration of antimony atoms in 


the gaseous phase and .V, the concentration of antimony 


Data and results for diffusions made in constricted 
quartz tubes, L=0.223 cm! sec™!. 


TABLE II 


Diffusion Diffusion 
time temp D K’ 
hr “¢ cm? sec™ em sec”! s ko 
5.5 105 
94 105 
1.60 100 


2.7 X10~% 64 «10 2.1 K107% 
90«107" 4.1 «10 1.4 «1076 
34107" 1.74 x10 94 x10°¢ 


21 900 
72 850 
89.5 800 


*W.C. Dunlap, Jr., Phys. Rev. 94, 1531 (1954). 
7C. S. Fuller, Phys. Rev. 86, 136 (1952). 





DIFFUSION OF 


atoms in the germanium in equilibrium with N,. At the 
pressures encountered in this work, of the order of 
10°* mm of mercury or less, it is certain that the gas 
phase can be considered as an ideal gas. ‘Then, since the 
solid solutions are dilute and obey Henry’s Law, it can 
be shown from thermodynamic arguments that the 
slope of the logarithm of k,, where k,=.V,N,~', versus 
aa 
written as Eq. (6). The average energy of the gaseous 
antimony atoms is 3k7'/2, so that the binding energy, 
Vp, is AE—$k7, which is found to be 1.0 ev in the tem- 
perature range investigated. This binding energy is the 
average energy difference between an antimony atom 
with zero kinetic energy outside the crystal and an 
antimony atom within the germanium lattice at the 
temperature of the system. 

So far nothing has been said concerning the state of 
the antimony atoms within the lattice. In the tem- 
perature range investigated in this research, 800 to 
900°C, the product of the electron and hole concentra- 
tions is in the neighborhood of 10%*.% Since the concen- 
tration of antimony atoms is only 10"7 per cc, the semi- 
conductor may be considered to be intrinsic. If it is 
assumed at the diffusion temperatures that the Fermi 
level is in the center of the energy gap and that the 
impurity ionization energy is equal to the value usually 
employed at room temperature, 0.01 ev,’ the ordinary 
semiconductor Fermi-Dirac indicate that 
about 25% of the antimony atoms should be un- 
ionized. However, as pointed out by Herring," this is 
not correct. The reason is that at these high tempera 
tures the impurities are embedded in a dielectric which 


will give the energy change AE for the reaction 


statistics 


contains such large concentrations of holes and elec- 
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0.63 0.65 0.67 0.89 0.9! 0.93 0.95 0.97 


1000/T (*K7') 


Fic. 6. The diffusivity versus 1000/T °K~™ found in this research 
and also the data of Dunlap and Fuller. The activation energy is 
found to be 2.26 ev. 


‘F. J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954) 
*T. H. Geballe and F. J. Morin, Phys. Rev. 95, 1985 (1954) 
” (C, Herring (private communication). 
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An energy diagram capable of explaining the results 
minus the 


Fic. 7 
The activation energy for the interfacial conductance 
binding energy leaves 1.2 ev which represents the potential 
barrier which an incident antimony must surmount to enter 
the crystal 


trons that there is a significant number of holes and 
Bohr orbit. Thus the Bohr 
theory of the hydrogen atom modified to take into 


electrons within the first 


account the dielectric constant of the medium and the 
effective mass of an electron in a periodic lattice is no 
longer valid. Estimates based on the Debye-Hickel 
the 
electrons essentially screen the positively charged donor 


theory of electrolytes indicate that holes and 
sites so that presumably all the antimony atoms are 
ionized, 

The interfacial conductance A which describes the 
rate limitation on the transport of impurity atoms 
across the germanium ambient interface can be inter 
preted in terms of a potential-energy barrier of height 
V; which an average impurity atom must surmount to 
leave the crystal. Hence the slope of the logarithm of 
K versus 7! enables one to determine the potential 
energy barrier. ‘This was found to be 2.19 ev atom |. 
Then if one assumes that the energy diagram given in 
lig. 7 describes the case under investigation, the energy 
barrier V; which an antimony atom with zero kinetic 
energy must surmount in order to become part of the 
crystal lattice, is V;— V4 which gives 1.2 ev. Note that 
V, was obtained from the temperature dependence of 
K and k,. The quantity V, will also be estimated from 
the absolute value of the sticking coefficient 

The sticking coefficient the 
probability that an antimony atom from the ambient 
incident on the germanium surface will become part of 
the lattice and not be reflected off the surface. To calcu 


has been defined as 


late s one must determine the fraction of antimony 
atoms which possess sufficient energy to overcome V,. 
Assume that the gaseous antimony atoms possess a 
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III. Potential barriers V; calculated from 
sticking coefficients 


TABLE 


lemperature “€ 1 electron volts 


1.07 40.05 
1.07 40.05 
1.0% +0.05 


#OO 94X10 * 
K5O 14 «10° 
9O0 2.1K10 * 


Maxwellian velocity distribution characteristic of the 
temperature of the diffusion enclosure. Then the frac- 
tion of the incident antimony atoms which possess 
velocities uw in a direction normal to the germanium 
surface such that 5mu’>V, will be the fraction of 
atoms which are able to enter the crystal, and there 
fore equal to s. With these assumptions, gas kineti 


theory considerations vive 


‘ 


f udu exy| 
1 


s 


J udu exp —mu*/(2kT) | 
0 


exp 


mu*/(2kT) 


muy*/(2RT) |, (7) 


where mu,*/2 is equal to V,, so that 


s=expl —V1/(RT) }. (8) 
Note that s approaches unity as V, approaches zero 
which must be the case for this model, The values of V, 
obtained from Eq. (8) are given in Table III. From 
these data it is clear that the experimental values of the 
sticking coefficient can be represented by Eq. (8) with 
V, independent of temperature. The value of Vy ob 
tained from the temperature dependence of A and k, 
was piven as 1.2 ev and the uncertainty is thought to 
be +0.3 ev. To make a meaningful comparison of the 
two values of V,; would require a more comprehensive 
analysis than presented here. Such an analysis seems 
unwarranted in view of the uncertainties in the experi 
mental data 

It is interesting to consider some of the atomistic 
kinetics of diffusant atoms in solids at the solid-ambient 
interface. The diffusivity, in one dimension, can be 
expressed as A*p, where d is the distance between 
adjacent atomic planes and p is the jump frequency in 
one direction, i.e., the average number of times that an 
impurity atom will jump a distance d in a given dire: 
tion in unit time. Likewise, the interfacial conductance 
K can be written as Apo, where po is the escape fre 
quency. It is difficult to say much about p and py from 
theoretical considerations alone. It does seem reasonable 
that the activation energy for po should be equal to or 
greater than the binding energy of the impurity atom 
in the solid. In the case at hand, the activation energy 


for po is found to be approximately twice the estimated 
binding energy. All the diffusions made in this work 
were in the [100] direction so that \ is one-fourth the 


1.41 A. Hence, from D=)*p, 


lattice constant, or A 


M. SMITS 


p=6.4X 10" exp[— 2.26 ev/(kT) |, 


Apo, 
po=7.8X 10" exp[ — 2.19 ev/ (kT) ]. 


and from K 


The ratio of the antimony atoms leaving the crystal to 
those arriving at the surface per unit time per unit 
area is the transmission which is 


= po/p=1.2X10-. 


An exponential factor has been omitted since the energy 
in this factor is considerably less than its uncertainty. 
Hence for all practical purposes the transmission is 107°, 
This is also the ratio of the antimony atoms leaving the 
germanium to those which return to the interior of the 
crystal per unit time. 

The assumption has been made throughout this work 
that the only significant antimony species in the gaseous 
phase is the atomic species. It is known that other 
species of antimony exist, but the data on the molecular 
composition of gaseous antimony are meager. Rough 
estimates made on the basis of thermodynamic data 
collected by Stull and Sinke!! indicate that the equi- 
librium ratio of antimony dimers to monomers at the 
highest pressure encountered in this work, approxi- 
mately 10 ° mm of Hg, is about one. This high pressure 
is attained only when the constricted tube is used, and 
then only during the initial phases of the diffusion. 
With the straight tube, the ratio is approximately 
three orders of magnitude less. However, it is reasonable 
that the antimony leaves the germanium surface as 
atoms and since the mean free path is many times 
larger than the dimensions of the volume in question, 
the probability of forming dimers or other complex 
species is extremely small. Thus chemical equilibrium 
in the gas phase is probably not attained so that the 
unity ratio given above may be an upper limit. 

Thus it has been demonstrated that the present 
boundary condition does indeed lead to solutions to the 
diffusion differential equation which accurately fit the 
experimental data on the diffusion of antimony out of 
germanium. The 
scribes the flow of antimony across the germanium- 


interfacial conductance which de- 
ambient interface has been determined as a function of 
temperature and is found to have an activation energy 
equal to that found for the diffusion of antimony in 
germanium. Experimental data on the interfacial con- 
ductance and the partition coefficient have been used 
to calculate the binding energy of antimony in ger- 
manium and the sticking coefficient of antimony atoms 
incident on germanium. 

The authors take this opportunity to acknowledge 
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also wish to thank F. A. Trumbore, C. D. Thurmond, 
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research. 


"TD. R. Stull and C. C. Sinke, Thermodynamic Properties of the 
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The role of the subsidiary conditions in the Bohm-Pines collective description of electron interactions is 


discussed in detail 


in obtaining the Hamiltonian and energy of the many-electron system 


energy and the specific heat is found to be small 


1. INTRODUCTION 


N the development of a quantum collective descrip 

tion of electron interactions,! we find it desirable to 
introduce a set of supplementary field coordinates, .V’ in 
number, which describe the collective motion of the 
electron gas as a whole, the plasma oscillations. We deal 
then with an extended system of electrons and plasma 
waves, which possesses a total of 3.V+-.\’ degrees of 
freedom. We guarantee that the extended system of 
electrons and plasma waves has the same physical 
properties as the original system of interacting electrons 
by imposing a set of V’ subsidiary conditions on the 
eigenfunctions of the extended system. Such a guarantee 
is not required for the ground state of the extended 
system, provided that state is nondegenerate. For, 
subject to this requirement, it can be shown that the 
subsidiary conditions are automatically satisfied by the 
ground-state wave function, so that the ground state 
of the extended system is identical with the ground 
state of the original system 

It is then feasible to solve the equations of motion of 
the extended system without regard to the subsidiary 
conditions, in order to obtain the properties of the 
ground state of electrons in metals. Indeed, such a 
solution may be regarded as essentially variational in 
nature, and its success may be measured by the value 
of the ground-state energy one obtains. For a suitable 
choice of the extended-system Hamiltonian, the solution 
turns out to be relatively straightforward, amounting 
to a power series expansion in the weak-coupling con 
stant for the electron-plasma interaction 

Adams,’ in a brief note, has raised the question of 
whether the approximations which are made in this 
vith the 


subsidiary conditions. He purports to prove that if one 


solution are compatible the satisfaction of 


employs wave functions which satisfy the subsidiary 
conditions, then the perturbation-theoretic solutions are 


meaningless. We shall show that this is not true. 


* Present address: Institute for Advanced Study, Princeton 
New Jersey 

1D. Bohm and D. Pines, Phys.-Rev. 92, 609 
referred to as BP 


2. N. Adams, Phys. Rev. 98, 1130 (1955 


1953), hereafter 


The subsidiary conditions are shown to be 


with the mace 


Their effect on the 


compatible approximation 


ground-state 


We shall discuss the logical development of the 
collective des niption in some detail, because we believe 
that the general method of the collective description 
may be applied to many other problems in physics.' 
In a many-body system which exhibits collective mo 
tion, one introduces new normal modes and associated 
is difficult 


to describe in terms of individual partie le coordinates 


coordinates because the collective motion 


But how can we do this without actually increasing the 
number of degrees of freedom of the system? ‘The fact 
that .V’ 
important consequences for the motion of the individual 


independent collective modes exist must have 


particles. One of these consequences must be that, for 
the 
particle degrees of freedom is reduced to 3.V— NV’ 


V-particle system, the number of independent 
How 
can we take such particle correlations into account? 
The approach adopted in the collective description 
offers a practical way to do it 

We beyvin the present discussion by introducing the 
supplementary field variables in a representation in 
which the role played by the subsidiary conditions is 
most evident, and indeed, trivial. We then investigate 
this 
invariant under canonical transformations, but which 


some properties of extended system which are 
are most easily proved in this representation. Next, we 
discuss the na‘ure and validity of the approximate 
solutions we employ for the extended-system Hamil 
tonian, showing in what sense they are Compatible with 
We indicate brietly the series 
translormations lead to the final 
for the BP, and 


then discuss the role of the subsidiary conditions in the 


the subsidiary conditions 
of canonical which 


representation utilized solutions in 
final representation, The essential point here is that to 
a well-defined order of approximation the subsidiary 
conditions in the final representation do not involve the 
plasma variables, so that the complete spectrum (yround 
plus excited states) of the plasma oscillations is cor 
The subsidiary conditions do affect the 


effect on 


rectly given 


electronic motion. Their the yround-state 


energy and the specific heat at low temperatures will, 
I. Miyazima and 7 Progr. Theoret. Phys 


4 
255 (1956 treated the 
oscillation of a nucleus along similar lines 


lamura 
for example, have 


Japan 15 


collective surface 
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however, be small and the physical reason for that will 
be discussed. 


2. FORMULATION OF THE PROBLEM 


The basic Hamiltonian for a system of electrons in 
a uniform background of positive charge may be 


written as‘ 
2 


S ea 
H=)) —+- 2 (o*—n)u, (1) 


2m 2 kro 


where p, represents the kth density fluctuation of the 
electron gas and n= N/V, where V is the volume of 
the system, taken to be unity. In this system of units, 


then, n= N, px is given by 


Pr J eroines > oo ht (2) 


and 


Uk J (e?/r)e~** "dr = 4re*/k?. (3) 


We know that for long wavelengths the p, very nearly 
describe independent collective modes for the system 
the plasmons.° We now introduce explicit plasmon 
variables (a,,g.) (which will later be related to the p,) 
by adding certain terms to our basic Hamiltonian.* The 
terms we choose to add are given by 


H yaa ke) } Pag (ay * ary Qa *pr/ rx), (4) 
keh, 


where the prime on the summation leaves out the term 
k=0, and where k, is arbitrary. We are, therefore, 
actually considering a whole family of extended Hamil- 
tonians, each with different degrees of freedom, de- 
pending on k,. The quantities m commute with all 
particle variables, and are defined only by the following 
requirements : 


(1) There must exist canonical conjugates qi, also 
commuting with all particle variables, such that 


[re dee |= - 154%? (5) 


(2) The extended Hamiltonian must share all the 
invariance properties of H under spatial translations, 
rotation, etc. As a the transformation 
properties of m, gq» are defined. For example, requiring 
the extended Hamiltonian to be Hermitian yields the 


( onsequen ec, 


* We follow the notation of BP throughout this paper with the 
exception that we shall employ Hermitian auxiliary variables m,, gs 
instead of the anti-Hermitian Py, Qy of BP. Furthermore, we set 
h=1 

*A plasmon is the basic quantum associated with plasma 
oscillations. The term has recently been introduced because 
plasma oscillations are found to be a well-defined elementary 
excitation in nearly all solids. [See D. Pines, Revs. Modern Phys. 
28, 184 (1956). } 

* The procedure followed here is essentially that of BP. See 
also D. Pines, Solid State Physics (Academic Press, Inc., 1955), 
Vol. 1, p. 373; hereafter referred to as SSP 
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relation 
qe* = q+, (6) 


=F, 
and from invariance under translation we have 


U lr. U = m,e'* 4x U ik az (7) 


14. U = que 


where l/=U/(Ax) is hereby defined as the translation 
operator in the extended system. Its effect on px is 
already known to be 


U-p,U = pye*4¥, (8) 


We need hardly mention that the choice of the form 
of Husa is not unique. In choosing the particular 
form (4), we are guided only by the desire to end up 
with an extended Hamiltonian which has a lower 
bound, and which is simple.’ It is clear that Haaa 
fulfills those requirements because it leads to an Hext 
which is positive-definite, and it is particularly simple 
because it merely completes the square of a portion 
of H. Our family of extended Hamiltonians, labeled 
by &,, now can be written 


Hex (Re) ™ H+ Haake) 
=T+Hor(ke)+4 DO! CC® — re} pe*) 


kk, 
X (r.—re!px) —n% ], (9) 
where 
N pi 
T= ~ ’ iI, r 2 (px* px, - N) Vg. 
i=! 2m k>ke 


(10) 


H,.,. is an interaction which is of shorter range than the 
original interaction. Each extended Hamiltonian con- 
tains 3NV+.N’ degrees of freedom, where 


N’/V=k?/(6m*). (11) 
The eigenvalue problem 
Hex (Re n= EwWn, (12) 
subject to the N’ subsidiary conditions 
mvn=0, (R<R-) 


is trivially equivalent to the original eigenvalue problem 
for all values of k,.* The subsidiary conditions ensure 


(13) 


7 In other words if one chooses an extended Hamiltonian which 
does not have a lower bound, our central theorem regarding the 
identity of the ground state of the extended system with that of 
the original system cannot apply. It is then obvious that one has 
to satisfy the subsidiary conditions exactly at every stage of the 
calculation in order to obtain correct results. The difficulty with 
non-positive-definite Hamiltonians has been independently noted 
by C. G. Kuper [Proc. Phys. Soc. (London) A69, 492 (1956) ]. 
Kuper’s conclusion, that such difficulties imply that something is 
not satisfactory in our treatment of the subsidiary conditions, is 
not correct since we do not propose treating the class of non- 
positive-definite Hamiltonians with the aid of our central theorem. 

*It is to be noted that since according to (13) ¥, is an eigen- 
function of mx, ~, is actually non-normalizable because the 
operator conjugate to m,, namely gy, has a continuous spectrum 
of eigenvalues from — # to +, as is implied by (5). Any diffi- 
culties that may arise from this fact, however, are purely formal. 
One can normalize y,, by artificial devices (for example by limiting 
the range of q from —L to +L, and then let L approach « later), 
and physical quantities calculated will in no way be affected. 
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that the number of degrees of freedom we deal with is 
always 3.V, and (12) and (13) are compatible because 
mw, commutes with Hex. 

Formally, nothing has been done so far; but we have 
prepared the way for the introduction of N’ collective 
variables as independent dynamical ones. In (9), N’ of 
the particle variables py (k<k,.) have been singled out, 
indeed, earmarked for liquidation. We plan that in 
their place V’ new independent variables will appear 
after suitable canonical transformations. The whole 
formalism would be superfluous if we could solve the 
eigenvalue problem (12) and (13) exactly for all k.. 
Then all extended Hamiltonians H...(k,) would be on 
the same footing and we might just as well consider 
k.=0, ie., the original problem. Of course, we cannot 
solve the eigenvalue problem (12) and (13) exactly. 
What we can do is to find a value of &, for which we 
can solve the eigenvalue problem approximately. That 
we can do this is not surprising, because physically 
there exists a “natural” set of V’ collective modes of 
excitation of the system which is rather well separated 
from the independent-particle motion. When these 
modes are properly introduced (via the set of canonical 
transformations we describe later), we see that the 
physical and the mathematical description of the elec- 
tron system is considerably simplified. 

We find that we can work with a subfamily of 
extended Hamiltonians, Hix1(k-), which are simple in 
the sense that (1) Hext(k,) is of the form of a “particle” 
Hamiltonian plus a “field”? Hamiltonian with only weak 
coupling between them, and that (2) the corresponding 
subsidiary conditions restrict only the “particles,” but 
place no constraint on the “field,” to a certain well- 
defined approximation. We shall discuss the exact 
choice of k, later. 


3. SOME PROPERTIES OF THE EXTENDED SYSTEMS 


Before we go on with the formal development, we 
shall investigate some properties of the extended 
systems that remain invariant under canonical trans 
formations, but are easier to prove in the representa- 
tion of (9). 

We wish first to emphasize the fact that if the sub- 
sidiary conditions are written Qy=0, then the Q% 
commute with their corresponding extended Hamil- 
tonian in all representations. Therefore, eigenstates of 
the Hamiltonian can also be simultaneous eigenstates 
of . To take the subsidiary conditions into account, 


we may first find all eigenstates of H..:, and only after 


this is done need we consider the subsidiary conditions. 
If an eigenstate y, of Hx. is nondegenerate, it must 
also be an eigenstate of (,, while if the states Pn, Pm, «°° 
are degenerate we must take proper linear combinations 
to form eigenstates of (. Let us assume that this is 
done. Then the only effect of the subsidiary conditions 
is to leave out those eigenstates of Hix4 which do not 
satisfy y=0. To fix this in our minds, we shall repre- 


EEC TRON 1.-N- 
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Fic. 1. Schematic diagram 
of energy levels of Hex: 














sent the situation by the schematic diagram in Fig. 1, 
where the eigenstates of Hx. are represented by the 
different levels. A cross indicates we must exclude that 
state because it fails to satisfy Qy=0. 

We can prove that in Fig. 1, the set of crossed-out 
levels contain only states degenerate with respect to 
H.x:. This is the equivalence theorem proved in BP, 
which states that if an eigenvalue of H... 1s nondegenerate, 
then its corres ponding eigenfunction automatically satisfies 
the subsidiary conditions. We restate the proof as 
follows: 

Let / be a nondegenerate eigenvalue of H/,.., and ® 
its corresponding eigenstate. ® is unique. Since m and 
U(x), the translation operator,” both commute with 
H.xt, & is also a simultaneous eigenstate of these 
operators, so that 

Hix P= EA, 


rep BP, 


U (Ax) a, 


We can conclude, from (14), that 


U(Ax)m& 


af. 
On the other hand, we also conclude, from (7), that 


Un,.U'Ub=ap,e'* 4*. 


U(Ax)r 


Therefore 
By B,e'* Aa 


Since this is true for arbitrary Ax, 


b,.=0 


which proves the theorem. 

Now, if we know that the lowest state of //.,, is non 
degenerate, then the equivalence theorem tells us that 
the state of H/, since the 
subsidiary conditions are automatically satisfied. We 


it coincides with lowest 
may rephrase this to say that if the lowest state of Hy is 
nondegenerate, then any state of Hox, which violates the 
subsidiary conditions must lie higher in energy than the 
ground state of H. This fact has obvious importance for 
practical calculations, because if we can ascertain the 

*It is of course not necessary that we use the translation 
operator, In its place, we may substitute any other operator that 
commutes with //.4, but not with m,, and which does not have the 
eigenvalue zero 
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ground state of //,,, to be nondegenerate, then we can 
calculate its energy (which is the ground-state energy 
of 11) by a variational method, employing variational] 
wave functions that do not have to take explicit heed 


of the subsidiary conditions. As long as the wave 


functions are allowed sufficient freedom of variation, 


the lowest energy obtained will lie above the true 


energy by arbitrarily small amounts. This will be a 
great aid to actual calculations, because the subsidiary 
conditions are hard to deal with explicitly. 

The significance of the equivalence theorem then 


hinges upon our ability to prove that the ground state 


of H.., is nondegenerate. We shall not attempt a formal 
proof here, We first remark that it is generally true that 
the ground state of a physical system is nondegenerate, 
or if degenerate, the degeneracy is of a trivial kind 
that can be easily removed (e.g., spin degeneracies). For 
all practical purposes, then, we may assume the ground 
state of H nondegenerate. ‘To see whether the ground 
state of //,,, is then also nondegenerate requires that 
we understand the effect of Haaq on HM, ignoring the 
subsidiary conditions. The detailed investigation of this 
system is carried out in BP and is summarized in the 
following sections. It that Hix. is ‘well 
behaved” in the sense that it describes a reasonable 


is shown 


physical situation, for which we can obtain an excellent 
perturbation-theoretic This solution 
that the ground state of //,,, is not degenerate. 

A physical argument for the general validity of the 
assumption that the ground state of H., is non 


solution. shows 


degenerate may be constructed along the following 
lines. Let us work in a representation in which all a 
are diagonal with eigenvalues #;. Then we may con 
sider H,,, to be the Hamiltonian for the particles in the 


presence of external fields (,: 


BD’ (Be *Be— 2B * px), (15) 


heh 


Hxr= 4 


where the particles are coupled to the external fields 
through @,*p,. The ground state //,.,, would be de 
generate only if this interaction pushes some excited 
states of 17 down to the ground state, and this appears 
to be highly implausible except possibly for pathologic al 
systems. There seems to be a general theorem in physics, 
so far unproved, which states that when an external 
field is applied to a physical system, the reaction of the 
system will never completely cancel it. This theorem has 
been found to be true in practice in all fields of physics." 
The relevance of this theorem to our problem may be 
seen by the following argument. 

problem with the 


Suppose we phrase our basi 


following questions: “If we look upon thie 8% in (15) as 


As an example, one may cite the fact that when an external 
magnetic field is applied to an atomic system, the induced field 
(diamagnetism) is always opposite in direction to the applied 
field, with a magnitude less than the applied field. Even for a 
superconductor, the net field inside the system is not zero, 
although infinitesimal 
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fixed external parameters and express the lowest eigen- 
state of (15) in terms of them, then (a) does 6,=0 
give 4 minimum in the energy, and (b) is it the only 
minimum?” We can try to answer these questions by 
calculating the derivative of the energy. Let /, ® be 
the lowest eigenvalue and eigenfunction of Hx! 


Hx.P= EA, (16) 


where both and ® depend on (;, viewed as external 
parameters. It is convenient to decompose (, into their 
real and imaginary parts: 


B= Ritil,, 
where, from (6), we must require 
R,=Ri, [y= —l4. 
We can then write 


Hoxr=H+4 


N 
kg [R,? 2v,!R, 2 cos(k-r,), 
Ich ch, j=l 
N 
tT? —2y47, > sin(k-r,)]. (17) 
j=l 


Differentiating (17) with respect to R,, J;, and then 


taking expectation values, we have 


Ok 


\ 
R,—u4(> cos(k-r,)), 
7 


0 R, 


OF N 
/, TAL > 


al, j=! 


sin(k-r,)), 


where ( ) denotes expectation value with respect to ®. 
When R,=/,=0, &® becomes the ground state of H, 
which we assume to be nondegenerate, so that in this 
limit the expectation values (_) vanish, as can be easily 
shown by the same invariance arguments as are em- 
ployed in the proof of the eigenvalence theorem. There- 
fore, Ry =1,=0 is an extremum of £. To show that it is 
a minimum, and furthermore that it is the only mini- 
mum, we have to show that 


N 
R, > v4! (> cos(k-r,) . 
/ 


1 


N 
I) >v4! ‘>. sin(k-r,) 


j=l 


These inequalities have not been proved; but they 
represent a mathematical statement of the general 
theorem whose truth we conjectured earlier. In the 
appendix we give a simple example to illustrate this 
point. 
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4. INTERMEDIATE CANONICAL 
TRANSFORMATION 

In this section we consider the transformation which 
takes us from (9) to the Hamiltonian used as a starting 
point in BP. This transformation relates the m to the 
long-wavelength density fluctuations, p;,. For this reason, 
in the new representation, the plasma oscillations which 
explicitly emerge interact only weakly with the elec- 
trons. The transformation carries //,x, to 


Peg oH ene'”, (20) 
where 
A 1 — Vi Gipr- (21) 


kok 
The transformed Hamiltonian is 


Hex’ = Ho+H\ +H, (22) 


where 


(22a) 


I, 1 +J1, +3 >’ [ (a, *m, + W pGe *Ge) NVg, 


, k 


ee 


mM k<k 


\ 
aT k-(p, Skye aid 
jel 


I, + Oy + ig (mv) (Kk D) ququ* pr ly 
2m k<ke | 
k#l 


with the “plasma frequency” w, defined by 


wp? = (nk?/m)v, = 4rne?/m (23) 


The subsidiary conditions for the wave functions in the 
new representation are 


(met vy px )W 0, (k<k,). (24) 


The Hamiltonian (22) describes a collection of electrons 
The the 


particular choice of the additional terms (4) and the 


and plasmons of frequency w, reason for 
generating function (21) is that in this representation 
the long-range Coulomb interaction between the ele 
trons has been eliminated. There remains only the 
relatively weak short-range electron-electron interac 
tion, ,,., and the last two terms of (22), H, and /», 
which describe electron-plasmon interaction 

The theory is useful only if at this point we can say 
that there is a particular choice of k,, or a range of k,, 
for which H.x.(k-) really exhibits collective oscillatory 
motion by virtue of the fact the coupling terms are 
small. To investigate this question, we may look at 
the eigenvalues of //..;, ignoring the subsidiary condi 
tions. As we have emphasized before, the only etrect 
of the subsidiary conditions is to throw away some 
eigenstates of H,., afler we have diagonalized it 

We may assert that a k, has been chosen such that 
the contributions of //; and H» to the eigenvalues of 
Hx, are small, and then proceed to verify this by 
perturbation calculations. Whether or not we can do 
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this depends very much on the specific problem, in 
particular, on the behavior of //,,.(&,). It suffices to 
summarize here the results in BP. 

The interaction term //; is linear in the plasma field 
coordinate gy. It is shown in BP that for the calculation 
of low-lying eigenvalues an effective coupling constant 
for this interaction is 


(25) 


g?=((k-p/mw,)*), 
where | 
a low-lying eigenstate of //, averaged over k (k<k,), 
and p is a particle momentum (any particle), One first 


denotes the expectation value with respect to 


assumes that g* is small and proceeds to calculate the 
approximate ground-state energy of //,.,, and then 
chooses that value of k&, which makes the energy a 
minimum. Substituting this value of k, back into (25), 
one verifies that (25) is small. It is shown in SSP that 


a reasonable choice is 
k./ Ry 


0.359,?, (26) 


where k, is the wave vector at the Fermi level, and r, is 
units of the 


Bohr radius.'' With this choice, one tinds that g?= 7 


the average interelectronic distance in 
for all metals, so that a perturbation expansion for the 
low-lying eigenvalues of //,,, in powers of g? is clearly 
appropriate. The minimizing procedure thus. singles 
out a particular value k,, 1e., that given by (26), as 
physically meaningful in that //.../(k,) describes almost 
decoupled individual-particle and collective motions 
The nonlinear coupling term //» is shown by BP to 
be even smaller than //;. An effective coupling constant 
for [/» is 
L-(N’ 


3), 
where .V’ is the number of plasma deyrees of freedom 
defined in (11). For most metals, this coupling constant 
is found’ to be only 2-10%, of the magnitude of ¢ 

We may therefore neglect //, entirely. This approxima 
tion is known in BP as the “random phase approxi 
mation,” for it clearly depends upon the fact that the 
system under consideration contains a 


very large 


number, \ ol parti les, whose correlated collective 
degrees of freedom are few in number compared with 
the degrees of individual-particle random motion 


\s will be discussed in more detail elsewhere by one of u 
| 


there are ty kinds of criteria for k,. One 
that & be the ma 


repre ent 
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aynamics, | 
plasmon 
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choice j equivalent to 
that it 


t 
to 


couple 
might be vhere is the coupling 
are moving in the direction of the plasmon 

2 ke? po? / mw? 1, or f 0.47r,?. Thi 
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So far we have been concerned only with the calcula- 
tion of the eigenvalues of H,,.’. Since we believe, as 
discussed previously, that the ground state of Hx.’ is 
nondegenerate, the calculation so far outlined will 
immediately give us the ground-state energy of the 
actual system. In order to find the excited states of the 
actual physical system, we have to know which eigen- 


values of H/,., are spurious on account of the fact that 
the corresponding wave functions fail to satisfy the 
subsidiary conditions (24). It is clear that we cannot 
substitute the wave functions calculated by perturba- 
tion theory directly into (24) and test their admissi- 
bility, because, being approximate wave functions, none 
of them will satisfy (24) exactly. In order to be con- 
sistent with the perturbation procedure, we have to 
relax the subsidiary conditions (24), and require that 
they be satisfied only approximately, It is then our 
task to define a consistent criterion for the approxima- 
tion satisfaction of the subsidiary conditions. 

The detailed developments concerning the consistent 
changes necessary to relax the subsidiary conditions 
will be discussed in the next section ; but a brief account 
here is in order. The procedure adopted consists of 
replacing the simple perturbation treatment of Hox’ by 
a canonical transformation which eliminates the inter- 
action term H, to a given order of g?. Simultaneously, 
the subsidiary conditions (24) will be transformed into 
the new representation and assume the form 


(Qo+2i4+ ++: )p=90, (28) 


where Q is of zero order in g’, 2, of first order in g?, etc. 
If we wish to calculate the eigenvalues of //... correct 
to first order in g’, we need the wave function y only 
to zero order in g’, and then (28) reduces to 


q) (), (29) 


In this new representation, @ will still commute with 
Hox to the order of approximation desired, and we can be 
sure that the subsidiary conditions can always be 
satisfied. The explicit form of Q, 2; will be given in 
the next section. 

We shall now consider the point raised by Adams? 
concerning the legitimacy of treating H; and Hy, as 
small perturbations. Adams pointed out that the most 
yeneral wave function which satisfies the subsidiary 


conditions (24) is 


exp(— tr! pega)x (ri - 1N), (30) 


where x is an arbitrary function of the particle coordi- 
nates. He pointed out that the expectation values of 
Ho, H,, with respect to (30) separately diverge. [ Note, 
however, that //, does not diverge. In fact, with respect 
to (30) (Hy) =0. | Since H,x’ as a whole must have finite 
eigenvalues [ as it clearly does in the original representa- 
tion (9) |, this means that there is a cancellation of 
infinities among the terms of H..:’, if we take its expec- 
tation value with respect to an exact eigenfunction 
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which satisfies the subsidiary conditions. Adams, there- 
fore, concludes that the split of Hx’ into Ho, H,, and 
Hin (22) is artificial and meaningless. 

This conclusion is incorrect. The fact which Adams 
pointed out amounts only to the statement that none 
of the perturbation wave functions can satisfy the 
subsidiary conditions (24). This is evidently true, 
because the subsidiary conditions (24) do not commute 
with Hy; but this is not relevant to the present develop- 
ment, because we do not require (24) to be rigorously 
satisfied. The logic of the present development consists 
of first justifying the use of perturbation methods in 
the calculation of the eigenvalues of Hx.» (and we may 
ignore the subsidiary conditions while doing so), and 
then pointing out that in a consistent perturbation 
treatment it is mecessary to relax the subsidiary condi- 
tions. If we do not relax the subsidiary conditions, the 
procedure would be inconsistent and meaningless. 

To emphasize the logical steps in our development, 
we shall recapitulate the procedure as follows: 


(1) Our primary concern is to calculate the eigen- 
values of the physical Hamiltonian H. ‘To do this, we 
shall first diagonalize H..1’. After this is done, we omit 
the states of HH...’ which do not satisfy the subsidiary 
conditions (24). 

(2) The different operators Ho, H,, and Hz in (22) 
clearly separately have finite eigenvalues. It has been 
shown, further, that for the low-lying eigenvalues of 
H.x:/, the contributions of 1, and H» are small com- 
pared to that of Ho. Therefore, we are justified in 
treating 47, and Hy, as small perturbations, insofar as 
the calculation of eigenvalues are concerned. 

(3) The ground-state energy of H is immediately 
obtained, because it coincides with the ground-state 
energy of //,,;’, as we have argued in the last section. 

(4) To obtain the excited energy levels of H, we 
need to know which states of H,,\’ satisfy the subsidiary 
conditions, Since the eigenfunctions of H:’ are calcu- 
lated only approximately, we only require that they 
satisfy the subsidiary conditions approximately. It is 
incorrect to require that they satisfy the subsidiary 
conditions exactly. The exact subsidiary conditions are 
incompatible with the approximate Hamiltonian, be- 
cause they do not commute with the latter. 

(5) A consistent procedure can be given in which the 
subsidiary conditions are satisfied only to a given order 
in the language of the perturbation theory employed. 
That this is formally possible and, in fact, physically 
meaningful renders the whole theory consistent, as the 
next section shows. 


The main emphasis of the present development is on 
the calculation of the energy levels of 7. The approxi- 
mate wave functions calculated with the present pro- 
cedure may not be good approximations at all to the 
actual wave functions. It is well known that for a 
many-body system, perturbation theory always yields 
better energies than wave functions. In the formal 
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structure of this theory, the only purpose the wave 
functions serve is to provide a correct way to identify 
which (approximate) eigenvalues of Hx, are to be 
retained (and are approximations to the eigenvalues 
of H), by virtue of the fact that the corresponding 
(approximate) wave functions satisfy the (approximate) 
subsidiary conditions. The essential point is that all 
the words “approximate” have the same well-defined 
meaning. 


5. FINAL CANONICAL TRANSFORMATION 


Once we have ascertained, as in the plasmon problem, 
that the residual “particles” and the oscillators can be 
decoupled approximately for some choice of &,, our 
object at the outset has largely been won. However, 
as we have discussed in the last section, the simple 
perturbation calculation described in the last section is 
unsatisfactory, because if we diagonalize H,;’ approxi- 
mately in this way, we will find that none of our 
approximate eigenstates satisfy the subsidiary condi 
tions; but some will satisfy them approximately. A sys- 
tematic approximation procedure must therefore make 
concomitant approximations in the subsidiary condi 
tions. One way to do this, as mentioned previously, is to 
make a further canonical transformation to decouple 
the particles and the oscillators to a given order. The 
consistent changes required in the subsidiary conditions 
will then be made automatically. 

Again, we shall summarize briefly the results of BP. 
We drop the nonlinear coupling term in (22), 
diagonalize the linear coupling term to order g’ by a 
standard perturbation-theoretic canonical transforma 
tion. To this order, the collective plasma oscillations 


and 


and the individual particles become completely de- 
coupled. The particles acquire thereby an_ effective 
mass m*, and the plasma oscillations a new frequency w,, 
slightly different from w,. The Hamiltonian in this new 
representation, neglecting terms of order higher than g’, 
is given by 


N h ? 
Hex” =X : $3 LL! [Cate ton? qequ) — nr | 
it 2m* kk 
tHe +H. (31) 
where H,, is a weak electron-electron interaction 
arising from the exchange of virtual plasmons. The 
effective mass is given by 


m*/m=3N/(3N—N’), (32) 


while w,; is defined by the dispersion relation 


N Wp 


=>) BSR): 
i=! [ay — (k-p,/m) }*?— (k/2m)? 


(33) 


Although uw, as defined by (33) is strictly speaking an 
operator involving particle variables, it has been shown 
in BP that its nondiagonal matrix elements are all of 


LECTRON 
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higher order than g*. It may therefore be considered a 
. In fact, for the value of &, given 


D 


c number to order g’ 
by (26), we have® 


Wp 10 mw,*  &m*w,,” 


where k; is the wave vector of the Fermi level. 
The subsidiary conditions now read 


Qy( kK) +-2,(k)4 lw=0, (k<k,) 
\v 


where 


0), (k) 


> (kh: p)/mw,)*e"*" 


It is clear that Q» is of zero order in fg’, and (2, 1s of first 
order in g’, etc. Since we are solving for the energies of 
the system to first order in g’, we need the wave fun 

Therefore the 


tions only accurate to zero order in g 
subsidiary conditions are 


Det ~=0, (k<k,). 


These conditions are compatible with the Hamiltonian 
(31), because they commute with the latter, to zero 


(37) 


We note that (35) and (37) are independent 
The eigenfunctions of Hy’ 


order in g’ 
of the plasma variables 
are products of particle wave functions and oscillator 
wave functions. The subsidiary conditions impose re 
strictions only on the particle wave functions 

To this order of approximation, then, the V’ plasma 
variables become truly independent variables, while the 
particle degrees of freedom are reduced from 3N to 
3.N—N’ by the subsidiary conditions (37). The meaning 
of (37) is clear. It states that the wave functions y must 
e'* 5540, but are 
otherwise arbitrary. The N’ conditions, 


vanish for configurations in which }- 


a! 


define a 3.V 


sional configuration space. The subsidiary condition 


N’ dimensional subspace in the 3N-dimen 


specifies that Y must vanish outside of this subspace. 

No problem arises insofar as the plasma variables are 
concerned, Since the plasma wave functions are not 
restricted by subsidiary conditions, //,../’ correctly gives 
the complete spectrum of the plasma oscillations. The 
lowest energy state of the system thus corresponds to 
one in which no collective oscillations are excited. The 
burden of satisfying the subsidiary conditions fall 
entirely on the “particles,” which are actually “bare” 
electrons surrounded by a cloud of plasmons 

The final variational calculation of the ground state 
Of Hex’ (k.), which determines k, by choosing that which 





78 BOHM, HI 


yields the lowest energy, is one for which the error 
incurred cannot be a priori determined——a feature of 
all variational calculations, It is only when we compare 
the resulting energy to experimental values that we 
know how good it is; but once this is done, we have 
determined N’ in terms of physical variables, as given 
by (26) and (11). It now has definite physical signifi- 
cance. The extended Hamiltonian H/,,,’ corresponding 
to N’ 
significance, in contradistinction to all others in the 
family of extended Hamiltonians. The variational 
method adopted is hence not quite the usual one, 


is then completely fixed, and acquires physical 


because what we do here is to compare the results from 
different Hamiltonians with a fixed type of perturbation 
wave function, and then pick out the best Hamiltonian 
In principle, the low-lying excited states can then be 
calculated with this Hamiltonian plus subsidiary condi 
tions, with the same value of , 

With the above, we have completed the logical 
development of the collective description of the elec 
tron gas 

The Hamiltonian in the representation (31) is the 
one actually adopted by BP for the calculation of the 
ground-state energy and the low-temperature specific 
heat of electrons in metals.*:!? The results obtained are 
in good agreement with experiments. However, the 
been taken into 
The particle 


subsidiary conditions (37) have not 
account in the calculations mentioned 
wave functions used consist of a Slater determinant of 
plane waves, modified slightly by the short-range corre 
lations introduced by H,,. and H/, ,., and do not satisfy 
the subsidiary conditions (37). In view of the agreement 
with experiments, one must ask why it is that, first, 
the ground-state energy iS SO closely approximated ; 
and that, second, the specific heat does not contain 
spurious contributions from the extra \’ degrees of 
freedom that are in fact quenched by the subsidiary 
conditions. We shall try to answer these questions on 
physical grounds 

Let us consider how the particle wave function need 
be modified in order that it might satisfy the subsidiary 
the effect 
might be on the The 
involves the introduction of rather slight and subtle 


conditions and what of such modifications 


energy. desired modification 
correlations in the electron positions, of just such a kind 
as to bring about the reduction in the long-range 
density fluctuations implied by (37). Such modifications 
will not, however, influence the energy appreciably 
First of all, the potential energy (coming from /, ,.) 
will be relatively unaffected, because //,,. involves 
only short-wavelength density fluctuations (k> k,) while 
the subsidiary conditions intluence only the long-wave 
length ones (k<k,). Hence we might expect that terms 
arising from #7, ,. will be influenced by the subsidiary 
conditions only to the extent that the long-wavelength 


density fluctuations are coupled to the short-wavelength 


27), Pines, Phys. Rev. 92, 626 (1953), 
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ones. This coupling proceeds via H», and is, as we have 
seen, extremely small for any realistic choice of k,. 
Secondly, the kinetic energy is also relatively un- 
affected, because the long-range correlation implied by 
(37) involves only slowly varying fluctuations in the 
particle density and hence ‘‘costs” little in kinetic 
energy. 

As to the specific heat at low temperatures, one 
might at first think that since the number of electronic 
degrees of freedom is reduced from 3N to 3N—N’ by 
the subsidiary conditions, the specific heat should also 
be correspondingly reduced if one had taken the 
subsidiary conditions into account; but this is not true. 
The effect of the subsidiary conditions becomes im- 
portant only when we consider an excited level of the 
system in which an electron has sufficient energy to 
excite a plasmon (i.e., hw,~8 ev), because it is only 
then that we have to be careful about the degrees of 
freedom allowed the electrons. Near the ground state, 
and indeed for levels near the ground state up to an 
energy large compared to kT, where 7 is room tem- 
perature, that much energy. 
Consequently, calculating the specific with or 
without the subsidiary conditions makes little differ- 
ence. To put the argument a different way, we may say 
that the subsidiary conditions ‘freeze out” certain 
electron excited states in which an electron has suffi- 


no electron can have 


heat 


cient energy to excite a plasmon; but actually near the 
ground level there are no such states. Such states, if 
there were any, have already been ‘‘frozen out” by the 
Pauli principle, which effectively allows not all NV, but 
only a fraction kT/Ey (Ey=Fermi energy) of the 
electrons to be free. For most metals, A y~5 ev, so that 
even at room temperature, 


kT /Ep~1/200. 


Phis is to be compared with the fraction of degrees of 
freedom excluded by the subsidiary condition, namely, 


N’'/3N~1/50 to 1/10, 


for all metals. We see that for temperatures up to room 
temperature, the inhibition by the Pauli principle is 
much stronger than that by the subsidiary conditions. 

In this connection, it is interesting to note that 
Kanazawa '* has recently carried out a calculation of the 
diamagnetic susceptibility by using the methods of the 
collective description. In his calculation he explicitly 
takes the subsidiary conditions into account. The 
results he obtains differ only slightly from those found 
by one of us® ignoring the intluence of the subsidiary 
conditions. 

6. CONCLUSION 

We have seen that the subsidiary conditions do not 
cause any essential complications in the development 
of our description of electron interaction. Thus we 
have shown that the physical properties of the electron 


‘SH. Kanazawa, Progr. Theoret. Phys. Japan 15, 273 (1956) 
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system which we calculate ignoring the subsidiary con- 
ditions are in fact rather accurate, and we have under- 
stood the underlying reasons for the validity of the 
“no subsidiary condition” approximation. We might 
summarize these reasons in the following fashion: 


(1) The ground state of the extended Hamiltonian, 
if nondegenerate as it almost certainly is, agrees with 
the ground state of our original Hamiltonian. ‘This 
encourages one to attempt an accurate solution for the 
extended Hamiltonian ground state. 

(2) We find that for a suitable choice of k,, such an 
accurate solution may be obtained. It is equivalent to 
a perturbation theory expansion in powers of g’, 
where g’, the plasmon-electron coupling constant, is 

(3) To terms of order g’, the subsidiary conditions 
can be transformed to a representation in which they do 
not involve the plasmon variables. Hence the plasmons 
will be completely unaffected by the subsidiary condi 
tions (up to order g*). In this representation the 
subsidiary conditions do act on the electron variables. 
However, we can neglect their effect on the ground 
state properties, to the extent that we have a good 
solution for our extended Hamiltonian. Furthermore, 
we have seen, on physical grounds, why the subsidiary 
conditions will not markedly influence the ground 


approximately jg. 


state energy. 

(4) Finally, we find that the subsidiary conditions do 
not appreciably affect the specific heat, because the 
degrees of freedom which might be “frozen out” by the 
subsidiary conditions have long since been frozen out 
by the Pauli principle. 


We should like to remind the reader that the simple 
determinantal wave function, which has frequently been 
employed to calculate metallic properties on the above 
model, certainly does not satisfy the subsidiary condi 
tions. (It does, of course, satisfy (p,)sa=0.) We strongly 
suspect that the true wave function, which does satisfy 
the subsidiary conditions, differs drastically from simple 
determinantal form, though we emphasize our belief 
that all physical properties calculated with the true 
wave function will closely resemble those already calcu 
lated with the simple determinantal wave function 
(modified to take into account the short-range electron 
correlation). How might one, however, try to get an 
improved wave function? Clearly one way to do this 
is to get a better solution for the Hamiltonian, Mux”, 
Eq. (31). As remarked in BP, the improvements must 
come from taking into account the influence of //,,,. on 
the system wave function, since H,,. is the only term 
in (31) capable of modifying the wave function in such 
a fashion as to enable it to satisfy (35) 

Unfortunately, but not surprisingly, one cannot do 
this simply, i.e., by perturbation theory. If one treats 
H,.,. by perturbation theory, one finds that the second 


order perturbation-theoretic contribution is of the same 
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size as the zero-order Both contributions are 
extremely small compared to the kinetic energy. (They 


represent corrections of less than 5°.) Thus we are in 


one, 


no convergence difficulties as far as calculation of the 
energy is concerned, but it is necessary that we go 
beyond second-order perturbation theory in treating 
this term. This we have not yet accomplished. 

remark that 
systems for which our assertions concerning the role 


In conclusion we there now exist two 
played by the subsidiary conditions may be rigorously 
checked. One is the free-electron gas at very high 
densities (r,< 1). The energy of this system has recently 
been calculated by Gell-Mann and Brueckner! by a 
quite different method which is valid in the high-density 
limit between the two 
different methods of calculating the long-wavelength 
part of the Coulomb interaction (k<k,). (The calcula 


The comparison should be 


tion of the energy arising from //,, by second-order 
perturbation theory is certain to be improved by the 
adoption of the Gell) Mann-Brueckner techniques.) At 
this writing a detailed comparison is not possible be 
cause Brueckner and Gell-Mann omitted certain terms 
(analogous to the plasmon modes) which contribute to 
the correlation energy,'® but a comparison in the near 
future should be feasible 

The second system is the dilute hard-sphere boson 
gas, which has recently been treated by using methods 
identical to those discussed in the foregoing.'® Again 
the energy so obtained agrees with that obtained by a 
quite different method by several investigators.!? 
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APPENDIX 


In this appendix we study a simple example of a 
particle coupled to an external field via a coupling of 
The 


example chosen is simple enough so that we can calcu 


the type similar to that encountered in (15) 


late the lowest eigenvalue exactly, and see that by 


increasing the external field in any manner the eigen 


value always Increases 
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Fic, 2. FE as a function of 

A, showing that in this one- 

} dimensional model, turning 
| on an external field (A >0) 
| always increases the energy. 
4 
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The Hamiltonian in the absence of external field is 
a very trivial one of a one-dimensional particle in a 
box of unit length, with periodic boundary conditions: 


H = —d?/dx*. (Al) 
The lowest eigenvalue is obviously zero. We can rewrite, 
as an identity, 
d? 
H=———+}(pn*pa—1), 


ax 


(A2) 


where 


2wing 
e€ 9 


Pr (A3) 


n being a positive integer not zero. Assume now that 
an external field C can be turned on by merely letting 


Pr pn tC, (A4) 


where C is an arbitrary complex number. The Hamil- 
tonian with this field turned on is then 


d? 
H(C)=- 


ax 


+4(C*C+4 Crettrnz +Ce i2enz) (AS) 
2 


In terms of the argument and modulus of C, i.e., writing 


C= Ae", (A6) 
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we have 
d? 
H(A,¢)= lie cos(2mnx—g). (A7) 


dx 
We seek the lowest eigenvalue E of H(A,¢). Letting 
z=anx—4¢, (A8) 


we find that the eigenfunctions y satisfy Mathieu’s 
equation, 


dy 1 
+——[(E-}A*)—A cos(2z) W=0, 


dz* (xn)? 


(A9) 


with the periodic boundary conditions that p(z) be 
periodic in z with period w. The state that has the lowest 
value, for any value of A, is!® 


¥(z)=Ceo(z,A), (A10) 


where Ceo(z,A) is the Mathieu function which reduces 
to unity when A=0. The corresponding eigenvalue is 
well known. We shall just quote the results: 


1 7 A‘ 
p=1(1-1— art ( )+o1ay 
(wn)? 2048 \ (arn)? 


for A/[16(mn)? |}«1, (A11) 


and 


E=}A*— (1—}v2)A— (4nn)?+0(1/A) 


for A/[16(an)? }>>1. (A12) 


As a function of A, E shows the qualitative behavior 
shown in the sketch of Fig. 2. It is clear that A=0 isa 
minimum of £, yielding E=0, and that it is the only 
minimum. 


168 E. T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, Cambridge, 1948), Chap. XIX. 
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The thermoelectric power (Seebeck effect) of n-type Ge single crystals has been measured as a function 
of magnetic field at four temperatures ranging from 78°K to 278°K. At all temperatures the magnitude 
of the thermoelectric power increased with magnetic field. Such behavior is shown to be consistent with a 
simplified model of a semiconductor. It was also observed that to within 4% the thermal conductivity of 
Ge did not change as the magnetic field increased from zero to 11 500 oersteds 


INTRODUCTION 


LTHOUGH there has been much work on 

galvanomagnetic effects in semiconductors, com- 
paratively little has been done on thermomagnetic 
effects. The present investigation was undertaken to 
study the thermoelectric power (Seebeck effect) and 
thermal conductivity of Ge single crystals as a function 
of magnetic field strength. It was hoped that the results 
from such research would be useful in the better 
understanding of the scattering mechanisms which are 
operative in semiconductor transport properties. A 
preliminary report! of some of this work has already 
been given. 

EXPERIMENTAL 


A number of single-crystal n-type Ge specimens were 
used in the experiment, but only the results of a typical 
crystal will be presented. This was an n-type crystal 
with a resistivity of 7 ohm-cm at 273°K. It was in the 
form of a rectangular parallelepiped with dimensions 
1 mmX2.5 mmX15 mm. The [111] axis was parallel 
to the long dimension while the [110] axis was perpen- 
dicular to the 2.5 mm X15 mm face (within 5°). The 
heat current was parallel to the long dimension of the 
crystal. 

The crystal, with appropriate heaters and thermo- 
couples, was mounted vertically from the top of a 
vacuum can. During an experimental run the pressure 
in the can was less than 10~* mm of mercury. The 
vacuum can was within a glass Dewar flask which fit 
between the poles of an electromagnet. Magnetic fields 
up to 11 500 oersteds across a 1-inch gap were supplied 
by a 6-inch Varian magnet. Calibration of the magnet 


TABLE I. Temperature dependences of the thermoelectric 
power of Ge in zero magnetic field; and the ratio of the change 
in resistance to the change in thermoelectric power for the same 
magnetic field. The ratio values are independent of magnetic 
field strength at any given temperature. 


(Sp/po)/(40/Qo) 
15.5 


TK Qo wv /*K 


278 1150 
238 1100 15.0 
199 1250 13.0 
78 1990 3.3 


1M. C. Steele, Bull. Am. Phys. Soc. Ser. II, 1, 225 (1956). 


to within 1% error was made with a Rawson fluxmeter. 
The fields were perpendicular to the heat current in the 
crystal, and parallel to the [110] axis. 

Data were taken at four temperatures corresponding 
to convenient fixed points between liquid nitrogen 
(77.3°K) and the ice point (273°K). Chromel-con- 
stantan thermocouples were used to measure the 
temperatures along the By appropriate 
switching, these thermocouples also served as_ the 


specimen. 


voltage probes for measuring the thermoelectric power 
of Ge referred to either chromel or constantan. Voltages 
were measured with a A-2 potentiometer. 

In Fig. 1 are plotted the results of the relative change 
in thermoelectric power as a function of magnetic field 
at 278°K, 238°K, and 199°K. The difference in the 
thermoelectric power produced by the magnetic field is 


AV=O(11) —Qo, 


where ((//) is the value in the magnetic field 17 and Qo 
is the zero-field value at the same temperature. The Qo 
values as a function of temperature are given in Table I. 
Since AQ/(Vo is a positive quantity, |V| had increased 
by applying H/. The sign of this change is significant 
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Fic. 1. Relative change in thermoelectric power of Ge as a function 


of H at 278°K, 238°K, and 199°K 
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H(KILO-OERSTEDS) 
at 273°K and 195 


232°K 


Magnetoresistance of Ge 


insofar as scattering mechanisms are concerned. This 
will be discussed below 

At 278°K the change in Q was only 1.5% at 11 500 
oersteds. Since the relative error in measuring Q was 
0.1%, 
tainty in the measurement. 


the observed change is well beyond the uncer 


Fiyure 2 shows the corresponding magnetoresistance 
changes (Ap/ po) asa function of /7, These measurements 


were made for purposes of comparing the thermo 


magnetic and ygalvanomaynetic behavior of a given 


specimen. It is noted that the shapes of the curves in 
Figs. 1 
temperature the ratio (Ap/po)/(AQ/Qpo) is constant over 


and 2 are very similar. In fact, at any given 


the entire field range (see Table I). This is rather an 

unexpected result and suggests the strong interrelation 

between the two effects 

78°K are given in Fig. 3. At 

temperature saturation effects are already evident in 

both AQ/Qy and Ap/ po at tields above 6000 oersteds. 
At each temperature used in this experiment, meas 


The results at this 


urements were made of the thermal conductivity as a 
function of magnetic field. Up to 11 500 oersteds there 
was no observable change in the thermal conductivity 
of Ge. A change of $°% would have been within the 
detectable limit of the experiment. The absence of any 
magnetic field dependence of the thermal conductivity 
for a Ge specimen of this resistivity is in accordance 
with the theoretical work of Tolpygo® and the experi 
An USSR 3, 52 (1952 


*K. P. Tolpygo, Tr. Inst. Fiz 


mental work of Amirchanov ef al.* Such a result is 
easily understood when one considers that the electronic 
contribution to the thermal conductivity of Ge is 
negligible. 


DISCUSSION 


It can be shown that with simplifying assumptions, 
the phenomenological theory of transport effects in 
semiconductors leads to an expression 


AQ 9m" (4/m)—3 (—) 
Qo OA[2—(t/kT)]\ ¢ J 
4r*nh? 


C=kT In (2) 
(2rmkT )} 


where 


is the Fermi energy, yw is the carrier mobility, and m is the 
carrier density. Equation (1) is valid for nondegenerate 
extrinsic semiconductors (either n or p type) with 
spherical energy surfaces, when lattice scattering is 
dominant. All terms in Hf higher than quadratic have 
been neglected in deriving Eq. (1). This requires that 
(ull /c)“<1 for Eq. (1) to be valid. For electrons, ¢ is 
zero at the bottom of the conduction hand and has 
positive values in the conduction band, negative in the 
forbidden band. For holes, ¢ is zero at the top of the 
valence band with positive values in the filled band, 
negative in the forbidden band. No account is taken 
of Q,, the phonon-drag effect,*~® in Eq. (1), so that 
Eq. (1) is valid only at temperatures high enough to 
neglect that contribution to the thermoelectric power. 
Actually the field dependence of Q, should be calculated 
or established by further measurement in order to say 
that Eq. (1) is valid even at higher temperatures. 
Although Q, is only 5% of 0 at T7~300°K, it is not 
known what part of AQ/Qo can be attributed to Q,. 
Although Ge has a multi-ellipsoid electronic band 
structure, it was thought to be pertinent to compare 
the results with the simple spherical] model. It is 
expected that a more detailed calculation, utilizing the 


parameters available from cyclotron resonance, would 


show the same field dependence but give a different 
coefficient than that in Eq. (1). Further, the multi- 
ellipsoid calculation would give information on the 
anisotropy’ of the magneto-Seebeck effect which could 
then be checked experimentally. In the present experi 
ments, no longitudinal magnetic fields were employed. 

Equation (1) predicts an increase in the absolute 
value of 0 upon applying a transverse magnetic field. 
This is in agreement with the sign observed at all 
temperatures, although one might expect that Eq. (1) 
would only be valid at the higher temperatures (238°K 
and 278°K). The results shown in Fig. 1 do follow an 


‘’Amirchanov, Daibov, and Zhuzie, Doklady Akad. Nauk 
U.S.S.R. 98, 557 (1954 
‘H. P. R. Frederikse, Phys. Rev. 92, 248 (1953 
TH. Geballe and G. W. Hull, Phys. Rev. 94, 1134 (1954) 
°C. Herring, Phys. Rev. 96, 1163 (1954 


1 J. 1. Kaplan, Phys. Rev. 99, 1808 (1955 





MAGNETIC FIELD 


H?® dependence for fields below 4000 oersteds. At 
stronger fields, the field dependence approaches a linear 
law and at very strong values one would expect to see 
saturation (such as is evident in Fig. 3 

With the same assumptions used to derive Eq. (1), 
it can be shown® that 


Ap Or pil 
(3) 


po 16 


The validity of the 1 dependence of Eq. (3), in the 
appropriate field region, has been established experi- 


mentally by several observers. The present results 
(Figs. 2 and 3) confirm the previous conclusions. 

From Eq. (1) and Eq. (3) it follows that the ratio 
(Ap/po)/(AO/Qo) independent of H. The 
results of this experiment confirm this at all tempera- 


would be 


tures and over the entire range of field used. This is 
both surprising and revealing. It is surprising when it 
is recalled that Eqs. (1) and (3) are low-field approxi 
mations derived with many simplifying assumptions 
It is revealing in that it points to the similarity of the 
two effects even in the saturation region of // 

For strong magnetic fields and other types of scat 


tering, the calculation from Boltzmann’s equation 
becomes quite complicated. Some special cases have 
rec ently been considered by Rodot.’ He finds for a 


degenerate semiconductor that 


(AQ/Oo)>0 for lattice scattering, 


while 


(AQ/Qo) <0 for ionized-impurity scattering. 


Both of these results are applicable over the entire 
magnetic field range. In addition, at strong fields he 
finds a saturation effect similar to that given by the 
simple theory of magnetoresistance."” 

For nondegenerate extrinsic semiconductors, Rodot 
only considers the limiting values of QV in zero and 
infinite fields for both lattice and impurity scattering. 
that 


while ionized-impurity scattering de 


However, he does show lattice scattering still 
increases © 
creases |Q). It is in this sense that experiments on the 
magnetic field dependence of the Seebeck effect can 
contribute to an understanding of the transport 
mechanisms In semiconductors. 

At 78°K, the thermoelectric power of Ge (even in 
the absence of a magnetic field) already has an appreci 
able phonon-drag contribution.’ ° Hence, at this temper 
ature, it is important to consider how the magnetic 
field changes the phonon-drag effect. From a qualitative 
viewpoint, one would expect QV, to increase with the 
application of a magnetic field. The argument proceeds 
from the knowledge that a magnetic field increases the 


I’. Seitz, Phys. Rev. 79, 372 (1950 


rend. 243, 129 (1956 
F. Seitz, Modern Theory of Solid 
New York, 1940 p 154 


* See, for ¢ xample 

*M. Rodot, ¢ ompt 

See, for example 
Hill Book Company, Inc 


McGraw 


DEPENDENCE 





H (KiLO-OERSTEDS) 


at 78°K. The solid circles 
while the solid triangle 


refer to the change in €] 


reler to p 
resistance of Ge. This corresponds to decreasing the 
mean free path of the carriers, and Herring® had shown 
that (, is inversely proportional to the mean free path 
of the mobile carriers. Hence, 0, should increase like 
This dependence could easily 
$ for both 


This argument has recently been 


the magnetoresistance 
explain the saturation effects noted in Fig 
AQ Oy and Ap/ py. 
put into a more analytical form by Herring.' Further 
work is needed at lower temperatures and for various 
orientations in order to get the detailed dependence of 
QO, on field 


p magnet 
may also have some interesting implications on thermo 


Phis aspect of the experiment 


magnetic effects in metals at low temperatures. [or 
example, it is well known that in the absence of a 
magnetic field, the phonon-drag effect plays a very 
small role in the thermoelectric power of either metals 
But 
quite different in strong magnetic fields if the particular 


Such 1 


or semimetals such as Bi the situation may be 
material exhibits a large magnetoresistance 
the case for Bi at low temperatures. Thermomagnetic 
experiments” on Bi crystals at low temperatures have 
S00-fold in a field of 


there was no mechanism ad 


already shown that QO) increases 
10 000° oersteds. Since 
vanced to explain those results, it is pointed out here 
that the phonon-drag effect aided by the magnetic field 
could possibly bring about such a large effect 
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Antiferromagnetic Resonance in Cr,O,; 


Epwarp S. DayvHorr 
United States Naval Ordnance Laboratory, White Oak, Silver Spring, Maryland 
(Received February 28, 1957) 


The antiferromagnetic resonance spectrum of single-crystal 


Cr), has been mapped within the wavelength region from 12 mm 
to 2.4mm and magnetic field intensities from 0 oersteds to 30 000 
versteds. The resonance frequencies were observed in this region 
in a temperature interval from about 17°C to 35°C, the Néel 
temperature, Ty. When the [111] crystal axis is perpendicular to 
the direction of the external magnetic field, the observed resonance 
locus on a frequency vs magnetic field diagram forms a single 
curve at each temperature; when the two are parallel, the reso 
nance locus forms a curve of two branches, one of which has not 
previously been observed for this material. These loci are found 


INTRODUCTION 


, LECTRONIC magnetic resonance absorption pro 
vides a particularly valuable tool for the study of 
antiferromagnetism due to the usual failure of conven 
tional methods to yield information about anisotropy 
energy. ‘This is because there is no externally appearing 
magnetization at any temperature for torque measure- 
ments except for the small induced moment which 
contains the anisotropy constant only in presently un- 
observable terms of higher order. It is therefore im- 
portant to apply the resonance method to a wide 
sampling of antiferromagnetic materials, ranging from 
those with weak molecular fields and low Néel tempera- 
tures to those with strong molecular fields and high 
Néel temperatures, and possessing a variety of crystal 
structures and anisotropy symmetries. The principal 
technical difficulties which beset such a program are 
that single-crystal samples are necessary in the present 
state of the art owing to the strong orientation depend- 
ence of the resonance, and that for all except materials 
of low Néel temperature the main part of the resonance 
spectrum lies at very high frequencies (wavelengths of 
a few millimeters). The latter difficulty is gradually 
being removed by new technological developments, but 
the former remains and severely limits the choice of 
materials. 

Chromium sesquioxide (Cr, ) is antiferromagnetic 
below the Néel temperature, 7'y, of approximately 
35°C; above this temperature it is paramagnetic. It 
has the corundum crysta! structure, with rhombohedral 
symmetry. The unit cell can be taken as a cube stretched 
along a [111] body diagonal which forms a threefold 
symmetry axis. The elementary spin orientations have 
been shown to lie in the direction of the crystal axis,' a 
conclusion verified by neutron diffraction studies’; 
hence one expects any macroscopic single-crystal sample 

1 McGuire, Scott, and Grannis, Phys. Rev. 102, 1000 (1956). 


2 Nathans, Riste, Shirane, and Shull, Bull. Am. Phys. Soc. II, 
2, 21 (1957). 


to be in good agreement with the resonance theory of Nagamiya, 
and of Keffer and Kittel. Good theoretical agreement is also found 
for variations of line width with magnetic field strength and for 
variations in the peak absorption intensity at resonance. The 
anisotropy energy K which depends upon the temperature, 7, 
as obtained from the data is proportional to (T1y—T7)°*’ over the 
observable interval. Assuming that K is proportional to a fixed 
power of sublattice magnetization at all temperatures and that 
sublattice magnetization behaves as the appropriate Brillouin 
function of temperature, we can extrapolate to absolute zero and 
thus find K = 800 000 ergs/cm’ 


to be a single domain, unless very severe strains are 
present. 

Resonance absorption of microwave energy by Cr.O, 
has been reported at a frequency of about 9 kMc/sec 
by ‘Trounson, Bleil, Wangsness, and Maxwell’ in 
powdered samples and at 24 kMc/sec by McGuire, 
Scott, and Grannis! using single-crystal samples. Both 
of these investigations reported a paramagnetic reso- 
ance for temperatures above Ty which either dis- 
appeared or was reduced in amplitude and_ shifted 
toward lower fields as antiferromagnetic alignment set 
in below Ty. The former found in one powder sample a 
shift amounting to 3000 gauss at 116° below Tw while 
other samples showed only a complete disappearance 
of resonance in the antiferromagnetic state. Through 
close observation on single-crystal samples, McGuire! 
found an antiferromagnetic shift of resonance field 
amounting to 9000 gauss in a 0.5° temperature interval 
below Ty. The origin of the former shift is not known, 
but may be connected with the impurities or.physical 
state of the sample. Because of the narrow range of 
temperatures over which McGuire could observe the 
antiferromagnetic resonance, it was not possible for him 
to extrapolate reliably his anisotropy data to absolute 
zero, nor was it possible for him experimentally to deter- 
mine the relation between resonance frequency and field. 

The present work improves on both these points. 
Reports of other experimental observations of anti- 
ferromagnetic resonance include the following: (a) or- 
thorhombic CuCl,:2H.O, which is antiferromagnetic in 
the liquid helium temperature range and which has 
been studied extensively by the Leiden group*®; (b) or- 
thorhombic CuBr,:2H,O, which is similar to the fore- 
going®; (c) MnBry-4H,07; (d) tetragonal MnF%s, which 

‘Trounson, Bleil, Wangsness, and Maxwell, Phys. Rev. 79, 
542 (1950). 

‘References may be found in Gerritsen, Garber, and Drewes, 
Physica 22, 213 (1956) and reference 10. 

® J. Ubbink, thesis, Leiden, 1953 (unpublished) 

®M. Date, Phys. Rev. 104, 623 (1956). 

’B. Bolger, Conyerence de Physique des Basses Temperatures, 


Paris, 1955 (Centre national de la Recherche Scientifique and 
UNESCO, Paris, 1956), p. 244. 





ANTIFERROMAGNETIC 


has a much stronger molecular field than the above as 
evidenced by its Néel temperature of 65°K®; (e) rhombo- 
hedral Cr.O;, which differs from the above mainly in 
having a still stronger molecular field.’ Of these, only 
(d) and (e) have uniaxial magnetic anisotropy. 


THEORY 
1. Resonance Equations 


The molecular-field theory of antiferromagnetic reso- 
nance has been given mainly by Nagamiya, Keffer and 
Kittel, and Yosida and Ubbink."” More general dis- 
cussions of resonance in multiple sublattice systems, 
which can be reduced in special cases to the antiferro 
magnetic problem, have been given by others, especially 
Wangsness."' Since the published theory has been 
worked out for only cubic and orthorhombic crystalline 
fields, some justification is needed before it can be ap- 
plied to Cr,O, with confidence. 

The equation of motion, without damping for the ith 
sublattice system, is 


OM, al yM.xH,, 


where H, is an effective magnetic-field representation 
for the orientation-dependent energy of the ith sub- 
lattice. It includes the externally applied field Hy, the 
effective isotropic exchange field H,, and a term to 
represent the effect of the anisotropic part of the sub- 
lattice energy. The latter especially may have a compli- 
cated dependence upon orientation, and results, in 
general, in nonlinear equations of motion for the 


(1) 


magnetization components. ‘To linearize these equa- 
tions, the above writers have represented the anisotropy 
energy as arising from an equivalent magnetic field, 
the anisotropy field H, (or a set of anisotropy fields for 
the orthorhombic case). Two distinct assumptions are 
involved in the representation of the anisotropy-energy 
term by a single axially directed magnetic field energy, 
namely : that the energy of sublattice magnetization will 
vary with the cosine of its angular displacement from 
the crystal axis, and that the anisotropy energy is 
uniaxial. These assumptions, which are basic to the 
treatment of cubic crystals as done by Keffer and 
Kittel, can be valid also for crystals of symmetry lower 
than cubic. 

The anisotropy energy in Cr,O,; must have threefold 
rotational symmetry about the major axis. One might 
make the simplifying assumption, however, that there 
is no variation of magnetic energy in the equatorial 
plane, thus reducing the problem to that of a uniaxial 
crystal and linearizing the equations of motion. Then 
the results derived by Nagamiya and by Keffer and 


*F. M. Johnson and A. H. Nethercot, Phys. Rev. 104, 847 
(1956) 

9 E. S. Dayhoff, Bull. Am. Phys. Soc. II 1, 283 (1956) 

” See review article by Nagamiya, Yosida, and Kubo, Advances 
in Physics (Taylor and Francis, Limited, London, 1955), Vol. 4, 


) 


4 
4 R. K. Wangsness, Phys. Rev. 93, 68 (1954). 


RESONANCE IN Cr20, 85 
Kittel for “cubic” crystals should be fully applicable. 
The real justification for this procedure, as with any 
approximation, must ultimately rest upon its success in 
matching experimental results. Some empirical evi- 
dence that CreO; does behave as a uniaxial crystal is 
provided by the observation that the antiferromagnetic 
resonance frequency is sensibly independent of the 
azimuth angle of an applied magnetic field with respect 
to the crystalline [111] direction and, more important, 
by the good agreement, shown below, of the observed 
spectrum with that predicted from Eq. (1) with the 
uniaxial assumption. Recent work® on the resonance 
spectrum of MnF», a tetragonal crystal, suggests that 
the above assumptions apply also to that material. 

If one considers now only the modes of oscillation of 
the antiferromagnetic system in which the rf and de 
magnetic fields are perpendicular, the resonance equa 
tion is (in Nagamiya’s form) 


[ ay? cos’? tan (1+an (3+ 2ay)/G*) sin’é cos’é lho' 
[ (1+-ay?+ 2anG?) cos*6+ (1 —G?) sin’6 he 


+ (1—G*)?=0, (2) 


where @ is the angle from crystal axis to magnetic-field 
direction, Ag is the reduced resonant field 
Hy/H,, H, is the field for paramagnetic resonance 
(=w/y), G is (2\K)4/(w/y), X is the interlattice ex 
change coupling constant equal to 1/x,, and A is the 
anisotropy energy constant. We use Nagamiya’s form 
%11/X1) which we call ay. This 


magnetic 


for the parameter a(= 1 
equation always has 4 solutions for hg, corresponding 
to 4 normal modes of oscillation as discussed by Keffer 
and Kittel.” Following their notation we distinguish 
these modes by the signs and magnitudes of their fre 
quencies w,(=y/,,), as follows: w; and w, are positive 
with w; >w, in a weak external magnetic field; we and 
wy are negative with | we! > |wy| ina weak external field. 
The physically observed resonances we take as repre 
senting positive w and positive Hs. Thus Eq. (2) has 
at most 2 interesting solutions. We list below some 
equations giving special cases of (2) in which ay can be 
treated as a fixed number over a useful temperature 
range. Each is written to cover all positive solutions for 
which the corresponding normal mode has an oscillat- 
ing magnetization-component perpendicular to the 
applied field. 


(1) Curie temperature region ; ayO 
2\K 
H,?> 


CN 


2\K 


unless 


Mar: i, (w/¥) 2K 


(2)Region of absolute zero; ay. 

QO: +H,,=(24K)! unless H,?>2\K, 
he: H? 2K 2K. 

2 F. Keffer and C. Kittel, Phys. Rev. 85, 329 (1952) 
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hic. 1. Typical resonance loci for crystals with single anisot 
ropy constant A(7), See Eqs. (3)-and (4). The resonance curves 
shift vertically when the temperature is changed, Note that the 
w, branch for 0@@90° does not have an oscillating magnetization 
normal to the external magnetic field in the ay =0 approximation 
and is not discussed in this paper 


Nagamiya has also given a first-order correction term 
in ay for Eq. (3). The corrected resonant field Me can 


be expressed in terms of the uncorrected Hy as 


#=0 I, Hy\1 dan (1 FH) |! 


for the w, and wy branches, respectively ; 


7] Ag: He=H (5b) 


A useful property of the resonant fields for various 
orientations is the angular invariant, 


(sin’@) hy? +-[ (sin@) het +-4(cos*6) he? |), (6) 


which is independent of 6. The positive sign is for the 
w, branch and the negative sign for wy. This invariant 
(valid the 
calculate the resonant field for any 6, knowing what it 


near Cune temperature) enables one to 
is for some other 6 at the same temperature and fre 
quency. It is useful for correcting small errors in ori 
entation. The preceding three sets of expressions are 


plotted in Figs. 1 and 2 


2. Intensities 


The intensity of the absorption at resonance can be 
compared, in an experimentally useful way, to the 
intensity of paramagnetic absorption at the same fre- 
quency. We may calculate the peak absorption sus 
ceptibilities by solving the undamped equations of 


motion and then adding the damping to the resulting 


expressions by using complex w’s to avoid infinite 


S 


DAYHOFF 


poles. Keffer and Kittel’* have done this using the 
absolute-zero approximation. On inserting the required 
factors of 2 in their expression and for the 6=0° ori- 
entation and linearly polarized microwave field, it 
becomes 

xar/x pee (2AK)*/4H p, (7) 
for the ratio of absorption peak height for one anti- 
ferromagnetic normal mode to that for the paramag- 
netic state. Referring both susceptibilities to the same 
frequency, this expression has the value { when the 
antiferromagnetic resonance occurs zero. external 
field and approaches zero with K? as the Néel tempera- 
ture is approached. This latter result is in disagreement 
with our observations near the Néel point. We therefore 
have calculated the susceptibility from the same equa- 
tions of motion without approximation for temperature 


al 


reyion. The result is: 


xar(O=0) 


2K y*(w* —wyws) + (1 —an) Hy? (w* +a yw) /d 


» (8) 


(w* — wy") (w*—w4") 
which reduces to Keffer and Kittel’s Eq. (11) when the 
second term is removed by making the low-temperature 
approximation (ay=1). We have chosen to use w; and 
ws in this expression as they are both positive under 
experimental conditions. . 

When the Néel-region approximation (ay=0) is 
made, the microwave susceptibility without damping 
becomes 

2K? (wa — ww) tu" H?/d 


xip(O=0) (9) 


(w*— wy") (w* — ws") 

The first term here is identical to the low-tempera- 
ture result but the second term causes the peak sus- 
ceptibility for the w; branch at constant frequency to 
rise with the resonant field as the Néel point is ap- 
proached. This behavior will be seen below to be in 
good qualitative agreement with experiment. The 
numerical value of the ratio yar/xp at a fixed fre- 
} at H=0 to } at H=Hp, per mode. 


quency goes from 


3. Anisotropy 


The magnetic anisotropy energy appears in the 
resonance theories only as a temperature-dependent 
parameter. Comparison of its temperature dependence 
with that calculated for various special models can 
lead to knowledge of the active mechanisms for anisot- 
ropy production, Unfortunately, no presently available 
theories have been worked out specifically for the 
Cr.O structure, although some general considerations 
and specific calculations for other substances can be 
usefully compared. Li’ has given a semiempirical dis- 
cussion of structure deformation in antiferromagnetic 


YY. Li, Phys. Rev. 100, 627 (1955) 
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materials and suggests a very high value (~108—10° 
ergs/cm*) for the typical anisotropy energy constant 
at absolute zero. Keffer' has given a detailed discussion 
of the origin of anisotropy in antiferromagnetic MnP», 
a tetragonal but nearly cubic crystal and obtains values 
near 10° ergs/cm*. The antiferromagnetic crystals 
FeF, and CoF, have been discussed by Moriya et al.!® 

It has been shown by Néel and others that there 
exists a critical value of magnetic field applied parallel 
to the crystal axis which will cause the sublattice spins 
to rotate from the axial direction to a direction per- 
pendicular to the crystal axis. This critical field depends 
upon the anisotropy constant and the susceptibilities 
through the relation 


(H orit)? = 2AK /an, (10) 


which may, in principle, form the basis of an alternate 
method for measuring A. Keffer has given the behavior 
of Heit in MnF >» based on his theoretical results for K 
as follows: The critical field rises almost linearly from 
10° oe at 0.27 y to 1.7 10° oe at Ty. We shall see below 
that this behavior is somewhat different in CroQs. 


EXPERIMENTAL PROCEDURE 


4. Experimental Method 


A hybrid junction microwave-bridge apparatus was 
used similar to that described by McGuire ef al.’ One 
arm of the balanced microwave bridge was terminated 


in an approximately matched cavity resonator in 


which the sample was placed and the other arm in a 
matched load. Absorption was detected through its 
unbalancing effect on the bridge as indicated by the 
current flowing in a microwave detector. The cavity 
resonator was formed by an iris in the wave guide 
backed up by a movable shorting plunger, except for 
the 106 kM« where an aluminum circular 
cavity with side-hole coupling was used with two ad 
justable choked plungers forming the end walls. This 
cavity (0.157-inch diam) could be operated in’ the 
TEOW mode where the Q factor when loaded by the 
wave guide, but not the sample, was about 500. In this 


sec data 


mode good coupling to the sample could be had by 
cementing the sample to the center of one of the short 
ing plungers. The power source was a reflex klystron 
oscillator (with 1000-cps square-wave repeller modula- 
tion) feeding a distorter harmon 
generator. For most of our results at 72 kMc/sec the 
third harmonic of a K-band type 2K 33A klystron was 
used ; for 106 kM« 
type QK-288 klystron was used. Our detector was a 


silicon crystal 


sec the third harmonic of an &.5-mm 


silicon crystal rectifier arrangement. Both harmoni 
generator and detector were somewhat similar to de- 
signs described by Johnson, Slager, and King.'® A 40- 


“4 F Keffer, Phys. Rev. 87, 608 (1952 

'® Moriya, Motizuki, Kanamori, and Nagamiya, J. Phys. So 
Japan 11, 211 (1956). 

16 Johnson, Slager, and King, Rev. Sci. Instr. 25, 213 (1954) 
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Fic. 2. Curves for conversion of resonance fields with change of 


crystal orientation according to expression (5) 


cps pass-band amplifier centered at 1OOO cps was used 
to amplify the output signals. The sensitivity of the 
setup at 106 kMc/sec was estimated to be such that 
antiferromagnetic resonance could be detected with a 
signal-to-noise ratio of 3 at a sample weight of about 
} mg. 

All the cavity resonators, except the one for 106 
kM 


magnet in such a manner that the field could be varied 


sec, could be mounted in the gap of an electro 
slowly up to a maximum of 30 000 oersteds. A linearly 
proportional signal for recording the field sweep was 
by a 
The temperature of the cavity 


obtained; from a rotating search coil driven 
synchronous motor 
resonator was measured with thermocouples and a po 
tentiometer. No special temperature-regulation methods 
were needed as the temperature-drift: rate could be 
made quite slow. The cavity resonator for 106 kMc/sec 


was swept in temperature in zero magnetic field 


5. Samples 


Almost all of our measurements were made on single 
crystals grown by E. J. Scott of this laboratory by the 
flame-fusion method. Some pieces were annealed for 
24 hours at 1200°C and cooled at 1 degree per minute 
Others which were not annealed showed no significant 
the 


Most of the samples were pre 


differences. Pieces from several parts of boule 
showed no differences 
pared by hand grinding a well-formed piece of materia! 
to a roughly spherical shape. The powdered grinding 
had the Cr; 


powder though the original crystal appeared black to 


debris green color characteristic of 


the unaided eye except in quite thin chips. Chemical 
analysis of this type of material has shown a marginally 
significant deficiency of 0.3% chromium 

A second type of sample was a coarse powder made 
from very thin plate-like single crystals grown by the 
this 


with a 


vapor deposition method by E. P. Trounson of 


laboratory. These crystals were transparent 
slight greenish tint. [ nfortunately they were too smal] 
to exhibit resonance singly. They were formed into a 
cake with a binder of ‘Koloid’ 


the antiferromagnetic resonance could not be readily 


’ 


cement. For this sample 


resolved, but the Néel temperature, taken as the point 
of disappearance of the paramagnetic resonance, was 
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Fic. 3, Sample adsorption curve, Considerably greater signal 
to-noise ratio was available through the use of larger crystal 
samples but broadening would then result 


found to agree with the Néel point of the flame-fusion 
crystals to within about 0.1°C or 0.03% of the absolute 
Néel temperature. This suggests that the flame-fusion 
crystals are quite close to correct stoichiometry since 
the average number of nearest-neighbor interacting 
ions (which is proportional to the Néel temperature) is 
sensibly the same for both methods of preparation, an 
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unlikely result unless both methods produced good 
stoichiometry. 


EXPERIMENTAL RESULTS AND DISCUSSION 
6. Resonance Diagram 


Measurements were made of the resonant field as a 
function of temperature at the following frequencies: 
24kMc/sec (6=65°), 48 kMc/sec (6=65°), 48 kMc/sec 
(@=0°, 65°, 90°). In addition the temperature for 
resonance in zero field was found for 106 kMc/sec. 
Typical absorption curves at various temperatures are 
shown in Fig. 3. The g-factor marker was a small amount 
of MgeMnQsg, an inorganic powder material with the 
murdochite structure made by P. L. Edwards of this 
laboratory (g=1.99). 

A plot of resonant field against temperature is shown 
in Fig. 4. These data (taken from our best wide-range 
run) apply to a frequency of 72 kMc/sec and crystal 
orientation angles of about 0° and 90° between crystal 
axis and external field and are qualitatively similar to 
data obtained at other frequencies and orientations. 
The temperature range AT» in which the resonance 
drops from its paramagnetic field to zero field is found 
to be about 0.45° at 24 kMc/sec, 2.3° at 48 kMc/sec, 
6.7° at 72 kMc/sec, and 16.2° at 106 kMc/sec. Hence 
fairly closely 


AT o« (frequency)?*. (11) 


As the temperature is reduced below 7», where the 
resonance occurs at zero field, all traces of resonance 
absorption for @=90° disappear. 

The theoretical curves shown (Fig. 4) have been 
calculated with the following assumptions: the quantity, 
AK, which is discussed more fully in Sec. 8, is propor- 
tional to (AT)9 8”, (AT 
are exactly 0° and 90°; the 


7 y—T); the orientation angles 
first-order resonant-field 
correction term in ay, Eq. (5), is included as it amounts 
to 20% near 20°C and is calculated for 6=0° exactly. 
On the whole, this curve fits the experimental points 


Fic. 4. Resonant field 
at 72 kMc/sec as func 
tion of temperature for 
two crystal orientations. 
These data represent 
our most complete run 
and are confirmed (ex- 
cept point B) in many 
other runs. The solid 
line is theory for @=0° 
and AK « (AT) in 
cluding first-order cor- 
rection in ay. An error 
of about 20° in crystal 
orientation in this run 
required fitting the ex- 
perimental points in- 
stead to the dotted line 
which includes an orien- 
tation correction. 
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fairly well. The most notable difference occurs at the 
low-temperature end of the available data where the 
experimental points of the run shown lie at higher fields 
than the above theory suggests. In this region the results 
are more sensitive to misorientation shifts than else- 
where and, indeed, an x-ray analysis on the sample of 
this run does indicate a misorientation by about 20°. 
To explain the wy data, an actual misorientation of 
about 18° is needed though this impairs slightly the 
w, agreement. 

The point marked A has been calculated for @=0° 
resonance at 72 kMc/sec from the value of AK obtained 
from our zero-field resonance data at 106 kMc/see. 
One expects it to lie close to the theoretical curve 
shown as the zero-field data have been used in deter- 
mining the anisotropy temperature dependence. The 
point marked B is believed to be erroneous as it is not 
confirmed in other runs. 

The resonance results are collected into a diagram in 
Figs. 5 and 6. The scales of ordinate and abscissa in 
Fig. 6 are chosen to be quadratic for convenience. On 
such a scale the theoretical resonance line for 6=90° is 
a straight line. The fit of the experimental points to the 
theoretical lines is reasonably good. In general the 
points which fit most poorly are also those which are 
least reliable. 

The orientation dependence of the antiferromagneti« 
resonance is contained implicitly in Figs. 5 and 6. Some 
simple explicit measurements also were made on crys 
tals which could be rotated in the cavity resonator (and 
retuned in each position). The agreement with theory 
again seemed satisfactory. In the A-band results re 
ported by McGuire, an anomaly appeared in which the 
two orientations revealed to close Néel temperatures 
separated by about 0.15°C and two values of 7. This 
point was checked at 72 kMc/sec in several ways with 
somewhat erratic results. Our best data, however, 
shown in Fig. 4 (area labeled C) tend to confirm the 
existence of this effect, though their accuracy is in 
sufficient to prove definitely its existence. It also ap 
pears in Figs. 5 and 6 that the consistency of the zero 
field 24 kMc/sec point with the 72 kMc/sec data is 
aided slightly by using two values for 75. 


7. Line Width 


The width of the resonance lines as obtained by sweep- 
ing the magnetic field is found to depend apparently 
upon the temperature and the resonant field. Our 
measurements of line width are complicated by fre 
quent use of samples large enough to cause broadening 
by saturation of the cavity resonator-coupling system. 
On those occasions when small samples were used, a 
line width of about 1000 oe was obtained near the Néel 
temperature, in satisfactory agreement with the average 
width of about 1000 oe obtained by McGuire. ‘The rela- 
tive variation of line width with magnetic field could be 
obtained from much of our data and is illustrated in 
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Fic. 5. Resonance diagram for 6=0°, The solid lines are theo 

retical resonance loci drawn through the zero-field resonance 

points. For clarity in labeling the 72 kMc/sec data the axis of 

ordinates has been expanded at w=3. The magnetic field scale 
unit is the paramagnetic resonant field for 24 kMc/sec 


Figs. 7(a) and 7(b). This behavior can be understood 
from the resonance equations through the following 
first-order calculation: let the normal relaxation time be 
considered as independent of temperature and of ex 
ternally applied magnetic field. Then the half-power 
line width will be a constant Aw when frequency is 
swept. When magnetic field is swept instead, the line 
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hic. 6. Resonance diagram for 6=90°. The solid lines are 
theoretical resonance loci which are straight lines when plotted 


on quadratic scales 
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hic. 7, Variation of line width between half-response points 
(72 kMc/sec) with resonant magnetic field as the temperature is 
changed. The solid line shows the theoretical variation [see Eq 
(13) ] if one assumes that both orientations have the same width 
at 7y. The ordinate unit is magnetic field reduced to 3 at H, 
In (a) the widths are somewhat greater than for 06=90° in (b) 
probably because of the use of a larger sample. (c) Peak height of 
recorded resonance (72 kMe as a function of temperature 
for 6=0° (solid points and @=90 vertical 


scale is proportional to power absorbed 


(open circles). The 


width will be to first order 


Ally (O11, Ow ) rom Qw) (12) 


On taking the derivatives from Eq. (3), we obtain the 
following results. 
Region of Curie temperature ; ay=0 


All, (2 yi, w)Aw 7; 
AH, = (o/'yHl)duo/y 


4=0 
(13) 
A=} 


These expressions are plotted as solid lines against 
temperature in Figs. 7(a) and 7(b) and result in a fairly 
satisfactory fit of the data, although the fit is materially 
improved by assuming that Aw for @= 90° is about 7 as 
yreat as for @=0° 

Higher order effects which require computing 0/14 /dw 
on the sides of the absorption line will cause the line 
shape to be unsymmetrical when the magnetic field is 
swept. This distortion is worst when the resonant mag 
netic field falls to low values, especially for the @=m/2 
orientation, In most cases we have not used data taken 
by field-sweeping at low resonant fields and therefore 
will omit the distortion correction formulas, which for 
present accuracy are not necessary for resonant fields 


above about //,,/3 


8. Anisotropy Constants 


The dependence of the product AK upon temperature 
may be calculated either from the data of resonant 
field vs temperature taken at one particular frequency 
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(the higher the better) by the use of the resonance rela- 
tions (3, 5, 6), or from the zero-field resonance tempera- 
tures obtained for each available frequency. The results 
obtained by these two methods should be identical. 

In Fig. 8, values of 2AK obtained from Eq. (3) by 
using observed frequencies for zero-field resonance have 
been plotted on a log-log scale against AT (=Ty—T). 
They are fitted well by the empirical expression 
AK « (AT) *" [which is equivalent to Eq. (10) }. Also 
plotted in Fig. 8 are values of 2AK derived from 
our best 72 kMc/sec data with nonzero field. These 
data have been computed using Eq. (3) including the 
first-order ay correction of Eq. (5), and the misalign- 
ment correction (6). The fit of the data to the empirical 
straight line is quite satisfactory. 

The quantity x,=A~' has been measured by McGuire, 
Scott, and Grannis! and found to be 25.0% 10~°/g near 
the Néel temperature with very little variation down to 
about 77°K. Hence we have for K, using 5.21 as the 
density, 


K = 8300(AT)° 972° ergs/em’. (14) 


This may be expressed in terms of the sublattice mag- 
netization M by expressing the Brillouin magnetization 
function for spin } as a power of AT in the vicinity of 
the Néel point. Thus M is found to be closely propor- 
tional to (AT)" * over the range 0.5° << AT < 20°. Hence 


K=const K M!-#+0.06 | (15) 


which may be compared with the expression A = const 
< M? found in Mnk».'"* The difference in exponent of 
M suggests that there are significant sources of anisot- 
ropy energy in CroQ, which are not important in 
Mnk». It does not seem possible to account for the 
exponent as an effect of short-range ordering alone using 
the theory of Oguchi."? 

The anisotropy constant at absolute zero may be 
obtained from expression (15) above by extrapolation. 
For the magnetization M, the Brillouin function should 
not be approximated. We find 


K (T=0°K) =800 000 ergs/cm', (16) 
and the corresponding resonance frequency is 310 000 
Mc/sec. A much larger rough estimate ~10° ergs/g 
was found by McGuire! using A-band data; however, 
this may be off by several orders of magnitude owing 
to the difficulties of carrying out a 300° extrapolation 
from a }° base. For comparison the corresponding K 
for MnF, at absolute zero according to Keffer’s result is 
5.5 10° ergs/cm*’, and the resonance frequency is 
280 OOO Mc/sec. 

The critical field of Eq. (10) may now be obtained 
from our empirical results using (15) for K and the 
measured values of x, and x,;. It is an interesting coin- 
cidence that ay(=1—x,,/x.) turns out to be closely 
expressed by (A7/310)°7*, roughly the same exponent 


17 T. Oguchi, Progr. Theoret. Phys. Japan 13, 148 (1955). 





es ie ee 
as was found for K. Hence the critical-field expression 
(10) will be only slightly dependent on temperature. 


(Ho) crit= 106 000 (AT)°™® near Ty 
110 000 oe (T=0°K) 
106 000 oe | T= (Ty 


Qoe (T=Ty). 


1)°K ] 


The sudden drop to zero at the Néel point is the result 
of the exponent of AT being positive though small 
near 7'y. This feature cannot be taken seriously as the 
susceptibilities are slightly anomalous near Ty. 

Extrapolation of ay down to absolute zero with the 
above empirical law produces the interesting result 
that x, must rise to about 2810~° g! from 25K 10°° 
g ' below 77°K if x, is to be zero at absolute zero 
Measurements by McGuire ef al.! show what may be 
the beginning of such a rise at 77°K 


9. Absorption Intensities 


The absorption peak height in antiferromagneti« 
resonance can be given, for most of our data, in the 
form of a ratio to the paramagnetic-absorption peak 
height occurring for the same frequency at tempera 
tures slightly above the Néel point which thus serves 
as an absorption standard. ‘The principal uncertainty 
entering into these data arises from the partial satura 
tion of the resonator coupling system by the para 


magnetic resonance, i.e., the cavity Q was reduced at 


sample resonance by an amount which was not always 
small compared to the (Q itself. Nevertheless our best 


results should be accurate enough to make a mean 


ingful with the theoretical microwave 
susceptibilities. 


In Fig. 7(c) is shown the dependence of the observed 


comparison 


peak height for antiferromagnetic and paramagnetic 
72 kMc/sec, Assuming 


this is proportional to the microwave susceptibility of 


resonance on temperature at 


the sample, we compare it to the solid curve which 
represents Eq. (9) using the temperature dependence 
of K found above. The peak at 28°C is due to the 
overlapping of the w; and wy modes. The similarity of 
shape between experimental and theoretical curves is 
good except very near 7T'y where the experimental 
curve lacks the theoretical discontinuity, This is prob 
ably a manifestation of short-range ordering effects 
Our results for the @=90° 
scatter and are not, at present, capable of a good quan 


orientation show more 
titative interpretation, nor should this be expected as 
our susceptibility Eq. (9) does not apply to this 
orientation, 
CONCLUSION 
The two-sublattice theory of antiferromagnetic reso 
nance for uniaxial crystals is seen to describe surpris 
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ingly well the resonance phenomena near the Néel 
temperature in single-crystal CroO,. Since also a good 
agreement has been found by Gerritsen ef al. for the 
crystal CuCl,-2H.O, and an apparent 
experimental Keffer’s relation of A 
proportional to M? in Mnf, by Johnson and Nethercot, 
it seems that the resonance theory is basically adequate 


orthorhombi 
verification of 


though some discrepancies still remain. ‘The dependence 
of anisotropy energy constant on magnetization in 
Cr.O,, however, must await a more detailed theoretical 


the 


for evaluation of its significance. At 


calculation 
present time all that can be said is that apparently 
there are significant contributions to anisotropy energy 
in CroOy of a type not included by Keffer in his work 
on Mnk, 
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susceptibility and line width in orthorhombi 


Iquations for the microwave 
yim 
similar to our 


thesis at 


metry, which may be reduced to form 
have been given by H. J. Gerritsen in his 
Leiden. For reasons of brevity we have preferred, in 
this paper, to avoid detailed comparison of our result 
more complicated properties of 


with the somewhat 


CuCl,:2H.0O as found at Leiden 
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Tables for reduction of the matrix components of energy in the tight-binding approximation have been 


prepared for the hexagonal close-packed lattice 


HE tight-binding or LCAO method has been 
thoroughly discussed by Slater and Koster’ in 
application to cubic lattices. They have given detailed 
tables of the matrix components of energy in terms of 
three- and subsequently two-center integrals. Analogous 
tables for a hexagonal lattice are more tedious to 
construct in view of the more complicated symmetry of 
this lattice, the directions along the axes of a rectangular 
coordinate system being nonequivalent. Moreover, only 
the close-packed hexagonal lattice exists in nature and 
this is the lattice with basis. 

The element to which the tight-binding method could 
be applied is the hexagonal cobalt, a-Co. Cobalt belongs 
to the group of transition elements, the d states of 
which can be treated with the tight-binding approxi- 
mation. 

There are in the literature a few papers on energy 
bands in hexagonal structures,?* and in particular 
Schiff has given the symmetry properties needed for 
the cellular method. 

The hexagonal close-packed lattice can be regarded 
as the simple hexagonal lattice with two atoms in the 
unit cell, The primitive translation vectors in a rec- 
tangular coordinate system are: A,= (4a, —4v3a, 0), 
A,= (4a, 4v3a, 0), Ay= (0,0,c). Basis vectors are given by 
t, = (0,0,0) and t,= (4a, $v3a, 4c). The simple hexagonal 
lattice which has an atom in position (0,0,0) is denoted 
by 1, and the simple lattice with the atom in position 
(4a, kv3a, 4c) is denoted by 2. It is convenient to use 
different length units along the different axes of the 
rectangular coordinate system. So we take a= 
B= 4v3a, y= 4c in the x, y, z directions, respectively. In 
the calculations we used the model of a hexagonal ideal 
close-packed lattice, i.e., we assumed | ty| =a. 


ha, 


TABLE I. Relations among the matrix components of energy for 
states of various symmetries 


(s/5)y9™ (8/5) 01" 
(s/pPy)ia™ — (5S Pida® 
dy)i2™ (8/dy)a1* 
Piia™ (p;/Pya* 
Pidia™ (Pi/paidar®, Ji 
d,)i2= — (p;/dy)a* 
d,)i2™ (dy/dy)2* 
d,)12™ (dy/dr)a*, g¥r 


(S$ S)ip™(S/S)oe 
(s/ pj) — (5/py)an* 
(s/dg)ir™ (8/dy) 22" 
(Pi/ Pi) (Pi/ Pidae 
(Pi/Piir™ (Pi Pidar® 
(p;/dgiir™ — (p;/dy) 22° 
(dy/dg)11™ (dy/dy) 22 
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' J. C. Slater and G. F. Koster, Phys. Rev. 94, 1498 (1954) 
2. Herring and A. G. Hill, Phys. Rev. 58, 132 (1940) 
+B. Schiff, Proc. Roy. Soc. (London) A68, 686 (1955). 
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The matrix components of energy have been calcu- 
lated for states of the following symmetries: s, p 
[3 functions of type x, y, 2 times f;(r) denoted by p; ] 
and d [5 functions of type xy, yz, xz, 22—y*, 32-9 
times f2(r) denoted by d, |. There are nine such states, 
and a unit cell contains two nonequivalent atoms, so 
we construct 18 Bloch sums. 

The general formula for the matrix component is 


=exp(ik: (t.—t.-) }>>; exp(ik- r,) 


(m/N) ww 
x f ent(r—t)Menlt—n—tedr 


Here m and nm distinguish the electronic states, the 
¢n denote atomic functions, the r,; are translation 
vectors, and the t, are basis vectors. 

The energy integrals (E integrals) have the form 


| am alt’, r, +t.) = fent— top ontt = r,—t,)dr. 


First of all, by virtue of the symmetry and Hermitian 
properties of the Hamiltonian and of the symmetries of 
the atomic functions, we notice that only 90 of the 
total of 324 matrix components must be considered. 
We calculate 45 components of the type 


(m n)u=Zeexpliken) f ear(Hea(e—ndr 


= (n/m) 11* 


and 45 components of type 


(m/n)i2= >. exp[ik- (r;+t,) ] 
x f on® (1)H pa (t—1,—ts)de= (n/m)n*. 


Further relations are given in Table I. 

We now make the nearest-neighbors approximation. 
In the hexagonal ideal close-packed lattice every atom 
has 12 nearest neighbors. So we have in (m/n),, seven 
E integrals for lattice sites: (0,0,0), (1, —1, 0), (1,1,0), 
(—1, 1,0), (—2,0,0), (—1, —1, 0), (2,0,0) in terms of 
a, B, y; and in (m/n),. we have six E integrals for 
lattice sites rj+te.: (1,4,1), (—1,4,1), (0, —4, 1), 
(1,4,-—1), (—1,4, —1), (0, —%, —1). So 585 E in- 
tegrals remain to be calculated. Not all of them are 
independent. Taking into account further particular 
symmetries, we see that nonvanishing £ integrals in 
(m/n)\, can be expressed in terms of E integrals in- 





TIGHT 


(S/z)11 = (S/yz)i1 = (S/x2) a= (x/2) 1 = (x / yt) a= (x/x2) = (y/2) 10 = (y/ ye) (y/xt) i = (2/xy) = (2/2? 


(s/s)i1 
(s/s)i2 
(s/x)11 
(s/x)12 
(s/y)i1 
(s/y)i2 
(s/2)i2 
(s/xy)i1 
(s/xy)12 
(s/y2)i2 
(s/xz)19 
(s/x?9—y*) 1 
(s/x?—y*) 12 
(s/3z*—r*),, 
(s/322—1?) 19 
(x/x)i1 
(x/x)12 


(x/y)in 
(x/y)12 
(x/2)12 
(x/xy)i1 
(x/xy)12 


(x/y2)12= (y/x2)12 
(x/x2)12 


(x/x?— yy) 11 

(x/x?— y?) 12 (y/xy) 12 
(x/32?—r*) 1) 
(x/322—4?) 19 

(y/y)i1 

(y/y)12 


(y/2)12 
(y/xy)i1 
(y/y2)12 


(y/2?9—y¥)ir 
(y/x*—y?)12 


(y/322—9?) 11 
(y/322—F*) 12 
(2/2) 
(2/z)12 
(2/xy)i2 
(2/yz)i1 
(2/y2)12 
(2/x2)i1 
(2/xz)12 
(2/x?—y*)12 
(z/32?—r*) 12 
(xy/xy)in 
(xy/xy)i2 


(xy/y2)i2= (x2/x?9—y*) 1 
(xy/xz)i2 


BINDING METHOD FOR HEXAGONAL STRUCTURE 


TABLE II. Matrix components of energy expressed in terms of F integrals 
ri (xy/yt)in 


y*) i. (2/32? 

= (xy/xz) i= (y2/x*— y*) 11 = (y2/32*—9?) 11 = (x2/x*— y*) 1) = (x2 /32*—9*) 1, =0 

E,,.(0)+2E,, ,(R) (2 cost cosn+cos2£) 

2E,,.(T) cos¢{(2 cost cos}n+cos}n) +4(2 cosé sin}n 

-2vV3E,,y(R) sin sinn+2iF, .(R) (siné cosn+sin2£) 

2vV3E,,,(T) siné cost (sin}n —1 cos}n) 

E,,,(0) —2E,,y(R) (cost cosn —cos2£) + 2V3iE,,2(R) cost sinn 

~—2E,,(T) cost{ (cost cos}n—cos4n) +7 (cosé sin}n+sin}n) } 

—2E,,.(T) sing (2 cosé sin}n—sin§n) —i(2 cost cos}n +cos4n) | 

—2v3E, .2-,?(R) sing sinn+2iF, 2y(R) (sint cosn+sin2£) 

2V3E,, 2*-42(T) sink cost (sin}n—i cos}n) 

2E,, yz(T) sing (cosé sin}n+sin4n) —i (cost cos}n—cos§n) } 

2V3E,,y2(T) sin€ sing (cos}n+i sin 4m) 

E,y242(0) —2E, 2*-4?(R) (cosé cosn — cos2&) + 2V3iE,, zy (R) cosé sinn 

—2E, .*4(T) cost[ (cost cos}n —cos}n) +i (cosé sin}n+sin 4) } 

Eu, a2t-7?(O) +2E, 322--*(R) (2 cost cosn+cos2é) 

2EF,, s2-°(T) cost[ (2 cost cos}n+cos4n) +i (2 cosé sin jn 

F,,2(0) +(Ez,2(R) +3, y(R) ] cost cosn+2£,,,(R) cos2t 

cost {(Ez,2(T)+3£y,,(T) ] cost cos}n+2F,z,2(T) cosin) +i cost (LFz,2(T) +34, (T) ] cosé sin }n 
—2E,2(T) sin}n} 

V3 Ey,y(R) — Ez,2(R) ] sin€ sinn — 2iF,, ,(R) (2 sing cosy 

V3LEz,2(T) —Ey,,(T) ] siné cost (sin $n —i cos4n) 

2v3 Ey, .(T) sing sing (cos}n +4 sin}n) 

Ex, ry (0) + (Ex, 2y(R) +3%y,2*-42(R) ] cost cosn+ 2% ,,2y(R) cos2&+ v3iL Fy, 22y2(R) + Fy, 2, (R) J cost sinn 

cost { (Ez, 2y(T) +3Ey,2*-42(T) ] cost cosjn+2Ez,2y(T) cos4n) +i cost (LEs,2y(T) +3Fy,22-2(T) ] cost sin}n 

2Ez, zy (T) singn} 

V3[ Ee 22(T) — Ey, y2(T) ] sing sing (cos}n +i sin4n) 

sing { —(Fz,22(T) +3Ey,y2(T) ] cost sin\n+2F,z,22(T) sin§n) +2 sing{[Fs,2.(T) +3£,,,.(T) ] cost cos}n 
+2E, 2,(T) cos4n) 

V3 Ey,2*-4?(R) — Ez, 2y(R) ] sin€ sinn—i( (Ez, 2*-,2?(R) 

V3 (Ez, 2y(T) — Ey, 22-42(T) } sin cost (sin}n — i cos4n) 
2vV3 Fy, 127-72(R) sin sinn+ 2i/,, 4,¢7(R) (siné cosn+sin2é) 

2v3 Ey, a2*-?(T) siné cost (sin}n—i cos4n) 

Ey, y(0)+(Ey,y(R) +3£,,2(R) J cost cosn+2F, y(R) cos2é 

cost {(Ey,y(T) +3£:,.(T) ] cost cos}n+ 2k, y(T) cos}n} +1 cost {LFy,y(T)+3£,,.(T) } cost sin hn 

2Fy,y(T) sin}n} 

2Fy,.(T) sing (cosé sin }n+sin4n) —i(cost cos4n—cos4n) } 

V3 Ey, 22-2(R) — Ex, 2,(R) ] sing sinn—i( (Ey, 2y(R) —3F2,222(R) ] sint cosn— 2F, ,,(R) sin2&)} 

sing { —(Ey,y2(T) +3F2,22(T) ] cost sinjn+2Ky, y.(T) sin§n} +7 sing {LEyy.(T) +-3%,,2.(T) ] cost cos4n 
+ 2Ey yz(T) cos4n} 

Fiy.21-y? (0) + (Ey, 24-y?(R) +3Ez, 2y(R) ] cost cosn+2Fy,2*-?(R) cos2é 


sin§n) ] 


sin §n) ] 


sin2§) 


3 y 2y(R) ] sing cosy — 24, ,+-y2(R) sin2£)} 


v3i[ Fe, :? y(R) t Ey,2y(R) | cost sinn 
cost { (Ey, 2242(T) +3Ez,2y(T) ] cost cos}n+ 2 y,2?-42(T) cos4n) +7 cost {Ey 22 y2(T) +3Fz,2y(T) } cosé sin4n 
2Ey,2?-4?(T) sin§n)} 


Fy, 124-7 (0) — 2Ey, a2*-,2(R) (cost cosn —cos2£) + 2V3iFy, 1.2-+2(R) cost sinn 
2Fy, 122-72(T) cost (cost cos}n —cos4n) +1 (cost sinjn+sin§n) | 

E, (0) +2, .(R) (2 cost cosn+cos2€) 

2E,, .(T) cost¢[(2 cost cos}n+cos4n) +4(2 cost sin}n 

2V3E,,2*-42(T) sing sing (cos}n +1 sin }n) 

Eu y2(O) —2E 4 y2(R) (cost cosn —cos2t) + 2V3i FE, 2.(R) cost sinn 

~2E.y2(T) cost( (cost cos}n —cos4n) +1 (cosé sin }n+sin4n) } 
2vV3E, yz(R) sing sinn+ 2iF,, ,,(R) (siné cosn+sin2£) 

2V3E, y:(T) sinE cos{(sin}n—i cos}n) 

2E,,21-41(T) sing[ (cosé sin 4n+sin4n) —1i (cost cos}n—cos}n) } 

—2E, 3.2-(T) sing ( (2 cost sin}n —sin}n) —i(2 cost cos}n+cos4n) } 

Egy, zy (0) + LEcy,zy(R) +32 g*-42.22-42(R) ] cost cosn+ 2Fzy,2y(R) cos2é 

cost { [Ezy 2y(T) +3 £e142.21-4(T) ] cost cos4n+ 2Ezy,2y(T) cosin} +4 cost (ey, 2y(T) + 32.1 y2.21-2(T) ] cost 
X sin}n — 2Ezy,2y(T) sin4n) 

V3[ Evy, 22(T) — Eys,22-y?(T) J sing sing (cos}n +1 sin 4m) 

sing { —(Ezy,22(T) +32 ys,2*-42(T) ] cost sin}n+ 22 zy, 22(T) sin§n) +4 sing ((ey.20(T) +32 ye22-4(T) | cost cos4n 
+2Ezy,22(T) cos4n) 


sin4n) ] 
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R) — zy. 2y(R) ] sink sinn — 2iEF,,, ,2-2(R) (2 siné cosn—sin2€) 
Ezy ey (1 Fy ys" yl } sing COSE (sin4n 1 COS4n) 
2V3 Ma? y? a2? (R) sing sinn + 2iF,y, 922-72(R) (sint cosn +sin2£) 
2v3E,*_,y (T) sin€ cost (sin 4n —i cos4n) 
Evaye )) 4+ toon a a? +3E,,,.(R }] cost cosy + QE y: yz(R) cos2¢ 
cost (Eye ye(T) + 3% ce.22(T) ] cost costn+2KFy.y2(T) cosin} +1 cose {{ Eyzy:(T)+ 3f52,22(T) ] cost sin}n 
ZEvaye 1 sin{n} 
v3) Fysys(R) Fine 12(R) | sing sinn 2iky: r2(R) 2 sink cosn sin2é) 
V3[ Fees an(T) — Eye y2(T) ] sin€ cost (sin4n —i cos}n) 
sing { — [ys 2?y(T) +3 vy, 22(T) ] cost sinjn+2F,, 222(T) singn} +7 sing { LEys,22-42(T) 
t SEey ol | cosé cos4n + 2Ey. sty T) cosin} 
2h z?-9 (T sing (cost sin 4n t SIN Gn) i(cost cos\n cos4n) ] 
Figs 2s(0) + Enssee(R) +3E yx,ye(R) ] cost cosn-+ 2Eps,24(R) cOs2é 
cost ([Fy222(T)4 J ) | cost cos4n+2E,,, (T cos3n} +7 cost{(Fy.22(T)4 SP (| ] cosé sin 4n 
Bhocest th) 
2V3 Eye a22-(T) sin€ sing (cos4n 4+ sin 4n 
Foyt? (0) + ag? ty (R) +3 Egy, 1 (R) ] cost cosn4-2F, 2,2 2? y2(R) cos2¢ 
cost (LE,*)%, 2(T)+ $F ,y 2y(T) ] cost cos}n+2EF,? ys y(T) cos#n} +7 cost{ LE, 
cost sin \n Le? Ras T) sin¢n} 


ve 


T)+3Exy,2y(T)] 


viny 4 
R cost cosn —cos2t) 4 23iE zy 2? *(R) cost sinn 

T) cost| (cost cos4n C084) +-1(cost sin 4n t sin§n J 

+ 2E 35773 347-5 R (2 cost cosn + cos2t) 


COST | (2 cost cos\n + COs in) + i(2 cost sin }n sin §n) ] 


Paste III. Matrix components of energy expressed in terms of two-center integrals 


Sot 2(ssa) 2 cost cosn +cos2i 


“&) 
2(ssa), cost] (2 


21(spa); (sing cosn+sin2¢) 


2(spa),; sink cost (sin}n— i cos }n) 


i 2 1 2 ] 
COSE COS4N + COS4N) +1 2 cost sin4n—sin§n) | 


2v3i(spa), cost sinn 


{V3 (spa); cosé (cost cosy — cosin) +4 cost sin\n+sin4n) | 
) (spa), sing| (2 cosé sin4n—sin{n) ~1 2 cost cos}n+-cos§n) | 
$(sdo), sink sinn 


sda sink cost (sin4n i cos\n 


2 \ i) (sda); sing (COSE sin4n rS$in4n) i(cosé cos\n os4n) } 
2v2 (sda); SINE SUNG cos hn Tt sin 4n) 
V3 da COSE COSN cos2t) 


hv3 (sda), cost} cost cos\n COs4n) tI cost sin4n+sin{n) | 
(sda )s(2 cost Cosy + cos2§) 
sda COsC} 2 cos! cos \n PCOS{n) 4 2 cost sin \n Sin gn 


Pot ppa)ir 4 ppw)i ] cosé cosy + 2 ppo) cos2t 

cost {| (ppa), +3 ppw | cost cos hn +2 ppm); cosin) +1 cose{| (ppa)it 3 ppm ] cosé sin\n—2 ppm) sin{n} 
V3[ (ppo); — (ppw); | sin€ sinn 
\\3| (ppo ppw), | sinE cost (sin}n—7 cos}n) 
2(y/ 4) (ppa (ppw), ] sin€ sing(cos\n+4 sin4n 

(pd)o+ iL} (pda), +3 (pdr), | cost sinn 

cost (4 (pdo), + 4v3 (pd) 1] cosé cos }n — 4V3 (pdr), costn) +i cosy (C4 (pda): + 4V3 (pdr) ] cost sin}n 
+ 4v3( pda sin{n} 
| (\/ 4) (pde v2 pdn } sing sing (cos \n +2 sin 4n) 

sing { | v2 ( pda +2 \ 1 pdn 1) COSE sin 4n +2 v/ 4) pdn ; sin§n) T i sing {[{ V2 (pda it 2(y 4 pdr), ] cosé 
x cos in + 2(y/ 4) (pdr); cos{n} 


i{ —[4v3 (pda), —3(pdn 


il }v3 pda), + S( pdr); ] sinE cosé sin 4n i cos4n) 


| sing cosn-+ v3 (pda), sin2¢)} 
i( pda), (sint cosn+sin2¢ 
| (pda), — 4vV3 (pdr), | sint cost (sin }n — 7 cos4n) 
mt [ 3(ppo it (ppw); ] cost cosy +2 ppr , cos2¢ 
[(ppe)r +11 (ppr)s] cost cos}n+2[ (ppo)i+2(ppx):] cosin) +44 cost (L(ppe)i+11 (ppm). cose singy 
[ (po). +2(ppx)s] singn} 
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TABLE III.- 


Z)12 §V2[ (ppa)i— (pp), ] sing (cosé sin}n+sin §n) 
(pdr), ] sint cosn+2 (pdm); sin2&} 
[v2 (pda): +10(4/}) (pdr), ] cosé sin n+ 2[v2 (pda) 4 


i{{ }v3 (pda), 


} sing { 


XV)i1 
1/ Y%)i2 


FOR 


HEXAGONAL STR 


Continued. 
cosin) | 


1 
1(cost Cos4n 


(./3) (pdr), ] sin?n) + fi sing {[ v2 (pda), 
Vai j j t 


+10(4/ 3) (pdx), ] cost cosy + 2[v2 (pda), + (/ 4) (pdr), ] cos}n} 


x2 


(pd)o - 
} cost{(4 (pda), 


-¥* Jin 


1/42 — y*) 9 


1/322 —r?) 1) V3i (pda), cost sinn 
)/322—*) 12 


Z)u pot2(ppm)i(2 cost cosy +cos2é) 


z)i2 {(2(ppo).+ (ppm), ] cos¢[ (2 cost cos}n + cos}n) +i(2 cose sin}n 


2v3i(pdr), cost sinn 
4(2 (pda), 
2i (pdr), (sint cosn+sin2é) 

3(2v3 (pdo), 


‘yZ)i1 

‘yz)ie 

XZ) 1 
2/XZ)i2 
(2/x?— 9) 12 
2/32?—4?) 12 
(xy/xY)i1 
(xy/xy)12 


il} (pda), +3 (pdr), ] cosé sinn 
(7/3)V3 (pdx), ] cost cos}n+2[ 4 (pda), + 4v3 (pdr), | cosin} + fi cost (4 (pdo), 
(7/3)v3 (pdx), | cosé sin}n — 24 (pda), + 4v3 (pdr), 


\[_ v3 (pda), —4 (pdr), | cost (cost cos} 


}v3 (pdr), | cos¢[ (cost cos} 


(pdr), } siné cost (sin 4 
\[ v2 (pda): —2 (4/3) (pdx), ] sing (cosé sin}n +sin 4n) 

—[(/ 4) (pda): + 4V2 (pdr), ] sing (2 cost sin4n 

dy+([(9/4) (dda) + (ddr) + } (ddd), ] cost cosn +2 (ddr); cos2t 

cost{ }[ (dda), +4 (dd), +11 (ddd), ] cost cos4n+ 4[ (dd) +2 (ddd), } cosin} +4 cost { {[ (dda), +4 (ddr), 


} sin in} 


cos4n) +4(cosé sin} +sin§n) | 


sin§n) | 
cosin) +7(cosé sin}n+sin§{n) | 


i cos}n) 
i(cost cos4n cos{n 


sin 4n) i(2 cost cos}n+cos{n) | 


+11 (ddd); | cost sin}n— ¢[ (ddr), +-2 (ddd), | sin§n} 


(xy/y2)12= (x2 (/ 4) [4 (dda), +4 (ddr), 
v2 sing {4[ (dda), 
§{ (ddr), 
}v3[3 (dda), 
hv3[ } (dda); 
3{ (dda), 
[ 4(ddo), 


(xy/x2)12 
(ddé), | cos§n} 
(xy, e ya 
y)i2 
ry) 


Yr )ie 


(xy/x? 
(xy/32? 
(xy/32? 


(yz /yz) iy 


(ddé), | siné sinn 


v3 (dd), — (dd6), | sin€ sinn 
V3.2 (dda); — (5/3) (ddr), 
hv2 sing {4 (dda), 
+ 4v2i sing {4 (dda), 


(y2/322—r?) 12 2(v/ 4) L4 (dda): — 4 (ddr), 


(y2/xz)i1 
(yz 'x2)12 
(yz ag —¥)i2 


(xz/xz)11 d\+{ 
(xz/x2)12 

X cost sin }n 
(x2/32? 2v2[4 (dda), 


(x? — y2/x? 


r*) 12 \ (ddr), 
yu 
(a? — y?/x? — y?) 12 
Xsin4n} 
4v3{ (dda), 
4v3[.4 (dda), 


(x? — y?/32? 
(x? — y?/32? 
(322 — 92/32? 
(322 ~—4?/32? 


r*) 11 
rin 
ri 


r)ia 


volving r;= R= (2,0,0) and nonvanishing £ integrals in 
(m/n);2 can be expressed in terms of £ integrals 


involving r;+t,= T= (0, —4, 1). We have, for instance 


E,, wl, = ie ) aE 2 y'(R) -4V3 Ez, »(R) 


1 y ly}, 
+ AV3Ey, +-41(R)—} Ez, 2 (R). 
After all these reductions, it turns out that only 71 
independent FE integrals remain. The matrix com- 
ponents of energy expressed in terms of £ integrals are 


4(ddr),+ (dd5) | sing sinn 
4 (dd) ,-+ (1/12) (ddd); } sinE cos¢ (sin 4y 


4 (ddw), + } (ddé), | siné cost (sin \n 
d, +-[.3(ddr), + (dd), | cost cosn+2 (dd), cos2t 
(y2/y2)12 } cost{[.2 (dda), 4 (19/3) (dd), + (11/3) (ddé), | cost cos}n + 2[.2 (dda), + | (ddr), 4 

+ 44 cost {{2 (dda), + (19/3) (ddw),+ (11/3) (ddd); ] cost sin jn — 2{.2 (dda), + \ (dda), +4 


- 4 (ddd), | sint cos¢ (sin \n 
(8/3) (ddw),+ (13/6) (ddd), ] cosé sin \n 
(8/3) (dd) 1+ (13/6) (ddd), ] cost cos}n + (dda), + 4 (ddr), 
} (ddd), | sing { (cost sin }n+sin3n 
ddr), +3 (dds), | cost cosn+-2(ddr) , cos2é 
cost {[2 (dda) + (ddw) + (ddd), | cost cos}n+ 4[2 (ddr), + (ddd), ] cos4n} +i cost {(.2 (dda), + (ddw), + (dds), | 
4.2 (ddw), + (dd5),; ] sin{n} 
4 (ddd), | sink sing (cos\n +i sin 4n) 
dy+[ 4 (dda), +3 (ddr), + } (ddd), ] cost cosn+-4[.3 (dda), + (ddd); | cos2t 
4 cost {{.4 (dda), + (11/3) (ddw),+ (97/12) (ddd); ] cost cos}n + 2[ 4 (dda), + 4 (ddw), + (25/12) (ddd), | cos{n} 

+ 47 cost{(.4 (dda), + (11/3) (ddw) 1+ (97/12) (ddd); | cosé sin 4n 


(ddd), |(cost cosn —cos2€) 

4 (ddw) + (5/12) (ddd), | cost[ (cost cos4n 
d+4[ (dda), +3 (ddd); }(2 cost cosn+cos2£) 
[4 (dda), + 4 (ddx), +} (dd), ] cost((2 cost cos4n+-cos4n) +1(2 cost sin4\n 


- (11/6) (ddd), ] sin€ sing (cos}n +i sin 4n) 
(ddd), | cosé sin4n+ 4[ (ddr), 


(dd6), | sin§n) t v2i sing {4 (dda) (ddd), ] cosé cos |n 


i cos\n) 
i cos }n) 


4 (dds), ] cos4n) 
4 (ddd), ] sin{n) 


i cos\n) 
[ (dda), + 4 (ddr), 5/3) (ddé); ] sin }n)} 
(5 3) (ddd); | cos4n} 


i(cost cos\n cosin) } 


2[ 4 (dda) + 4 (dd), + (25/12) (ddd), } 


c0s4n) +i(cosé sin4n+sin4n) | 


sin in) J 


given in Table II. In this table we have used the abbre 
viations = }ak,, n sv3ak,, f= hck,= («/4)ak, 

We make finally the two-center approximation. Here 
Table I of reference 1 has been used. Upon making this 
approximation, we have only 16 independent integrals 
The nonvanishing matrix components expressed in 
terms of them are given in Table III. 

The author wishes to thank Dr. M. Suffezynski for 
suggesting the present work and for his continued 
interest in it. 
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The experiments of Lassen revealed the existence of two 
“density effects” expressing a dependence of the average charge 
of a moving heavy ion on the density of the surrounding medium. 
(1) the “pressure effect” characterizing 
gases and (2) the “state of condensation effect” characterizing 
solids and liquids. According to Bohr and Lindhard, these two 
effects are phenomenologically analogous since they involve a 


These are as follows 


relationship between the times separating successive collisions of 
the moving ion and the times required for the excited orbital 
electrons to readjust themselves either by radiation or by redis 
tribution of their excitation energy. It is conjectured that the 
phenomenological similarity may not be complete since in deter 
mining the state of condensation effect one also has to take into 
account the effect of a polarizing field due to the reaction of the 
perturbed medium on the moving ion. This field causes spon 
taneous emission of electrons carried by the ion, thus increasing 


I. INTRODUCTION 


A° an ion passes through a gaseous medium, it 
undergoes a continual and recurrent process of 
capture and loss of its orbital electrons and as a result 
of this process the higher the velocity of the ion, the 
larger is its average charge. An estimate of the charge 
of a moving ion has been made by Bohr'? who assumed 
that the ion is stripped of all its orbital electrons that 
have velocities smaller than the translational velocity 
of the ion. Further refinements of Bohr’s estimate have 
been made by Knipp and Teller® and Brunings, Knipp, 
and Teller.‘ 

In making the above estimates it was assumed that 
the average charge of the ion is a unique function of its 
velocity, i.e., that the character of the medium sur- 
rounding the ion has a secondary and negligible effect. 
However, recent investigations of Lassen, revealed 
that the average charge of a fission fragment varies 
considerably with the density of the surrounding 
medium. A similar “density effect” for helium ions 
reported by Allison and Warshaw’ is based on the 
comparison of measurements made by Allison, Casson, 
and Weyl with those made by Snitzer.* Namely, the 
ratios of Het*+/Het for metals as measured by Allison, 

''N. Bohr, Phys. Rev. 58, 654 (1940). 

*N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, No. 8 (1948), 

‘J. K. Knipp and E. Teller, Phys. Rev. 59, 659 (1941) 

‘ Brunings, Knipp, and Teller, Phys. Rev: 60, 675 (1951). 

®*N. O. Lassen, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd, 26, No. 5 (1951) 
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the effective charge of the ion. A relationship is established 
between various values of the polarizing field and the correspond- 
ing average charge of an incident heavy ion in which the orbital 
electrons are continually maintained in an excited state due to 
the recurrent collisions with the atoms in the surrounding medium. 
The value of the polarizing field is determined for a particular case 
of a heavy fission fragment in gold and by applying this value to 
the above relationship it is shown that the contribution of the 
autoionization is substantial. Therefore, this contribution should 
be taken into account in determining the cause of the “state of 
condensation effect.” The “autoionization” is due to “distant 
collisions,” i.e., to the portion of the medium relatively far 
removed from the particle track, whereas the effect of Bohr and 
Lindhard is due to “close collisions” with atoms adjacent to the 
track. 


Casson, and Weyl are substantially higher than the 
corresponding values for air measured by Snitzer. A 
simijar result is obtained by comparing the ratios of 
Het*/Het in metals measured by Dissanaike® and with 
the corresponding values obtained in gases by Snitzer 
and by Stier, Barnett, and Evans!’ although there is 
some discrepancy between the values of Het+/Het in 
metals as obtained by Dissanaike and the corresponding 
values obtained by Allison, Casson, and Weyl."! 

Furthermore, the work of Lassen revealed the exist- 
ence of two density effects: “the pressure effect” 
characterizing gaseous media at low pressure and the 
“state of condensation” effect characterizing media 
that can be either in a solid (or liquid) or a gaseous 
state. One of our objectives is to ascertain whether 
these two effects are due to similar causes or whether 
they are phenomenologically different. 


II. PRESSURE EFFECT 


The pressure effect has been observed only in gas at 
pressures considerably below atmospheric. For instance, 
the average charge of a fission fragment in argon at a 
few mm Hg is about 16. This charge increases with the 
increase of pressure until it reaches a limiting value of 
19 at 70 mm Hg and above this value the charge 
remains substantially constant. 

The explanation of the pressure effect has been given 
by Lassen and discussed further by Bohr and Lindhard.” 
This effect depends upon the relative values of two time 


*G. A. Dissanaike, Phil. Mag. 44, 1051 (1953). 

” Stier, Barnett, and Evans, Phys. Rev. 96, 973 (1953). 

"S. K. Allison (private communication). 

2N. Bohr and J. Lindhard, Kgl. Danske Videnskab., Selskab 
Mat.-fys. Medd. 28, No. 7 (1954). 
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intervals, designated as To); and Tex. The value To1) 
represents the average time interval separating two 
successive charge exchange collisions between the 
moving ion and the atoms in the surrounding medium, 
and the value 7.x. is the radiative lifetime of the ion 
in an excited state. It is apparent that after a collision 
one or more orbital electrons carried by the ion are 
often left in an excited state. If the pressure is relatively 


high, we have Texe> To. and there is a high probability . 


that an electron in an excited state will be removed 
from the ion in the next collision. The higher the 
pressure, the more frequent are the collisions in which 
an excited electron is removed from the ion and the 
more efficient is the process of stripping the external 
orbital electrons from the ion. On the other hand, for 
lower pressures of the surrounding gas we have 
Texe< To, and an electron that is initially excited as a 
result of collision has time to return to its ground state 
before the next collision takes place. At the next col- 
lision the probability of knocking out the electron from 
the ground state is smaller than if the electron were 
excited and, therefore, the process of stripping the ion 
of its orbital electrons is less efficient at a lower 
pressure. 


III. STATE OF CONDENSATION EFFECT 
A. General 


The experiments by Lassen and by Allison, Casson, 
and Weyl, referred to above, show that the average 
charge of an ion passing through a gas at a given 
velocity is substantially lower than the corresponding 
charge of the ion passing through a solid at the same 
velocity. This effect has been observed both for fission 
fragments and for helium ions. It is, however, par- 
ticularly striking in the case of a fission fragment. 
According to the measurements of Lassen, the average 
charge Z,, of a heavy fission fragment in various gases 
varies from 13 to 15. On the other hand, the value Za, 
for a fission fragment emerging from various solids into 
vacuum varies from 22 to 24. In order to account for 
this unsuspected large difference, two explanations have 
been suggested, one given by Bohr and Lindhard"” and 
the other given in a previous paper by Neufeld'* which 
shall be hereafter referred to as Paper I. The assump- 
tions made by Bohr and Lindhard are based on the 
statistical behavior of an assembly of electrons and 
therefore are applicable to heavy ions only. On the 
other hand the assumptions made in Paper I are 
applicable to both heavy and light ions, although 
Paper I was devoted specifically to the study of the 
effect on a light ion such as an atom of helium. 


B. Bohr and Lindhard Assumptions 


The assumptions made by Bohr and Lindhard are 
somewhat analogous to those underlying the pressure 


8 Jacob Neufeld, Phys. Rev. 96, 1470 (1954). 
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effect. They assume that immediately after a collision a 
heavy ion has many of its orbital electrons in excited 
states and that the excitation energy of these electrons 
is not uniformly distributed. Some of the electrons have 
a relatively large excitation energy and would require 
little additional energy in order to leave the ion. How 

ever, these excited electrons tend to readjust them 

selves so as to distribute their excitation energy more 
uniformly. Let 7Tyi, be the time necessary for such a 
redistribution. The occurrence of the state of conden 

sation effect depends upon the relative values of Tyi. 
and 7%), in the same manner as the pressure effect 
depends upon the relative values of Tx and Tout. 

For gases we have 7o),>7 ai, and, therefore, the 
excited ion distributes its excitation energy among 
several electrons before the next collision and the chance 
of having the ion further ionized is relatively small. For 
solids and liquids, we have Tyo1.< Tai, and, therefore, 
there is not sufficient time between two collisions to 
redistribute excitation energy and an electron originally 
placed in an excited state as a result of the first collision 
has a relatively large probability of being removed as a 
result of the next collision. 

Thus, according to Bohr and Lindhard, the pressure 
effect and the state of condensation effect are based 
on the following inequalities : 


<7 <Taat Ta’ <TesXiott » (1) 


’ time 


where Tou’, Teo’, and T.nu’ represent the 
intervals between successive collisions of the ion in a 
solid, in a gas at relative high pressure and relative low 
pressure, respectively. The above expression and all 
subsequent formulas will be expressed in atomic units,'* 
Whenever cys units are used they will be identified as 
such. Thus, according to these assumptions, both effects 
are analogous since they involve relationship between 
the times separating successive collisions and the times 
required for the excited orbital electrons to readjust 
themselves either by radiation or by redistribution of 
the excitation energy. 


C. Autoionization 
1. Formulation of the Problem 


As suggested in Paper I, the state of condensation 
effect for light ions, such as He ions, is due to the 
spontaneous emission of orbital electrons from the 
moving ion (autoionization). Autoionization would 
appear to be a more plausible explanation of the effect 
than the Bohr and Lindhard theory since it is unlikely 
that the considerations based on the statistical model 
of an atom are applicable to helium. Since the explana 
tion of the pressure effect as set forth by Lassen and by 
Bohr and Lindhard does not involve the statistical 
model, it is applicable to helium. Therefore, at least for 
the case of light ions such as helium, the state of con 


“For definition of atomic units, see D. KR. Hartree, Pro 
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hic, 1, Plot of the potential functions U2(n), U2'(n), and U2’’(n). 


densation effect should be phenomenologically different 
from the pressure effect. ‘The autoionization is due to 
the reaction of the perturbed medium upon the moving 
ion, which reaction results in a field 


1 dW 
QE) 2 
Zu dx 


where x is the distance along the particle track and 
dW /dx is the energy loss per unit of the particle track. 
The strength of the field F is relatively small in gases 
and has substantially no effect on the moving ion. 
However, in condensed media such as liquids or solids 
the field F becomes relatively large and may cause 
spontaneous emission of electrons carried by the ion 
and thus tends to increase the average charge of the ion. 

The effect of autoionization is illustrated in Fig. 1. 
In the absence of the polarizing field the electrons 
confine themselves to a region R; close to the nucleus. 
In the presence of the polarizing field the potential 
energy of each electron may assume arbitrarily large 
negative values corresponding to sufficiently large 
distances from the nucleus. This creates another region 
R, separated from the nucleus and extending into 
infinity and which may contain an electron having a 


negative energy /s. The width of the barrier separating | 


the region R, and the region R, determines the prob- 
ability of escape of an electron initially within the 
region R, into the outside region Ro», i.e., the probability 
of autoionization.’°-"? 

The motion of an electron having energy Fs in the 
Coulomb field of charge S can be represented by means 
of parabolic coordinates in the form of two one-dimen- 
sional Schrédinger equations in which the total energy 
of the electron is /s/4 and the potential fields exhibit 


1 J. R. Oppenheimer, Phys. Rev. 31, 66 (1928). 

(Lanczos, Z. Physik 62, 518 (1930); 65, 431 (1930); 68, 204 
(1931). 

17H. A. Bethe, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), Vol. 24, No. 1, p. 410. 
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the following forms: 
(2nit+m+1)S m*—1 Ft 
Ui(g)= -—-— - —— -+--—-4+—, 
4né 8H" 8 


(2n2+-m+1)S m’—1 Fy 
1 wepmatinciliaitidica 


(3a) 


(3b) 
4nn 8? 
In (3a) and (3b) n is the effective principal quantum 
number, m, and mz are the effective parabolic quantum 
numbers, and m is the magnetic quantum number. 
The form U/2(n) shown in Fig. 1 exhibits two regions 
in which the motion of an electron having energy Es is 
classically possible, the region R, between A and B, 
and the region R, from C to infinity. For increasing 
values of F, the width BC of the potential barrier 
decreases until it reaches zero for a certain critical value 
of F corresponding to the form U,’(n). This critical 
value of F is a function of the strength of the Coulomb 
field, the binding energy of the electron and _ its 
quantum state and, therefore, shall be represented as 
F(S,Es,ng,no,m). For values F>F(S,Es,ns,no,m) the 
potential has the form U,’’(n) in which the potential 
barrier is nonexistent, i.e., the particle cannot exist in 
a bound state and escapes into infinity. For these values 
of F the ionization is instantaneous. We shall neglect 
the quantum mechanical effect of leakage of the orbital 
electrons through the potential barrier, and thus if 
F <F(S,Es,ng,n2,m) an electron in region R; remains 
bound to the ion. 
The critical value F(.S,/.s,n5,n2,m) corresponding to 
the potential form U2'(n) can be determined as follows: 
The values O,A, O,B, and O,C in Fig. 1 are roots of 
the equation 
x§+ayx+b,=0, (4) 
where 
a,= (12F8—4E?)/3F?, 
b,=[16E*—72EBF+27F?(1—m?) |/27F*, 
B=[n?+0.5(m+1) ]S/n. 


For the potential form U2'(n), OB and O,C are equal 
and this requires'*® that 27b,°+4a,'=0 which yields for 
the critical value of the polarizing field the following 
values, 

F(S,Es,ns,no,m) =[—b+ (b’—4ac)4]/2a, (5) 
where 
a=27(1—m?’)?, 
b= 2566'— 144F£8(1—m?’), 
c= 32E?(1—m’) —64E'8?. 


2. Average Charge of the Ion in an External Field 


(a) Outline of the method.—Consider a neutral atom 
comprising Z orbital electrons in ground states and 


18 See for instance, Handbook of Chemistry and Physics (Chemical 
Rubber Publishing Company, Cleveland, 1949), thirty-first 
edition, p. 270. 
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assume that the atom is being stripped consecutively 
of all its outermost electrons. Thus as the stripping goes 
on the charge of the resulting ion increases from the 
initial value zero to the value Z. We shall designate as 
Es° the binding energy of the outermost orbit of the 
ion to which corresponds the binding charge S. We 
shall also consider an atom in an excited state and 
assume that the energy of each orbital electron has been 
increased due to excitation by an amount /,,, the value 
I, being such that 


Ey< dh dl Tw &<E, p< Ta<ia™. (6) 


Since the excitation energy exceeds the binding energies 
of the outermost m—1 electrons, the above atom is 
ionized. Thus the resulting ion has a charge m—1, and 
the binding charge of the outermost electron is E,°+]». 
If the ion is stripped consecutively of its external 
electrons, then the binding energy of the outermost 
electron corresponding to charge S is 


eEs=Es°+I, for S >m. 

We shall adopt now as our model an excited ion as 
defined above, i.e., having an excitation energy Jp, 
defined by (7) and having a charge (m—1). Following 
Bohr!® and Bohr and Lindhard,?® we shall define the 
“effective quantum number ns” of an outermost elec- 
tron of an ion as follows: 


ng=S/(2|Es|)' for S>m. (8) 
An orbital electron can exist in ms? quantum states and 
to each state corresponds a critical value F(.S,/.s,n.5,n2,m) 
as given by (5). Let Ns be the number of states for 
which F(S,Es,ns,no,m)>F, i.e., for which the classical 
condition for autoionization is not fulfilled. Therefore, 
the probability that the outermost electron is retained 
in its orbit, i.e., that the ion retains its charge (m—1) is 


Nn/Nm?= Pm, (9) 


and the probability that the electron escapes is 1—~— P,. 
Let Fn: be the binding energy of the electron in the 
(m+1) orbit and m4; the corresponding effective 
quantum number. This electron can exist in ny,’ 
quantum states and to each corresponds a value 
F(m+1, Emit, Mm41, 2, m) for which autoionization 
occurs. Let N,41; be the number of states for which 
F(m+1, Emyi, Im+i, M2, m)>F, and therefore, the rela- 
tive probability that this electron will be retained jn 
its orbit is Nynyi/Mm4i’. Thus the probability that the 
ion will retain this electron in the presence of the field 
F is 

(1— Pa) Nmii/Nmyt? 


F tis (10) 


By continuing the above procedure it can be shown 
that the probability of the ion having a charge m+r in 


4 Reference 2, pages 100 and 101. 
2” Reference 12, pages 9 and 10 
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the presence of the field F is 
rl (1 ~~ N tj Nm+~) 


Nate I . ¢ ’ 


ites Nintr 


Pate 


and the average charge of the ion in the field F is 


Z—S—1 Z—m-—\ 


Zp x (m +r) Pmiryit Z(1-— > Patesi): 


re) re 


(12) 


3. Binding Energies Es° 


According to Bohr'® and Bohr and Lindhard,” the 
binding energies /'s° can be estimated roughly from 
(8) by assigning appropriate values tO mg to obtain an 
agreement with the Thomas-Fermi model. For an ion 
that is stripped of its external electrons only, ng is 
assumed to be of the order of one. If the number of 
electrons removed from the ion is increased, ny reaches 
a value approximately equal to Z! for S approaching 
but somewhat smaller than 7/2. If the ion is further 
stripped so as to retain only the most firmly bound 
electrons belonging to the A shell, ns reaches a value 
of the order of one. The binding charge of the ion of 
xenon (Z=54) has been tabulated in accordance with 
the above estimate and the results are plotted giving 
curve B in Fig. 2. It has been assumed that ns =4 for 
12<§<34:-ng=3 for8<S <11 and 35 <§ <42:ns=2 
for 3<.S <7 and 41 <S <50; ng=1 for S=1, 2, 51, 52, 
53, 54 

According to Lindhard*® the above estimate repre 
sents about one-half of the true binding energies, and 
Lindhard and Scharff’ assumed a model similar to the 
yZ4 where y= 0.7. 
Other apparently more reliable estimates of the 


one above but with maximum ngs 


binding energies of various ions have been made by 
Lisitzin™® and by Mayer.™ The values of Lisitzin corre 
sponding to an ion of xenon are represented by means 
of the curve L in Fig. 2, and those of Mayer by means 
of the curve M. The method of Mayer is not accurate 
for small values of .S, but apparently very good (within 
a few percent) for moderately (say, 10-fold or more) 
ionized atoms.”® 


4. Strength of the Polarizing Field 


The polarizing field # for a heavy ion is determined 
by the expression (2) in which the value Z,, is known 
from the measurements of Lassen but unfortunately the 
value dW’/dx can only be determined indirectly. 

The literature on the slowing down of fission fragments 


2 J. Lindhard (private communication 

” J. Lindhard and M. Scharff, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 15 (1953) 

33. Lisitzin, Comm. Phys. Math 
(1938). 

* Harris Mayer, Atomic Energy Commission Report AKCD 
1870 (unpublished). 

* Harris Mayer (private communication) 
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Fic. 2. Relationship between binding energy Eg (in atomic units) of the outermost electron in a xenon ion and the corresponding 
binding charge S. 


in gases is relatively abundant. However, of particular 
interest to us are the measurements in solids such as 
those made several years ago by Finkle, Hoagland, 
Katcoff, and Sugarman,” and by Suzor’’ and more 
recently by Leachman and Schmitt” and by Schmitt 
and Leachman.” We shall use the more recent measure- 
ments for our computations. 

A theoretical estimate of the stopping power has been 
made by Bohr. According to this estimate the stopping 
power for a heavy ion moving with velocity v<2Z,, in 
a medium having NV atoms per unit of volume can be 


expressed as follows”: 


dW /dx=NBan,(3x4+xn ), (13) 


* Finkle, Hoagland, Katcoff, and Sugarman, Radiochemical 
Studies: The Fission Products (McGraw-Hill Book Company, 
Inc., New York, 1951), Paper No. 46, National Nuclear Energy 
Series, Plutonium Project Record, Vol. 9, Div. IV. 

27 F, Suzor, Ann. phys. 4, 269 (1949). 

**R. B. Leachman and H. W. Schmitt, Phys. Rev. 96, 1366 
(1954), 

*H. W. Schmitt and R. B. Leachman, Phys. Rev. 102, 183 
(1956). 

® Reference 2, Formulas (3, 5, 7). 


where 


B.=2n(Zm)?/v?;) me=2Z40; x=2Z m/v. (14) 


The expression (13) is based on the statistical model 
of a stopping atom, and no account has been taken of 
the energy loss due to the continual and recurrent charge 
exchange between the moving ion and the surrounding 
medium, Therefore, this expression is applicable prefer- 
ably to media composed of heavy elements, and it 
should be considered as, at best, a rough estimate. 

According to Bohr and Lindhard,* the charge of a 
heavy ion passing through a solid can be expressed as 
follows: 


(15) 


where n, is the quantum number of electrons carried by 
the ion and having an orbital velocity between v and 2». 
Substituting (14) and (15) in (13), we obtain 


dW /dx=9aNZ.'n,*0[ 3(v/2Zm)*+ (v/2Zn) J. 


Since m, and the value within the square brackets in 
(16) varies slowly with the velocity of the ion, it can 


Zmw=1.5 ny, 


(16) 


| Reference 12, p. 29. 
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Fic, 3, Relationship between the average charge Z,, of a xenon 
ion and the applied field / in atomic units (based on the estimates 
of Bohr and Lindhard). 


be assumed from (16) that the stopping power of the 
ion in a medium composed of heavy atoms is sub- 
stantially proportional to its velocity. 

Unfortunately there are no direct measurements of 
dW/dx and, therefore, there is no experimental veri- 
fication of the proportionality expressed by the formula 
(16). Leachman and Schmitt measured the energy loss 
of fission fragments in metallic foils of known thickness 
and by interpolating their data, they find that the pro- 
portionality may be assumed for heavy fission fragments 
in gold and platinum, but not in lighter elements such 
as aluminum and nickel. 

According to Leachman and Schmitt, the median 
value of the mass number of a heavy fragment group 
is 138.4 and the corresponding value of the velocity is 
9.65108 cm/sec (v=4.42). After passing through a 
gold foil having thickness of 3.3 mg/cm?*, the median 
value of the velocity decreased to 6.7710* cm/sec 
(v=3.10). Using these measurements and assuming 
that the slowing down of the fission fragment follows 
the expression (16), we obtain dW/dx= 49.43. Substi- 
tuting this value in (2) and taking Z,=22 (obtained 
from interpolating the measurements of Lassen), we 
have 

F\=2.24. (17) 

The theoretical estimate of F is obtained by sub- 
stituting (16) and (13) in Eq. (2). Thus, taking Z,= 22 
and v=4.42, we obtain for gold 


F, = 3.46. ( 18) 


5. Effect of the Polarizing Field on the Charge of the Ion 


Figures 3 and 4 illustrate the relationship between the 
average charge Z,, of an ion of xenon and the applied 
polarizing field F. The curves Bo, By, «-+, Bg shown in 
Fig. 3 are based on the values of Eg as represented by 
the graph B in Fig. 2 and the curves Lo, Ly, «--, Ls 
shown in Fig. 4 are based on the values of F's as repre- 
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Fic. 4. Relationship between the average charge Za, of a xenon 
ion and the applied field F in atomic units (based on the estimates 
of Lisitzin). 


sented by the graph L in Fig. 2. The parameters charac- 
terizing each of these curves are given in Table I. Thus 
the curves By and Lo correspond to the ground state of 
the atom. The curve 8,, for instance, represents an 
excited ion having excitation energy /,,=3. The curve 
L; represents an excited ion having /,=16, etc. Of 
particular interest is the last column representing the 
charge of an ion Zpoo in the absence of the polarizing 
field. 


6. Average Charge of a Fission Fragment in a Solid 


The results shown in Fig. 3 and Fig. 4 are only indi- 
rectly related to our problem, since actually we are 
interested in determining the charge of a xenon ion 
moving with a known velocity in a solid medium. 

The average charge of an ion passing through a gas 
or solid results from two competing processes, i.e., from 
the capture and loss of orbital electrons. In order to 
establish the equilibrium charge distribution, one has 
to know the cross sections for capture and loss of 


Various methods for esti- 
2 


various orbital electrons. 
mating these cross sections such as those given by Bohr 
are applicable only to ions in gases, i.e., in the absence 
of a substantial polarizing field #. No workable method 
appears to exist for computing the capture and loss 
cross sections in the presence of a polarizing field, and 
therefore the problem of determining the average 
charge of a heavy ion cannot be solved exactly. We 
shall simplify our picture by assuming that the moving 
ion has been subjected to two independent effects, (a) 
and (6). The effect (a) is due to the capture and loss 
processes under the assumption that these processes 
occur in the absence of the polarizing field. The effect 
(b) is due to the presence of the polarizing field caused 
by the motion of the ion in a solid. 

From the measurements made by Lassen, one can 
estimate that for a heavy fission fragment passing 
through solid gold Z,4~22 and the corresponding value 
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Tas_e I, Tabulation of parameters characterizing the curves 


Bo, B;, Bz, Bs, and B, of Fig. 3, and the curves Lo, Li, Le, La, Ls 


’ 


and 1, of Fig. 4. Energy values are given in atomic units." 


Curve 


Bo 
B, 
B, 
B, 


Im 


0) 
) 


En 


2.92 
5.91 
6.46 
7.87 


Emi 


0.339 
3.45 
6.86 
7.87 
8.96 
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estimated values. Our results are as follows: 


19.75 <Zy,<20.34 
21.25 <Zy<21.70 
17.75 <Zy,< 18.32 
18.38 <Zy<19.29 


for F\=2.24, 
for f= 3.46, 
for F\= 2.24, 
for f= 3.46. 


(19a) 
(19b) 
(20a) 
(20b) 


0.448 

8.07 
11.13 
14.19 
15.45 
16.71 


for Z,, ina vas is 14. Thus the effect (a) accounts for the 
removal from the xenon atom of 14 external orbital 
electrons. Furthermore, the remaining electrons retained 
by the ion are in an excited state as a result of capture 
and loss collisions. Since the radiative lifetime of the 
excited ion is longer than the average time between 
successive collisions, the state of excitation is continu- 
ally maintained as long as the ion is traversing the 
medium. The excitation energy J, is such that /y4 

In <b. The curves B, and B, in Fig. 3 represent 
the relationship between the average charge of a xenon 
ion and the applied field for two different states of 
excitation corresponding to the values [,= 44 and 
T= yy, respectively. Therefore, in order to estimate 
the increase of the charge of the ion due to the effect (b) 


we refer to the estimated values of /,=2.24 [as 


3.46 [ as expressed by (18) } 


expressed by (17) |, and Fy 
and determine the corresponding values of Zs from the 
curves B, and By. These curves are based on the esti- 
mates of the binding energies sy made by Bohr and by 
Bohr and Lindhard. IH, however, we wish to rely on 
the estimates made by Lisitzin we refer to the curves 
Ly; and J, in Fig. 4. The curves By and Ls; give under 
estimated values and the curves B; and 1,4 give over- 


The expressions (19a) and (19b) give the average value 
of the charge of heavy fission fragments based on the 
curve B in Fig. 2 and the expressions (20a) and (20b) 
give the corresponding average value based on the 
curve L in Fig. 2. It should be noted again that the 
experimental value for Zs, in a solid is Z,4~22. There- 
fore, it can be assumed that the autoionization effect 
would account for a substantial portion of the increase 
of the average charge of the ion in a solid medium. 


CONCLUSION 


As suggested in Paper I, autoionization is the domi- 
nant process contributing to the “state of condensation 
effect” for light ions such as helium. For heavy ions 
such as fission fragments, the “state of condensation 
effect”’ may be due to two factors: “close collisions” and 
“distant collisions.”’ The effect of close collisions may 
be due to insufficient time for readjustment between 
two successive collisions as pointed out by Bohr and 
Lindhard. The “distant collisions” characterize the 
long-range effects and are due to the reaction of the 
medium that causes autoionization. The assumption of 
Bohr and Lindhard has not been expressed quanti- 
tatively and, therefore, no basis has been established 
for comparison of the relative effectiveness of these two 
factors. It appears from the above calculations that 
the effect of “distant collisions” is not negligible and 
may account for a substantial portion of the total 
effect. 
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Temperature Dependence of the Hall Coefficients in Some Silver Palladium Alloys* 
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The Hall coefficient for Ag—Pd alloys containing 80% and 60°% Pd has been measured as a function of 
temperature from 4°K to 300°K. These alloys are of great interest because their electronic structure is 


is similar to that of the Cu 


an empirical equation of the form Ro* =A +C/(T 


Ni alloys, which have been investigated recently. The Hall coefficient has been 
found to be strongly temperature-dependent in the Ag 
dependence is different from that observed in the ferromagnetic Cu 


Pd alloys; however, the form of the temperature 
Ni alloys and is well represented by 


6). Since the extraordinary Hall effect causes Cu—Ni 


alloys to exhibit a similar behavior when measured above their Curie temperatures, the temperature depend 


ence in these Pd 


INTRODUCTION 


T has now been well established that the Hall effect 
in ferromagnetic materials obeys the empirical 
relation 


eH RH + 4rR\M, (1) 


where ey is the Hall electric field per unit current 
density, H is the magnetic field, M is the intensity of the 
magnetization, Ry is the ordinary Hall coefficient, and 
R, is the extraordinary Hall coefficient.” 

The ordinary effect in a ferromagnetic material 
corresponds to the Hall effect in a nonferromagnetic 
material; and consequently, Ro is the coefficient related 
to the number of conduction electrons. For a single 
band, this relation would be 

Ro=—1/(Nvec), (2) 
where N is the number of atoms per cm’, v is the number 
of electrons contributed to the conduction band by 
each atom, e is the magnitude of the electronic charge, 
and ¢ is the velocity of light. The situation is, of course, 
complicated in the transition elements by the fact that 
the s band overlaps a partially filled d band. Even when 
d-band conduction can be neglected, the value of Ro 
depends critically upon the extent to which the two 
halves of the d band are occupied. Measurements? at 
very low temperatures on Cu-Ni alloys have demon- 
strated that Ro is roughly twice as large as those at 
room temperature, indicating that there can be only 
0.3 of an electron per atom sufficiently mobile at these 
temperatures to influence the Hall effect. A band 
model* based on the ideas of Mott® appears to explain 
the temperature dependence of the Cu-Ni alloys. This 
model has been carefully checked against recent meas- 
urements on three Cu-Ni alloys by comparing the 
temperature dependence of Ry with that predicted by 


* This research was supported by the Office of Naval Research. 
1K. M. Pugh and T. W. Lippert, Phys. Rev. 42, 709-710 (1932). 
2A. 1. Schindler and E. M. Pugh, Phys. Rev. 89, 295 (1950), 

5 P, Cohen, Office of Naval Research Technical Report, June, 
1955 (unpublished); thesis, Carnegie Institute of Technology, 
1955 (unpublished). 

4E. M. Pugh, Phys. Rev. 97, 647 (1955). 

*N. F. Mott, Proc. Roy. Soc. (London) A153, 699 (1936). 


Ag alloys is ascribed to an extraordinary Hall effect. 


the band model.® Aside from the expected anomalous be- 
havior in the neighborhood of the Curie temperature, 
the model is in rather remarkable agreement with ex- 
perimental results. 

In order to test more conclusively the hypothesis that 
the temperature variation of the Hall coefficient in the 
ferromagnetic Cu-Ni alloys arises from their ferro- 
magnetic properties, the Hall coefficient of the Ag-Pd 
alloys have been studied over a similar temperature 
range. Silver and palladium are the corresponding 
members of the next transition series, which contains no 
ferromagnetic elements. It was believed that the tem- 
perature variation of the Hall coethicient for the corre- 
sponding Ag-Pd alloys would be considerably different 
from that observed in the Cu-Ni alloys. Experimental 
results are now available in the range from 4.2°K to 
room temperature for 80% Pd—20% Ag, and 60% 
Pd—40% Ag. Although the Hall coefficient is rather 
strongly temperature dependent in these Ag-Pd alloys, 
the form of the temperature dependence is different 
from that of the Cu-Ni alloys. In fact it corresponds to 
the type of temperature dependence observed in some 
ferromagnetic their 
temperatures.’ 


transition metals above Curie 


EXPERIMENTAL METHOD AND DATA ANALYSIS 


The Ag-Pd samples that were used in this investiga- 
tion were nominally 1 mm thick, 8 mm wide, and were 
mounted in a holder with 5 cm of the sample left 
exposed between copper clamps to which the primary 
current leads were soldered. ‘The main section of the 
sample holder, which supports both the sample and the 
probes, was machined from a single piece of 
diameter Micarta. This technique insures that 


2-in, 
the 
probes are very nearly perpendicular to the primary 
current flow. 

Measurements at low temperatures were achieved 
by using liquid baths of helium, hydrogen, nitrogen, 
ethylene, and propane. The sample temperatures were 


®*F. E. Allison and E. M. Pugh, Phys. Rev. 102, 1281 (1956) 

7 Jerome M. Lavine, Office of Naval Research Technical Report 
No. 225, March 10, 1956, Cruft Laboratory, Harvard University 
(unpublished). 
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assumed to be equal to the normal boiling points of the 
liquid baths. Room-temperature measurements were 
made with the sample submerged in a tube containing 
a low-vis« osity silicone oil. 

A two-probe system was used throughout this 
investigation and the need for a reversing switch was 
avoided by adding a small bias voltage to one of the Hall 
potential leads. The Hall potential was measured with 
a Rubicon Thermofree potentiometer and a Rubicon 
galvanometer amplifier. Hall-potential measurements 
were made for reversals in the magnetic field at several 
different values of the magnetic field. By this method, 
the Hall electric field per unit current density can be 
obtained as a function of the magnetic induction and 
experimental values of the Hall coefficient determined. 
According to Eq. (1) the ordinary Hall coefficient will 
be given by Ro=dey/dB provided the term 4rR,0M /0B 
can be neglected. Ordinary Hall coefficients deter- 
mined in this way will be designated by Ro*; that is, 


Ro* = dey /dB. (3) 


‘The Ag-Pd alloys are, of course, nonferromagnetic, and 
the intensity of magnetization is proportional to the 
magnetic field; i.e., M= xH. When this relation is 
substituted into Eq. (1), one obtains the relation 


en Rol { 4nRixHl. 
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Thus, any extraordinary contribution to the Hall 
electric field, which is proportional to the intensity of 
magnetization, will not be separated from the ordinary 
contributions in a paramagnetic sample.* 


EXPERIMENTAL RESULTS 

The Hall electric field per unit current density was 
measured as a function of the magnetic induction 
from 4.2°K to room temperature for two Ag-Pd alloys. 
The experimental results are shown in Fig. 1 for the 60% 
Pd sample and in Fig. 2 for the 80% Pd sample. The 
Hall coefficients, computed by means of Eq. (3) from 
the data shown in Figs. 1 and 2, are presented in Table 
I. The sign of the Hall coefficient is negative, corre- 
sponding to electronic conduction; and the magnitude 
is rather strongly temperature dependent. The Hall 
coefficient at 4.2°K is roughly 1} times larger than the 
Hall coefficient at room temperature. The values of 
R,* tabulated in Table I are plotted as a function of 
temperature in Fig. 3 


DISCUSSION 


In the transition elements the s band overlaps a 
partially filled d band, and a two-band model must be 
used to make allowances for conduction in both bands. 
For a simple two-band model the Hall coefficient is 
given by 


Ry= — (1/Nec)[.(1/v,)(0,/0)?— (1/va)(oa/o)*}, (5) 


which depends on the mobility of the s electrons and the 
d holes only through the ratio B=(o4/o,). This is 
readily demonstrated by writing the equation in the 
form 


Ro= Rof1/(1+8)? [1 — (v./va)B*], (6) 


where Ro, is that part of the Hall coefficient resulting 
from the s-band conduction. Although negative values 
of Ro such that |Ro|<|Ro,| might result from the 
presence of d-band conduction, negative values of Ro 
such that |Ro|>|Ro,| could not logically result from 
such a model. For 0.6 s-band electron per atom, which 
is required to explain magnetic susceptibility data, the 
expected values of Ro, are —15.5X10~" volt cm/amp 
gauss for the 80% Pd alloy and —16.1X10~" volt 
cm/amp gauss for the 60% Pd alloy. An examination 


TABLE I, Experimentally determined values of Ro* 
for CO% Pd—40% Ag and 80% Pd—20% Ag. 


60% Pd—40% Ag 
104 & Ro* 
(volt em/ 
amp gauss) 


80% Pd—20% Ag 
104 & Ro* 
(volt cm/ 
amp gauss) 


— 35.2 
— 33.5 
—28.7 
—23.2 
—21.9 
—20.1 


Temperature 
(°K) 


Temperature 
(°K) 


4.2 ~ 43.0 4.2 
20.0 —42.5 20.0 
77.0 —37.7 77.0 

169.0 —33.8 169.0 
231.0 — 32.1 231.0 
302.0 ~31.0 298.0 


8 esenen M. Pugh, Phys. Rev. 36, 1509 (1930). 





TEMPERATURE 


of Table I shows that | Ro| >| Ro,|, and hence the two- 
band model does not permit an interpretation of the 
Hall effect that is consistent with the accepted inter- 
pretation of the magnetic susceptibility data. This 
dilemma has been pointed out in connection with the 
Cu-Ni alloys‘ and more recently in connection with the 
Ag-Pd alloys.’ 

Although one can define an effective number of 
conduction electrons on the basis of a single band 
(n*=—1/R,*ec), the value of n* will vary with tem- 
perature since Ro* is temperature dependent in both 
Cu-Ni and Ag-Pd alloys. In addition, it has been 
demonstrated that the Hall coefficient in those Cu-Ni 
alloys with a Curie point near room temperature must 
be corrected for a large 0M/0B contribution. Thus the 
concept of an “effective” number of charge carriers is 
unrealistic since the actual number of charge carriers 
should be independent of the temperature and the 
magnetic properties of the sample. Because the values 
of n* at room temperature for the Ag-Pd alloys bear a 
close similarity to those obtained at the same tempera- 
ture for the Cu-Ni alloys,’ it has been suggested that the 
band model proposed by one of us does not fit the Cu-Ni 
results. In. view of the unrealistic nature of n*, we 
believe that such a superficial comparison of the two 
alloy series is unreliable and that Ro* must be studied 
over a wide range of temperatures before an attempt is 
made to interpret the experimental values at any one 
temperature. 

An examination of Fig. 3 indicates that the experi- 
mental values of Ro* might obey an empirical relation of 
the form 

Ryt=A—C/(T—8). (7) 
Lavine’ has found that the Hall coefficient for some 
Cu-Ni alloys follows such a relation for temperatures 
above their Curie point. Such a temperature variation 
in the Ag-Pd alloys suggests that the Hall coefficient 
consists of two parts. One part, which is the contribu- 
tion in the high-temperature limit, is the one to be 
expected from the simple band model. On this basis, the 
temperature-dependent contribution, which increases 
with decreasing temperature, appears to be associated 
with the strong paramagnetism of these alloys. While 


the experimental results are not conclusive, they 


TABLE IT. The linear correlation coefficient, r, between 
1/(Ro*—A) and T for various values of A. 


60% Pd—40% Ag 
1013 XA 
(volt cm 

amp gauss r 


80% 

104 %A 
(volt em/ 
amp gauss) 


0.9964 
0.9974 
0.9980 
0.9970 
0.9956 
().9862 
0.9653 


0.9905 6.0 
0.9922 8.0 
0.9941 10.0 
0.9961 12.0 
0.9980 14.0 
0.9986 16.0 
0.9921 18.0 
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9A. I. Schindler, Phys. Chem. Solids 1, 42 (1956). 
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hic. 3. Hall coethcient versus temperature 
for the two Pd— Ag alloys 


strongly suggest that the temperature variation is due 
to an extraordinary effect; i.e., from the 4rR,y term in 
Eq. (4). On this basis the A in Eq. (7) should be the 
true Ry and @ should be a pseudo-Curie temperature. 
For ferromagnetic Cu-Ni alloys, the @ in Eq, (7) is the 
Curie temperature well-defined positive 
quantity, but for these paramagnetic 
negative and is not defined.'® We prefer to find that 
value of A for which the linear correlation coefficient, r, 
between 1/(Ro* 
obtained from such an analysis are presented in ‘Table 
II. The fact that the linear correlation coefficient is 
nearly unity shows that Eq. (7) is a good representation 
of the data. Unfortunately, the correlation coefficients 
do not show a sharp maximum, and the empirical 
constants cannot be determined accurately by this 
method. It appears, however, that A is between 
—17.5X10° and — 25.0K 10° for the 60% Pd sample 
and between —8.0K10°" and —14.0X10°" for the 
80% Pd sample. If d-band conduction can be neglected, 
these high temperature limits for Ro* correspond to 
between 0.37 and 0.53 electron per atom for the 
60% Pd sample and between 0.69 and 1,2 electron per 
atom for the 80% Pd sample. ‘The rather large number 
of charge carriers in the 80% Pd sample may be due to 
the fact that d-band conduction is not entirely neg 
ligible in this alloy. ‘These values seem to be in sub 


and is a 
metals it is 


A) and T is a maximum. ‘The results 


stantial agreement with the simple band model when 
the errors introduced by extrapolating to high tem 
peratures are considered. 
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Expansion of LiF under Neutron Irradiation 
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The strain gauge method is applied to the relative linear expansion of LiF under neutron irradiation. The 
result is (9.94.0.3) K10°* per 10" thermal neutrons. An estimate of the number of displacements is in 


adequate agreement with theory. 


RECENT review article’ pointed to a disagree- 
ment in the literature about the existence of the 
LiF,?:* which 


occurs as via the Li®(n,a)H* reaction. The work of 
’ 


neutron-induced lattice expansion in 
Binder and Sturm? involved density and x-ray measure- 
ments of LiF single crystals irradiated with 6X 10'* 
thermal neutrons/cm*. Linear expansions on the order 
of 0.1% were observed, and the two measurements 
were shown to be equivalent to within 6%. It was then 
concluded that equal numbers of interstitials and 
vacancies were produced by the irradiation. 

Keating® irradiated Lif crystals for 210" and 
8X10" not. By x-ray examination, he observed no 
lattice expansion outside an experimental error of 
0.01% 
up to 0.17% 
the expansion to 0.00% at 10!* not, and to no expansion 
within an error of 0.02% at 7 10'* not. 


A possible resolution of the disagreement between 


Mayer et al.‘ reported a monotonic expansion 
at 3X10" nvl, followed by a decrease in 


the first two papers, as Mayer pointed out, would be 


$$ — 7 —— 


°o 


LINEAR EXPANSION (x 40°) 
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ave (xt1o7**) 


Fic. 1, Linear expansion of LiF versus integrated thermal 
neutron flux 


1]. W. Glen, Advances in Physics (Taylor and Francis Ltd., 
London, 1955), Vol. 4, p. 381 

*1). Binder and W. J. Sturm, Phys. Rev. 96, 1519 (1954). 

+P. T. Keating, Phys. Rev. 97, 832 (1955). 

4 Mayer, Perio, Gigon, and Tournarie, Proceedings of the Inter 
national Conference on the Peaceful Uses of Atomic Energy, Geneva, 
1955 (United Nations, New York, 1956), Vol. 7, p. 647. 


that the expansion observed by Binder and Sturm cor- 
responded to the first stage (<3X10'7 nut), and the 
lack of expansion observed by Keating to the final 
stage of 10'* to 10'* not. This would involve, however, a 
confusion in the definition of neutron flux between 
Mayer and Keating involving an error of a factor of 
10. The lack of expansion in Keating’s work may also 
be explained by a high irradiation temperature, leading 
to annealing of the initial effect. 

Since the interpretation of the first stage up to about 
10'7 nvt as resulting from equal numbers of vacancies 
and interstitials depends upon the existence of the 
expansion, we shall describe an independent method of 
observing this expansion. This method involves the use 
of strain gauges, which transform an extension into a 
resistance change. This allows a measurement of the 
initial expansion during neutron irradiation. 

One Baldwin A5-1 strain gauge was glued with 
Duco cement to a LiF crystal (obtained from the 
Harshaw Chemical Company) and another to a fused 
quartz plate. Both specimens were } in. by 1 in., and 
the Lif crystal was 0.02 in. thick, making the neutron 
attenuation through the thickness less than 5%. The 
the measurements 


gives the ratio of the linear expansions of the LiF 


Baldwin strain indicator used in 
crystal to that of the fused quartz control. Since the 
dimensional changes of the fused quartz plate produced 
by both neutron irradiation® and temperature varia- 
tions are negligible for this exposure range, the strain 
indicator gives the linear expansion of the LiF. 

The two samples were placed in the ORNL Graphite 
Reactor, along with a thermocouple for temperature 
thermal flux 


corrections and a cobalt monitor. The 


strain gauges are reliable for as small an irradiation as 


. o,e ° iJ . ° 
10'° not, and, in addition, any uniform small shift in 


their operating characteristics caused by the irradiation 
is canceled by the fact that the ratio of two resistance 
changes is always measured. 

The results of the measurements during exposure are 
shown in Fig. 1, and the linear expansion is (9.9+-0.3) 
*10~° per 10! thermal neutrons/cm? at 60°C. If it is 
assumed, as a rough estimate, that 1% Frenkel defects 
cause a 1% linear expansion, then there were 1.4X 108 
displacements per (#,a) reaction. This is in adequate 


® Primak, Fuchs, and Day, J. Am. Ceram. Soc. 38, 135 (1955). 
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agreement with Seitz and Koehler’s theoretical esti- 
mate® of 1.9 10%. 

The strain gauge data confirm the existence of a 
neutron induced expansion in LiF. It also indicates that 


*F. Seitz and J. S. Koehler, Solid State Physics (Academic 
Press, Inc., New York, 1956), Vol. 2, p. 445. 
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there is a strong saturation of the effect at 6X 10!® not, 
where the expansion’ averages 2X 10~° per 10! thermal 
neutrons/cm’. The results of Mayer ef al.,4 previously 
cited, show a continuation of this saturation at 3x10" 
nvt, where the expansion averages 5X10~* per 10! 
thermal neutrons/cm?. 
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Stark Effect on Cesium-133 Hyperfine Structure* 


R. 
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R. ZACHARIAS 
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(Received March 28, 1957) 


The change of the hyperfine-structure separation ¢ 


nergy caused by an electric field has been measured 


in Cs! by the atomic-beam magnetic-resonance method. The shift of the (F=4, mr=0) «+(F = 3, mer =0) 


transition frequency in the electric field & is given by 


A(&) = —2.29X 107*(1 40.03) & eps, 


where & is in volts/cm. This number is 2.8 times the value predicted from the atomic polarizability measure 
ments of Scheffers and Stark if a simplified theory which neglects hyperfine-structure perturbations of the 


ground-state wave functions is used. 


A a continuation of the high-precision atomic 
hyperfine-structure measurements made in this 
laboratory in recent years, the effect of an electric field 


on the hyperfine-structure energy levels of Cs™ has 
been examined. 
The increase A(&) of the 


(F=4, mp=0)>(F =3, mp=0) 


transition frequency (for the ground state of Cs! 
been measured in electric fields between zero and 6.7 
X 10 volts/cm by the atomic-beam magnetic-resonance 
technique. The transition frequency for zero electric and 
magnetic fields is! 9 192 631 830+ 10 cps. The maximum 
observed shift of this transition frequency caused by the 
electric field was approximately 4X 10* cps. The line 
widths for the resonance curves obtained in these 
measurements were approximately 120 cps. 

The (4, 0)<>(3, 0) transition was induced by using 
the Ramsey two-transition-region method,’ with two 
microwave cavities separated by a distance L,;= 78.4 cm 
along the beam. The electric field was obtained with a 
parallel-plate condenser of length L,= 66.0 cm, located 
between the two cavities. A crystal-stabilized klystron 


) has 


was used as the microwave source. 


* This paper is based on a thesis submitted by R. D. Haun, Jr., 
to the Department of Physics, Massachusetts Institute of Tech 
nology, 1957, in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy; the work was supported in part 
by the U. S. Army (Signal Corps), the U. S. Air Force (Office of 
Scientific Research, Air Research and Development Command), 
and the U. S. Navy (Office of Naval Research). 

t Now at the Westinghouse Research Laboratories, Churchill 
Boro, Pittsburgh 35, Pennsylvania. 

1], Essen and J. V. L. Parry, Nature 176, 280 (1955) 

2N. F. Ramsey, Phys. Rev. 78, 695 (1950). 


Figure 1 is a typical record of the data. With the 
frequency increasing linearly (toward the right in the 
figure) a resonance curve was first traced out with the 
electric field 3.48% 10" volts/em; then, without 
changing either the rate or direction of the frequency 
variation, the electric field was turned off and a reso- 
curve for &=0 traced out. The upper 
horizontal straight line on the record indicates that the 
electric field is on; the lower line, that the field is off. 
The markers on the lower margin of the data record 
were obtained from a “frequency indexer” which put 


fa 
oO 


nance was 


out a pulse each time the frequency changed by 60 cps 

The observed shift A(8) of the resonance frequency 
can be obtained directly from the recorded data by 
counting the number of 60-cps markers between the 
For the 


two resonance peaks. data shown, A(6) 
2260 cps. 
Two corrections must be applied to A(&) before 
obtaining the change A(&) of the atomic energy level 


separation caused by the electric field 


(1) The observed shift A(&) of the resonance fre 
quency must be increased by a small factor because the 
resonance pattern will be asymmetrical when the 
average energy level separation of an atom in the region 
between the two transition cavities is not equal to the 
energy level separation in the cavities. Detailed line 
shape calculations (which have been compared with the 
experimentally observed resonance shapes) indicate 
that this asymmetry decreases the apparent resonance 
frequency by B(&) (Let/ La) +K (By), where Ly is the 
length of each cavity (1.27 cm), and K(B,,) is a corres 
tion factor which depends on the magnitude of the 
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Fic. 1. Typical recording of data. &=3.48X 10* volts/cm. The 
frequency was increasing approximately linearly from left to 
right. The evenly spaced marks on the lower margin occur 
every 0™ cps 


microwave power used to induce the transitions. Both 
parts of this correction are of approximately the same 
magnitude for the power levels used in this experiment. 
The total asymmetry correction amounts to about 2% 
of A(&). 

(2) The observed shift, corrected for asymmetry, 
must be multiplied by L,;/L, because the Ramsey two- 
transition-region method yields resonances at the fre- 
quency that corresponds to the average energy level 
separation in the region between the two transition 
regions. 


In Fig. 2 the observed shift corrected for asymmetry 
is plotted as a function of the square of the voltage 
applied to the Stark field electrodes. The solid line in 
this figure was found by computing the weighted mean 
ratio of the corrected shift to the square of the applied 
voltage, the ratio for each value of voltage being 
weighted with the reciprocal square of the error. 

When the correction factors are applied to A(8), the 
value for the shift of the (4, 0)«+(3,0) energy level 
separation is 


A(é) 2.29 10° *(140,03) &? cps, 


where & is in volts/em. The principal sources of the 
quoted error are the uncertainty in the distance between 
the Stark field electrodes and the inhomogeneity of the 
electric field. The other experimental errors and the 
asyuimetry correction errors are believed to contribute 
only slightly to this error. Approximately 200 observa- 
tions (about ten at each value of &) were used in ob 
taining this value of A(é). 

The dependence of A(&) on magnetic field was 
examined over a range of approximately 4 gauss, with 
the electric field at 3.14 10' volts/cm. The observed 
frequency shift did not vary by more than 1% over this 
range of magnetic field. The observations used to 
obtain the value of A(&) given above were all taken in 
fields of less than 0.5 gauss. 

The following order-of-magnitude calculation, is per- 
haps helpful in understanding the Stark effect on hyper- 
fine structure. It was suggested by Schwartz’ that this 


4, Schwartz (private communication). 
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simple calculation might be a reasonable first approxi- 
mation. 

Let us consider the electric field interaction as a 
perturbation on hyperfine structure. If e is the electronic 
charge, & is the electric field, and z is the component 
along & of the vector connecting the center of the 
nucleus with the electron, then the electric field inter- 
action is given by ez&. Since this is an odd-parity 
operator, and since the atomic ground state has well- 
defined parity, the diagonal matrix elements of the 
electric field perturbation are zero; i.e., the atom has 
no permanent dipole moment. 

Proceeding to second order we obtain a nonzero 
energy shift Ay for each of the F levels: 


|(n’, L’=1, F’|ez8|n=6, L=0, F)|? 
Ar= > acini . : 
n’ PF! W°(6, 0, F)-—W®(n’, 1, F’) 

Now W°(6, 0, 4)=W°(6, 0, 3)+-hAv, where hAv is the 
zero-field separation of the two F levels in Cs™ (the 
“hyperfine-structure separation”). Since hAv«<W°(n, 1) 
—W°(6, 0), we can rewrite the shift of the upper level 
(f= 4) as 

\(n’, 1, F|ez&|6, 0, F)|? 

Ay oie a a = 
nF’ W°(n', 1, F’)—-W°(6, 0, 3) 


(11 


The shift of the lower level (F = 3) is 


hAv 
W°(n', 1, F’)-—W°(6, 0, >) 


\(n’, 1, F’\ez8|6, 0, F)|? 
A3- ->y ee 
ne’ W(n', 1, F)—W%6, 0, 3) 


The shift of the atomic hyperfine-structure energy 
level separation attributable to the electric field is 
given by A(&)= Ay— As. The mixing of all states except 
the 6p state can be neglected. As a first approximation 
let us neglect the sum over the F levels in the 6p state 
and let us also assume that the f= 4 and the f= 3 wave 
functions are the same. We then obtain 


|(6, 1| €28| 6, 0)|? 
A(&)= hAv 


-[W%6, 1)—W%6, 0) 7 


The usual atomic polarizability calculation‘ gives the 
energy of a cesium atom with polarizability a to be 


(6, 1\ez& 6, 0)|? 


W°(6, 1)—W(6, 0) 


Scheffers and Stark® measured the polarizability of 
cesium by electrostatic deflection of a beam of cesium 
‘J. C. Slater, Quantum Theory of Matter (McGraw-Hill Book 


Company, Inc., New York, 1951), p. 388. 
*H. Scheffers and J. Stark, Physik. Z. 35, 625 (1934). 





STARK EFFECT ON Cet#s 


atoms. They obtained a= (42+2)X10™™ cm’. Inserting 
this value in the preceding calculation, we obtain 


hAv 
1 a £2 


” W(6, 1)—W%6, 0) 


= —().82 10~-*8? cps. 


We therefore see that the order-of-magnitude calcu- 
lation predicts the sign and the quadratic field de- 
pendence of the Stark effect on hyperfine structure, but 
the magnitude of the experimentally observed effect is 
2.8 times the value predicted by this calculation. 

The disagreement between theory and experiment is 
possibly the result of having neglected the fact that the 
F=4 and the F=3 wave functions differ by quantities 
of order hAv/[W°(6, 1)—W°(6,0)] in the order-of- 
magnitude calculation. 

Schwartz’ has recently attempted a complete calcu- 
lation of the Stark effect on Cs™ hyperfine structure, 
including these wave-function differences; but, since 
values for some of the more critical matrix elements are 
extremely difficult to obtain, this attempt was un- 
successful. 

However, Schwartz’ has succeeded in completing the 
same calculation for the Stark effect on hyperfine 
structure in the 1s state of hydrogen. He finds 


1193 ao! 
A(&)=-— --—67Ap, 
80 eé? 


where dy is the radius of the first Bohr orbit. Only 36% 
of this result comes from the difference of the energy 
denominators due to the hyperfine structure of the 
ground state (i.e., from a calculation exactly similar to 
the order-of-magnitude calculation outlined in the pre- 
ceding portions of this paper), while 65.5% comes from 
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Fic. 2. Corrected observed shift of the (4, 0) «+(3, 0) transition 
frequency as a function of the square of the voltage applied to the 
Stark electrodes 


the difference of the ground-state wave functions, and a 
negative contribution of 1.5% comes from the hyperfine 
structure of the p states. The complete theory of the 
Stark effect on hydrogen hyperfine structure is there- 
fore seen to give a result which is 2.8 times the value 
predicted by the order-of-magnitude calculation which 
neglects wave-function differences due to hyperfine 
structure. 

Consequently, if one extrapolates from hydrogen to 
cesium, and assumes that the complete calculation for 
the hydrogen effect is correct, the experimentally ob- 
served value of A(&) for cesium is seen to be in good 
agreement with theory. However, since such an extrapo- 
lation is of doubtful validity, the agreement should be 
considered as only approximate. 

A more complete description of this experiment will 
appear soon. 

The authors wish to thank J. G. King and I. I. Rabi 
for many helpful discussions and suggestions, and 
C. Schwartz for making available the results of his 
calculations before publication. 
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Excitation of Nitrogen by Protons of a Few kev Energy*t 


N. P. CarLeTON 
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 
(Received March 11, 1957) 


To aid in interpreting auroral spectra, we have investigated the excitation of nitrogen by protons of a 
few kev energy. The dependence of the intensity of the various spectral features on the proton current and 
gas pressure gives evidence about the excitation mechanisms. The conclusions are that the first negative 
and Meinel systems of N,* are excited through charge exchange, that the first positive system of No is 
excited, not by proton impact, but by the impact of fast neutral atoms, that allowed N 1 lines are excited 
by a single process involving dissociation and excitation, and that the Balmer lines result from charge 
capture directly into an excited state. As compared with excitation by electron impact, vibration is enhanced 
in the upper level of the first positive system, but rotational temperatures derived from the first negative 


system of N2 agree with the gas temperature. 


I, INTRODUCTION 


YINCE Meinel’s positive identification’ in 1951 of 
Doppler-shifted Balmer lines in the spectrum of the 
aurora, it has been of special interest to investigate in 
the laboratory excitation of atmospheric gases by proton 
impact. For quantitative interpretation of auroral 
spectra we wish to identify the reaction or reactions 
which excite each spectral feature and to measure the 
cross sections for these reactions. Meinel and Fan have 
begun work on this problem**; this paper presents 
information on excitation of nitrogen by protons in the 
energy range 2-3 kev. Though the auroral protons 
initially have much greater energy than this, they 
eventually slow down and stop in the atmosphere, so 
that low-energy protons are also contributing to the 
excitation. Dieterich began work on a similar problem 
at this laboratory, observing the excitation of He and 
H, by H* and H,* ions.‘ 

When a beam of ions shoots into a gas, the following 
reactions may cause excitation: (a) direct excitation by 
ion impact, (b) charge exchange, which may leave 
either of the two resulting particles excited, (c) direct 
excitation by a fast atom formed by charge exchange 
(the atom may also be excited or reionized by col- 
lision), and (d) excitation by secondary electrons, 
which may have sufficient energy as formed, or may be 
accelerated if there are electric fields present. 

General considerations put forward by Massey and 
others® show that if there is a collision reaction in which 
the colliding systems suffer a net energy change AF, 
then the cross section for this reaction should have its 
the effective duration of the 
AE. 


maximum value when 


collision, 7, is about the same as 7 where hA/r 


* This work was partially supported by the U. S. Air Force 
Cambridge Research Center 

t This paper is based in part on a thesis submitted in partial 
fulfillment of the requirements of the Ph.D. degree at Harvard 
University 

1A. B. Meinel, Astrophys. J. 113, 50 (1951) 

2A. B. Meinel and C. Y. Fan, Astrophys. J. 120, 360 (1954). 

4C. Y. Fan, Phys. Rev. 103, 1740 (1956) 

‘FE. J. Dieterich, Phys. Rev. 103, 632 (1956) 

*H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952), p. 513. 


The classical equivalent of this condition is that a 
bombarding particle will most easily excite an oscil- 
lator when the duration of the collision is about one 
period. The cross section should fall off slowly at 
higher bombarding energies, and should fall off sharply 
at lower energies, where the collision becomes adiabatic. 
Hasted and Stedeford® have found that this theory 
describes well the variation with energy of cross sections 
for charge exchange between various ions and atoms if 
one takes the time of collision to be one-half the sum of 
the gas kinetic radii of the colliding partners divided by 
their mutual velocity. Applying this information to the 
collisions of protons with nitrogen molecules, we find 
that the bombarding energy for maximum cross section 
for a reaction involving an energy change AE will be 
given by E300(AF)? if both energies are measured in 
electron volts, As a consequence of this principle the 
character of the auroral spectrum excited by the 
primary stream of protons may be expected to vary 
with altitude, since as the incident ions slow down, they 
excite preferably states with lower excitation potentials. 
Also, as the composition of the primary stream becomes 
predominantly neutral, excitation by atom impact be- 
comes important. An established example of this effect 
is the increase in relative intensity of the Balmer spec- 
trum with decreasing altitude.’ 


II. APPARATUS 


Figure 1 shows the arrangement of apparatus used 
in these experiments, which is substantially the same 
as that of Dieterich. Protons are generated in an 
rf-discharge ion source,* are accelerated toward a 7g-in. 
diam exit canal by a de bias of 1-5 kv in the source, 
and are collected into a parallel beam, } in. in diameter, 
by a lens of special design.’ This beam travels through 
a combination of electric and magnetic fields serving as 
a mass separator; a second lens focuses it with a current 
of about 20 wa, onto a 7g-in. diam aperture, through 

* J. B. Hasted and J. B. H. Stedeford, Proc. Roy. Soc. (London) 
A227, 466 (1955). 

7A. B. Meinel, Mém. soc. roy. sci. Litge 12, 203 (1952). 


® Moak, Reese, and Good, Nucleonics 9, No. 3, 18 (1951). 
*N. P. Carleton, Rev. Sci. Instr. 28, 9 (1957). 
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Fic. 1, Schematic diagram of apparatus. 


which it passes into an observation chamber. The 
pressure of target gas in the observation chamber can 
be varied from 0.5-50 4 Hg; the ion-source pressure is 
10-20 1 Hg; the vacuum maintained between these by 
differential pumping is about 2X10~° mm Hg. Target 
gas enters the chamber through an all-metal valve!” 
used as a controlled leak, and a Pirani gauge measures 
its pressure, 

Light is emitted from the track of the beam itself, 
with very little spreading. It is analyzed with a Kipp 
liquid prism spectrograph, which has an f/2 camera and 
a dispersion of 100-900 A/mm, and also with an auroral 
grating spectrograph, which has an f/1 Schmidt camera, 
and a dispersion of 140 A/mm in the first-order infra- 
red, and of 40 A/mm in the third-order violet. Spectra 
I-N, 103a-F and 


plates. The Process plates have very fine grain and are 


are recorded on Eastman Process 
only a factor of 3 slower than I-O plates at 4000 A. 
Exposure times run from a few hours in the infrared to 


a few minutes in the violet 
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NITROGEN 


BY PROTONS 


III. RESULTS 


Figure 2(a) is a spectrogram of a 2400-ev proton 
beam in nitrogen taken on an I-N plate with the Kipp 
spectrograph, showing all the spectral features excited. 
Figure 2(b) shows the infrared portion of the spectrum 
with greater dispersion, obtained with the auroral 
grating spectrograph. The variation of the intensity of 
each feature with beam current and target gas pressure 
gives evidence as to the excitation mechanism re- 
sponsible. If the excitation involves a single collision of 
a proton and an N2 molecule, then the intensity should 
depend linearly on both the current and pressure; if 
the excitation is due to one of the products of a primary 
collision striking an Ny» molecule, then the intensity 
should depend quadratically on the N» pressure. Hence, 
such measurements were made, both with the spec 
trograph and later with a photomultiplier and inter 
ference filters. Information on specific features is as 


follows: 


N.‘, First Negative and Meinel Systems 


The current-pressure variation shows these to be 
excited by a single collision. ‘Therefore the reaction is 
presumably 

H*+N, 


»~N2t’+ (H*t+e), 


with the electron either free or captured by the proton 
in a bound state. The prime indicates an excited state. 
Frost and McDowell!! have summarized experimental 
and theoretical information on the electronic structure 
of Nz and Net which shows that it should be possible to 
remove an electron from any of three different orbitals 


of No, leaving Not ), the 


+ 


in the ground state (XY *X, 


MEINEL NZ 
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Fic. 2. (a) Spectrogram of 2.4-kev proton beam in No, Kipp spectrograph, exposure 2 hr, 
N2 pressure 20 microns Hg. (b) Infrared region of same spectrum, auroral spectrograph, 


fe T 
8000 
a 


positive, No 


0 1). G. Bills and F. G. Allen, Rev. Sci. Instr. 26, 654 (1955). 


exposure 12 hr, N» pressure 1 micron Hg 


uD. C. Frost and_C. A. McDowell, Proc. Roy. Soc. (London) A232, 227 (1955). 
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5,9) (4,2) (3) 
ty 7 


| ee + 
| / a Ne 


s (2,0) 


i* pos.,Ni, Fic. 3. Top, first positive 


system of Nz», excited by 
2.4-kev protons. Bottom, 
the same, excited by elec- 
trons in the positive column 
of a discharge. 


upper state of the Meinel bands (A *II,), or the upper 
state of the first negative bands (B *Z,*). For the two 
processes, ionization with excitation and charge capture 
with excitation, the net energy changes are AE = 18.5 ev 
or AE = 5 ev, for the first negative system, and AE= 17.5 
ev or AE=4 ev, for the Meinel system. Massey’s 
criterion, cited above, suggests that this bombarding 
energy should favor the charge-capture processes. Fan* 
reports that the Meinel system is excited only very 
weakly by 20-kev protons, but strongly by 300-kev 
protons. Since this system appears readily in the 
experiments here reported, it would seem (pending 
confirmation by comparison of absolute cross sections) 
that its excitation cross section, as a function of bom 
barding energy, has two peaks, one at low energy due 
to charge capture, and one at high energy due to 
ionization. ‘This would be a good support of Massey’s 
description of the collision process. 


N., First Positive System 

The intensity of this system depends approximately 
on the square of the N» pressure, indicating that a 
product of a primary collision must interact with a 
second Nz molecule. This is to be expected, since the 
excitation of this system from the ground state of Ne 
is an intercombination transition, only to be excited by 
electron exchange, which cannot take place under 
proton impact. Fan’ discusses this problem, coming to 
the conclusion that low-energy secondary electrons, 
produced in primary collisions or by beam particles 
scattered to the walls, are responsible for the excitation. 
There are several reasons against applying this con- 
clusion to these experiments, done at a lower energy 
than Fan’s. First, there should be few secondary elec- 
trons produced at this energy (see above). Second, 
most of those which are produced will not have sufh- 
cient energy to excite N».'* Third, and more conclusive, 
the emission is confined to the immediate track of the 
beam. Therefore, a more likely reaction is the collision 
of a fast H atom, formed by charge exchange, with an 
N» molecule. In this case, electron exchange can take 
place. As a check on this hypothesis, current and 
pressure variation shows that the first positive system 
is directly excited by Ht ions (which have an electron 
to exchange); there is no apparent contribution from 
secondary processes. If the proton beam were pro- 
ducing secondary electrons which excited the Ist posi- 
tive system, then the H,+ beam should do likewise. 
The absence of secondary electrons in the second case 


21). R. Bates and G. Griffing, Proc 
961 (1953), 


Phys. Soc. (London) A66, 


y. CARLETON 


therefore implies their absence in the first case. Excita- 
tion by impact of fast neutral atoms is presumably of 
importance in the aurora, especially at lower altitudes, 
where the incoming particles are slowing down and 
spending more time in the neutral state. 


Balmer Lines 


The current-pressure dependence indicates that these 
are excited predominantly by a simple collision, with 
a slight contribution from a secondary process. The two 
reactions are presumably charge capture directly into 
an excited state, and excitation by a subsequent colli- 
sion of an H atom, formed by charge capture in its 
ground state. Both these processes are presumably 
operating in the aurora; the continuation of the experi- 
ments reported here should give at least an estimate of 
the relative cross sections for the two processes. 


N Atomic Lines 
These are also excited by a simple collision reaction, 
which is most likely to be 


Ht++Nr>N+N’+Ht. 


For this reaction, however, AE=21.5 ev, so that it 
should not be favored at these low bombarding energies. 
Massey and Burhop™ state that there is no known 
process through which a nitrogen molecule may be 
dissociated into two neutral atoms by electron impact, 
but their evidence is not conclusive. Indeed, some recent 
work by Bills and Carleton on adsorption of nitrogen 
activated by electron bombardment indicates that such 
a process may exist. Another possible reaction would be 


Ht++N,oN++N’+H, 


which has AE=22.5 ev. There does not seem to be 
much reason to choose one of these processes over 
the other. 


Distribution of Excited Molecules Among 
Vibrational and Rotational States 


The first negative bands of N2* show about the same 
vibrational distribution as when excited by electron 
impact. This is according to expectations for charge- 
exchange collisions at low energies in which little 
exchange of momentum generally takes place.*:!> The 
first positive bands of N2, however, show considerable 
enhancement of higher vibrational levels, as illustrated 
by Fig. 3. This gives an opportunity of judging from 
auroral spectra how much of the excitation of the first 
positive system may be due to fast H atoms. Unfortu- 
nately, even in good published auroral spectra’® the 
first positive system in the infrared is confused by the 
presence of O2 bands, both in emission and absorption 


4 Reference 5, p. 263. 

41). G. Bills and N. P. Carleton (to be published). 

18H. D. Smyth and E. G. F. Arnott, Phys. Rev. 36, 1023 
(1930). 

16 E.g., A. B. Meinel, Astrophys. J. 113, 583 (1951). 
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Fic. 4. Top, densitometer trac 
ing of (0, 1) first negative band of 
N.*; excited by 3-kev protons. 
Bottom, plot of log(//K’) against 
K’'(K’+1). J is the intensity of a 
given rotational line; K’ is the ro 
tational quantum number of the 
upper state. 
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T = (300+10)°K 





(atmospheric system). The best that can be said is that 
it looks as though there were some contribution by 
heavy particles to the excitation of the first positive 
system in the aurora. A systematic study of intensity 
distribution in this system in various auroral forms 
would be of interest. 

The distribution of excited molecules among rota- 
tional levels has a great importance for the determina- 
tion of rotational temperatures in the auroral region. 
As several authors have mentioned,!? when such a 
determination is made on an allowed system, the rota- 
tional temperature is equal to the gas temperature only 
if the excitation mechanism does not alter the rotational 
distribution. Hence, the validity of such measurements 
on the first negative system in auroral spectra, pre- 
sumably excited by proton impact, has been in doubt 
because of lack of knowledge of the effect of such 
excitation on the rotational distribution. Figure 4 shows 


See A. Vallance Jones and A. W. Harrison, J. Atmospheric 
and Terrest. Phys. 6, 336 (1955). 


K'(K'+1) 


a densitometer tracing of the (0, 1) first negative band 
as excited by 3000-ev protons, and a curve plotted 
according to the analysis of Vallance Jones and Harrison. 
The linearity of the experimental curve shows that the 
rotational distribution follows Boltzmann’s law, and 
the temperature obtained from the slope of the line is 
300°+10°K, which is about 10° higher than the actual 
gas temperature during the exposure. Thus excitation 
by proton impact (presumably through charge ex 
change) at low energies, does not affect rotational 
distribution appreciably. 

Further work in progress includes firmer establish 
ment of the excitation mechanisms and absolute meas 
urements of cross sections for the various reactions. 
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The total diffusion cross section is calculated for low-energy impact of electrons upon polar molecules in 
an approximation which treats the moiecules as fixed rotators. The amplitude is evaluated and the differen- 
tial cross section corresponding to fixed orientation of the molecule is then averaged over the Maxwell dis- 
tribution. It is shown how this simple approach follows from an adiabatic approximation to the excitation 
amplitudes. The results show excellent agreement with available data 


I. INTRODUCTION 


T is well known that the scattering problem for elec- 
tron impact upon molecules, especially for low- 
energy electrons, is intractable since, in principle, the 
entire spectrum of the target molecule is involved in 
the calculation. But, in the case of molecules possessing 
a long-range interaction such as the dipole or quadru- 
pole, analytical treatment becomes feasible because, 
after all, such moments are manifestations of the elec- 
tronic configuration. Therefore, if most of the scattering 
should occur at long distances from the target, higher 
multipoles as well as exchange effects may become 
relatively unimportant. Such a point of view was first 
adopted! to calculate the rotational excitation efficiency 
for polar molecules in Born approximation, and more 
recently® considerable success using the same procedure 
was achieved in computing rotational excitation cross 
sections for molecules possessing quadrupole moments. 
However, in neither case was a total cross section 
attempted. In the case of polar molecules the excitation 
of rotational motion may be so efficient! that even for 
the very low-energy swarm experiments which measure 
the total diffusion cross section it cannot be supposed, 
as in the case of quadrupole molecules, that the elastic 
cross section approximates the total cross section. 
Consequently, the low-energy data which is available 
for H,O and NH, has never been analyzed theoretically. 
It is the purpose of this paper to show how the diffusion 
cross section for polar molecules may be predicted 
quite simply if, as the starting point, an adiabatic 
approximation to the transition amplitudes, recently 
discussed by Chase,’ is employed. 
In Sec. 
adiabatic 


II, the diffusion cross section is derived in the 
approximation while application to polar 
If. 


molecules appears in Sec. 


Il. DERIVATION OF THE DIFFUSION 
CROSS SECTION 
The scattering process which we consider treats the 
target molecule simply as a rotator which interacts 
with the incident electron by means of the potential 
1H. S. W. Massey, Proc. Cambridge Phil. Soc. 28, 99 (1932) 


2 E. Gerjuoy and S. Stein, Phys. Rev. 97, 1671 (1955). 
+ D. M. Chase, Phys. Rev. 104, 838 (1956). 


V(r,7). The spectrum of the rotator is defined by 
Hy T)pn(7) =€nPn(T), 


where the @,(7) shall be the well-known spherical har- 
monics for the rotational the adiabatic 
approximation, the excitation amplitude for electron 
scattering from the target state 7 to m is given® by 


states. In 


(1) 


fni(9,) J 4rd08(/00,,)64 r), 


where /{(0,o,7) isa r-modulated adiabatic elastic scatter- 
ing amplitude. That is, {(0,6,7) represents the scatter 
of the electron with rotator coordinates held fixed. The 
validity criterion for this approximation is that the 
number of excited states of the target which contribute 
significantly to the total wave function is limited, and 
that the traversal time of the scattered particle through 
the interaction region is small compared with the 
period of the target motion excitable in the collision. 
The exact expression for the excitation amplitude is 
given by 


m 
Ini [fe ikn Ry */ r)V( Ryr)v R,7)d®Rdr 
Qrh? 


iky-R 


e » F,(R)(n| V\a), 


(2) 


m 
2rh? 


where ¥(R,7) is the total wave function for the process. 
It follows, for dipole interaction, that only those energy 
states immediately above and below those contained in 
W(R,7) =>" F.(R)da(r) can contribute to f,;. That is, 
n=a+t1 asa result of the well-known selection rule for 
the dipole matrix element (n|V|a). Consequently, if 
the a’s involved in W are limited, then so are the ex- 
citable states. Therefore, we may formally apply Eq. (1) 
to all m without violating the time of passage criterion. 
In fact, this criterion may be replaced by 


€(n+1) Ro 

‘ < 
h v 

Goldberger, Phys. Rev. 91, 398 


i (3) 


4M. Gell-Mann and M. L. 
(1953). 
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where n is the highest energy state contributing sig- 
nificantly to the total wave function. As a numerical 
example in the case of polar molecules, let Ro be the 
classical distance of closest approach. Then 


De/Rei~} mv’, 


Ro 1 2De } 
a a 
v wvX\m 


where D is the permanent dipole moment of the mole- 
cule. For a 0.15-ev electron, v=2.2107 cm/sec, and 
in the case of H2O where D= 1.85 10~!8 (esu), 


E(n+1) Ro 


<5x10- 
hoo 


for n+1310. Thus, even for very slow electrons and 
strong dipole moments, the criterion (3) is well satisfied 
for as many as nine states present in the expansion for 
WV in (2). 

As a result of these considerations, the total differ- 
ential cross section may be written 


95(9,6)=don| fnil? Laff ardrob.t(nos 


X (ro) f(0,0,7) {* (0,0, 70) bi* ( T0)i(7), (5) 


and from the closure 
=6(r—rpo), it follows that 


pr T )hn( To) 


property 


(6) 


0.(0,6)= f dr|f0,6,7)|"| 0402) 


This is the expectation value for the differential cross 
section calculated with target coordinates held fixed. 
If the probability for finding targets in the ith state is 
denoted by p,, then the total differential cross section 
for interception of the electron is given by 


dL ipiai(9,9). (7) 


The quantity which is measured by the Townsend 
swarm method is the momentum transfer or diffusion 
cross section, defined by 


o1(O,p) 


V= fo — Cos) 1(6,p)dQ. 


We note, furthermore, that it is this cross section which 
determines the collision frequency in electromagnetic 
conductivity theory for propagation in plasmas. In the 
next sect on we shall evaluate 


o= fa —cos6)>° pias (0,6) dQ (8) 


for polar molecules. 


ELEC’ 


TRON SCATTERING 


III. APPLICATION TO POLAR MOLECULES 


It is first necessary to evaluate the amplitude /(0,¢,7) 
for scattering in the field of a fixed dipole, 


V(R,r) 


That is, we seek a solution to the problem 


- De cosw/ R?. (9) 


h? 
( PV (Rr) WOR) y(R), (10) 


2m 


for fixed 7, subject to the outgoing boundary condition 


¥(R)= etko-R4 f(0,p,r)e®/R. (11) 


The exact functional expression for /(6,,7) is given by 
the well-known expression‘ 


m 


J(9,0,7) 


2 


2rh’* 


fare k#RV(R r)y(R). (12) 


We shall evaluate f in Born approximation. Although 
justification for doing so is difficult, we shall first note 
in its defense that the energy dependence cannot change 
in any higher order approximation. For example, the 
second-order correction to the Born amplitude is given, 
apart from irrelevant constants, by 

COSW € 


R? |R—R’| 

1 cosw exp(i,o—e'|) cosw’ 
f few in: p) 

ko p” ‘o— "| p” 


Kexp(ing: 9’ dodo’. 


ikolR-R’| COsey! 


e'*o-R’'d Rd R’ 
Rk” 


(13) 


The term on the right follows immediately upon making 
the simple transformation ky R= o, koR’= 0’. The vectors 
nand ny are unit vectors in the direction of scattering and 
incidence respectively. The same ky ' dependence arises 
in the same way for all terms of the perturbation ex 

pansion. Encouraged to the extent that the correct 
energy dependence follows in Born approximation, we 
may obtain further justification® if 


’(R) < 


pik R 


(14) 
for all R, where 


m ettolR-R'l cosy’ 
Defow = 
2rh’ |R—R’| R” 


(R) 


which is the full scattered wave in Born approximation 
But 

cat dR’ cosw.’ 

2rh’ |R R’| R” 


\?(R), < 
mDe dR’ # 1/re\! 
cose f + ( ) P(cosb’) cosh’, 
2rh’ R® mo r\ ry 


BR *D. Bohm, Quantum Theory (Prentice-Hall, Inc., New York, 
1951), p. 551. 
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where a is the angle between the direction of the dipole 
moment and R;r,,r- mean, respectively, the larger 
and smaller of R and R’, and the polar axis lies along 
the direction of R. Thus, it follows by the remaining 
elementary integration that 


@(R)| <(mDe/h*) cosa (15) 


for all kyo and R. For H,O, D=1.8510~'* (esu), and 


|\@(R)|<0.72 cosa. (16) 


This result shows that the largest value of |4(R)| is 
comparable with unity but that a large range of dipole 
orientations, a, exists for which the magnitude of the 
scattered wave is everywhere much less than unity. 
Although this does not in fact guarantee the validity 
of the Born approximation, it affords some indication 
of its validity especially when it is realized that the 
criterion (14) is often too stringent a condition.®:? One 
further observation which encourages the employment 
of Born approximation is that terms of order D* in 
|f{(0,p,r) |* vanish identically in the averaging indicated 
in (7). That is, if f could be calculated to second order in 
D, the cross term in | f|? makes no contribution to the 
final answer. ‘This result is expected from the parity of 
the dipole and can be demonstrated, but the detailed 
proof will be omitted. 

Accordingly, let us proceed with the evaluation of the 
amplitude in (12) based upon the replacement of ¥(R) 
by exp(iko-R). The integration is elementary and 


leads to 


2iDem cosy tf” 2iDem cosy 
{(k, Ko) f ji(qR)dR ; 
he q 2 q 


(17) 


where y is the angle between the fixed direction of the 
dipole moment and the direction of momentum change, 
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Diffusion cross section for slow electrons 


* Reference 5, p. 553 
7P. M. Morse, Revs. Modern Phys. 4, 591 (1932). 
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q= ko—k; and, since | ko! = |k!, g= hol. 2(1—cos8) }}. If 
the coordinates of the target are measured relative to 
the fixed direction of q, then the total differential cross 
section, Eq. (7), may be expressed as 


Dem\? 1 2 1 
or i( ) 2 2. pm f © (lm) |? cos*ydQ, (18) 
h g l=) m==—L 


where ©(/m) is the rotator eigenfunction. The integral 
is easily evaluated by means of the identity® 
(l+-1—m)(1+-1+m)}}! 
cosy © (lm) = O(1+1 m) | 
_ (214-1) (21+-3) 
(L—m) (l+m) | 
) 


+ @(l—1 mi| 
(21—1)(21+-1 


The result is 


fi (lm) \* cos’ydQ 


(1+-1)?— m? 
+ . (19) 
(214+1)(2l+-3) (21—1)(214+1) 


Now, the probability distribution for nondegenerate 
energy states of the rotators under equilibrium condi- 
tions is independent of m. Therefore, 


~E; ~E; 
Pim= pt exp( ) /Zev( ) 
kT l,m kT 
—Ey\ se —Eh; 
exp( ) 5 (214-1) exp{ ) (20) 
kT In) kT 


From this expression for Pim together with (19), it 
follows in a straightforward manner that 


(21) 


Ng l 
2 bs pf (lm) |? cos*ydQ 1 


ld) m=—l 


independent of 7. This is precisely the same as the 
classical space average of cos*y. Therefore (18) reduces 


4 /Dem\? 1 
3\ Rk 2ko? (1—cos6) 


and, finally, the diffusion cross section, Eq. (8), becomes 


Sar (/Dem\? 82 /De\? 
oS (Cy SA) on 
3 \ Who 3 \hkn 


or, in units of mao?(a9= Bohr radius), 


to 


(22) 


(23) 


O=5.60(D*/E). (24) 


* FE. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, New York, 1953), p. 53. 





LOW-ENERGY 
Here, D is in units of 10~'* (esu) and E is the electron 
energy in ev. 

The measured dipole moments’ in esu units are 
D(H,O) = 1.85 10~'* and D(NH;) = 1.47 108, Upon 
using these values, the theoretical curves based upon 
Eq. (24) together with the available experimental’? 
cross sections are portrayed in Fig. 1. The agreement 
between theory and experiment is remarkably good. 


IV. CONCLUSION 


A possible source of error apart from the use of the 
Born approximation is the extrapolation of pure dipole 
interaction all the way to the origin. An order-of-magni- 
tude estimate of this error has been carried out by 
choosing a cut-off point at a distance equal to 2ao. The 
method was similar to that employed by Gerjuoy and 
Stein’? where the potential in the near-region is repre- 
sented by an expansion in spherical harmonics. It was 
found that all higher order harmonics become negligible 
compared with the contribution to the amplitude from 
the spherically symmetric part of the potential as the 
incident energy diminishes toward zero. In fact, the 
main correction to the diffusion cross section is energy- 
independent and is given by 


16 m 2 
AQ tn( - avs) ’ 
3h 


®U. S. Department of Commerce, National Bureau of Stand- 
ards, Circular No. 537 (1953). 

1H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952), p. 208. 


(25) 
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where Vo is an assumed constant potential for the 
spherically symmetric part of the potential. The details 
for the derivation of (25) are omitted since it merely 
amounts to retracing the steps for the deduction of (23) 
after introducing the cutoff. Even for Vo as high as 5 ev, 
the correction in (25) amounts to 4ma¢* which is small 
compared with the cross sections given by (24) especially 
for the lower incident energies. Conversely, we may infer 
that in the case of very weak dipole moments the near 
field corrections the the 
present theory. 

Finally, this simplified model of the electron-molecule 


can diminish accuracy of 


collision process cannot be regarded as confirmed, not 
only because the quoted experimental data are meager 
and unconfirmed, but the analysis of the raw data in 
swarm experiments is complicated and involves assump 
tions about the velocity distribution function of the 
electrons which in turn depends upon the differential 
cross section for the scattering. However, for the 
purpose of further experiment, it is well to emphasize 
that the electron energies should not greatly exceed 
vibrational thresholds but be sufficiently large in order 
that the criterion (3) be fulfilled. Consequently, the 
majority of the targets should be in energy states well 
below that of the primary electron. Furthermore, in 
order to avoid the inaccuracies relative to the near 
field correction, future experiments should involve 


molecules with large dipole moments. 
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Decay of the Triplet P Levels of Neon* 


J. R. Drxont anv F. A. Grant} 
University of Maryland, College Park, Maryland 
(Received August 15, 1956) 


The current and pressure dependence of the decay of the *P, metastable level of neon was measured by 
using a light absorption method. The decay was found to be nonexponential and current dependent at 
normal] excitation currents. At extremely low excitation current, however, the *P?» decay becomes exponen- 
tial and current independent. The mean lives associated with such exponential decays were measured as a 
function of pressure. The results are in agreement with the usual theoretical relation based on metastable 
destruction by diffusion to the container walls at low pressure and two-body collisions at high pressures. 
The pressure dependence of the #7; level was also studied. It was found, as previously reported by Grant, 
that the experimental! results for the pressure range from 2 to 20 mm of mercury, where diffusion loss is 
small, do not agree with the usual theoretical prediction, 


INTRODUCTION 


HE first excited configuration of neon (Fig. 1) 
consists of a singlet P level, and two metastable 
levels (*Py and *P,) separated by a radiating level 
(*P,). The energy separations of the triplet levels are of 
the order of 2k7' at room temperature, so that possibly 
collision-induced transitions between these levels play 
an important role in their decay. 
In the afterglow of an electrical discharge, atoms 
leave the metastable levels by the following processes: 
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Fic, 1. Energy level diagram, first two excited 
configurations of neon. 
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(1) diffusion and complete de-excitation at the walls of 
the container; (2) the emission of forbidden radiation 
with a destruction frequency independent of the tem- 
perature and pressure; (3) the emission of radiation 
induced by two-body collisions; (4) transitions to a 
radiating level by two-body collisions; (5) ionization of 
impurities with an ionization potential less than the 
excitation potential of a metastable atom—the Penning 
effect; (6) the formation of metastable molecules by 
three-body collisions; (7) collisions of metastable atoms 
with ions and electrons early in the afterglow; (8) colli- 
sions between pairs of metastable atoms, and the 
ionization of one of them, also in the early afterglow. 
Under the conditions of this research, processes (2), 
(5), (6), and (8) were not observed. Part of the present 
investigation was concerned with the conditions under 
which process (7) could be rendered unimportant. 
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Fic. 2. ko vs absorption A calculated using Eq. (1), 
assuming various values of a. 
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Fic. 3. Arp —Az vs Agr. The effect on the total light absorption 
of the doubling of the path length. Broken curves—calculated 
using Eq. (1); plotted points—obtained experimentally. *P2 
metastable level. 5945 A spectral line. 


Since resonance radiation is emitted in process (4), the 
effect of the imprisonment of resonance radiation must 
be considered. Under certain conditions, the effective 
mean life of the radiating level may be increased by a 
factor of several thousand. 


OPTICAL ABSORPTION TECHNIQUE 


Light from the “emission tube” traverses the ‘“absorp- 
tion tube” and then a monochromator, which rejects 
all but one neon spectral line. The light flux is then 
measured by a photomultiplier tube and the output 
displayed on a cathode-ray tube as a function of time. 
The relative absorption of the light beam is a measure 
of the population of the corresponding excited level in 
the absorption tube. 


Experimental Determination of Effective a 


When all except Doppler-type broadening of the 
emission and absorption spectral lines may be neglected, 
the relation between the absorption A, and kyl is 
given by the equation!: 


(koL) 
* (1+e2)! 21(14+2a?) 


(Rol)? 


A (1) 


where ko is the absorption coefficient at the center of 
the absorption line, and LZ the path length. Provided 
that the population of the upper (final) level involved 
in the absorption transition is negligible in comparison 
with that of the lower (initial) level, ko is proportional 
to the density of the absorbing atoms. The quantity a 
is defined by the equation 


a= (emission line breadth)/(absorption line breadth). 


By using Eq. (1), the relation A, vs kol has been 
calculated for various values of a and plotted in Fig. 2. 
Although the average gas temperature was practically 
that of the walls of the container, the observed absorp- 
tion vs ko relation was not consistent with a value of 
a equal to unity. Under most conditions, however, it 


1A. C. G. Mitchell and M. W. Zemansky, Resonance Radiation 
and Excited Atoms (Cambridge University Press, New York, 
1934), p. 323. 
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Fic. 4. Aon —Axz vs Agy. The effect on the total light absorption 
of the doubling of the path length. Broken curves—calculated 
using Eq. (1); plotted points—obtained experimentally. 4?» 
metastable level. 6143 A spectral line. 


was possible to describe this relation in terms of an 
“effective a” of 1.5 to 2.0, depending upon the particular 
spectral line used. No attempt was made to investigate 
the mechanisms responsible for the greater emission 
line breadth.? 

The “effective a” was determined experimentally by 
measuring the absorption under otherwise identical 
conditions, for two path lengths 1 and 2L. If the corre- 
sponding values of the absorption are denoted by A; 
and Ao,, then the curve of Ao,—Ay vs Avy, is charac 
teristic of the corresponding value of a. The broken 
curves of Figs. 3 to 5 represent the relations calculated 
by using Eq. (1), assuming pure Doppler broadening, 
and taking values of a equal to 1.0, 1.5, and 2.0. 

A doubling of the absorption path length was 
obtained by exciting the neon first in one half, and then 
in both halves of a three-electrode absorption tube. ‘To 
ensure the same metastable atom density for corre 
sponding measurements, the current pulse in the 
absorption tube was carefully controlled in amplitude 
and in time. The current pulse was of sufficient duration 
to enable equilibrium conditions to be achieved. All 
these measurements were made at equilibrium currents 
in the neighborhood of 15 milliamperes. 

Our results indicated that up to A2,=0.80 the lines 
5882 A, 5945 A, 6217 A, 6334 A, and 6163 A may be 
described adequately in terms of a constant effective a, 
The corresponding values of this parameter were 1.4, 
1.35, 1.4, 1.5, and 1.5, respectively. Above A2,=0.5, 
the 6143 A, 6402 A, and 6266 A spectral lines cannot be 
described in terms of a constant effective a. The results 
for the 5945 A, 6143 A, and 6266 A spectral lines are 
plotted in Figs. 3, 4, and 5, respectively. 


Effective a vs Absorption Cross Section 


If ko is the absorption coefficient of a given spectral 
line, and M the density. of absorbing atoms, then the 
absorption cross section ko/M is a measure of the ability 


2K. Lang, Acta Phys. Austriaca 5, 376 (1952) and Sitzber. 
ésterr. Akad. Wiss., Physik-math. KI. 161, 65 (1952), using a 
Fabry-Perot interferometer, has measured the half-width of a 
number of neon spectral lines as a function of pressure. His 
emission tube had an inside diameter of 1 mm, the same as that 
used in the present research. 
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Fic. 5. Asi —Azy vs Agr. The effect on the total light absorption 
of the doubling of the path length. Broken curves—calculated 
using Eq. (1); plotted points—obtained experimentally. *Po 
metastable level, 6266 A spectral line 


of the atoms to absorb light of that spectral line. The 
absorption cross sections for the various sampling lines 
used in the study of the */, level have been calculated 
from the results of Ladenburg* and tabulated in the 
fifth column of ‘Table I in order of increasing magnitude. 
A comparison of results of the type illustrated in Figs. 3 
to 5 with the absorption cross sections of ‘Table I showed 
that for absorption less than 0.5, the four lines having 
the smallest absorption cross sections have a of approxi- 
mately 1.4, whereas the remaining two lines, having the 
largest absorption cross sections have a of about 2. 
(Jualitatively, one would expect this result if the 
emission lines were broadened by self-absorption. A 


it 
\ 


5 
t EVE 
LEVEL 


6143A SPECTRAL LINE 








1. 4. 1 
0.7 0.6 0.5 0.4 


ABSORPTION, A 





Fic. 6. kol. vs absorption A. *P, metastable level, 6143 A spectral 
line. Solid curve calculated using Eq. (1) and Fig. 2, which are 
based on the pure Doppler assumption, Broken curve ~ — corrected 
relation based on the experimental results of Fig. 4. Broken curve 

coincident curves. 


*R. Ladenburg, Revs. Modern Phys. 5, 251 (1933). 
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decrease in the effective a of the 6143 A and 6402 A 
spectral lines at higher values of koL would also be 
expected as the result of this mechanism. 

Upon using the foregoing results, it becomes possible 
to adjust the absorption vs kof curve for the 6143 A 
spectral line to compensate for the variation in effective 
a. In Fig. 6, the solid curve is the absorption vs koL 
relation calculated for a=2; the broken curve was 
calculated by making the appropriate correction for 
the observed variation in the effective a at higher 
values of absorption as obtained from Fig. 4. The 
improved decay curves obtained from the use of the 
curve of Fig. 6 are shown in Fig. 7. The circles represent 
the values of kof obtained when a constant a equal to 
2 was assumed. The crosses represent the values ob- 
tained from the use of Fig. 6, which includes the effect 
of the variation in effective a for the 6143 A spectral 
line. 

The absorption of the 5945 A line is characterized by 
a constant “effective a.” For this reason the corre- 
sponding data for this spectral line are included in Fig. 7 


TABLE I. *P?2 metastable densities calculated by 
using data from various sampling lines. 


Sampling 
line M/(kol.) 
(angstrom (atoms/cm) 
units) L 120.5 cm 


6217 83 X 10° 
5882 71 108 
5945 51 108 
6334 34 108 
6143 24X 108 
6402 8.3 10° 


(kel): M 
t=10 msec (atoms/cm) 
L=120.5cm t=10 msec 


0.170 14 10° 
0.215 15 10° 
0.375 19X 10° 
0.675 23 108 
1.05 25 x 108 
3.00 25 108 


Absorption 
cross section 
ko/M (cm?/atom) 


1.0X10~" 
1.2X10-" 
1.6K10"" 
2.4X 107" 
3.410" 
10.0 10-# 


to show that the decay of the *?, metastable level under 
the specified conditions is indeed exponential. 


Dependence on Spectral Line —-*P, Level 


In Fig. 8 the decay curves of the *P, metastable neon 
level have been plotted from the results obtained from 
the use of the 6402 A, 6143 A, 6334 A, 5945 A, 5882 A, 
and 6217 A spectral lines. The results agree within five 
percent, which is the limit of the experimental error. 


Calculation of Metastable Atom Density 


The density of the *?, metastable neon level was 
calculated using the absorption cross sections of Table I. 
The numerical values tabulated in the fourth column 
of Table I refer to the density ten milliseconds after the 
cessation of the excitation. The reason for this choice 
was that the absorption has then fallen into the region 
where the decay may be described in terms of a constant 
“effective a.” 

The calculated value of the metastable atom density 
appears to depend upon the choice of spectral line, 
unless it is assumed that the Ladenburg transition 





DECAY OF 
probabilities used in the preparation of the fifth column 
of Table I are in error. 


CURRENT DEPENDENCE OF THE DECAY OF 
THE TRIPLET P LEVELS 


To investigate the current dependence of the decay 
of the triplet levels of neon, currents through the 
absorption tube were measured and monitored using 
the method described above. The recorded values of 
current refer to the amplitude of the absorption tube 
pulse immediately prior to the interruption of the 
excitation. 


5P) Level 


By using the previously described method, the 
relation between the absorption A and kol was deter- 
mined experimentally for the 6266A_ spectral line 
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Fic. 7. Experimenta] data illustrating the breakdown of the 
“pure Doppler” assumption. Circles—experimental data trans 
formed using the “pure Doppler” relation, Eq. (1) and Fig. 2 
Crosses—experimental data transformed by means of the cor 
rected curve of Fig. 6. 


(lig. 9). The decay curves were then measured for 
various values of the excitation current. Some of these 
curves are plotted in Fig. 10. 

For large values of excitation current, the decay is 
characterized by an early fast decay and a current 
independent slow decay. The current-dependent compo 
nent is seen to disappear completely for excitation cur- 
rents below 0.5 milliampere, and under these conditions 
the decay is exponential. 

The experimental results suggest that the fast 
component of the decay is due to the effect of the ele 
trons and positive ions left over from the absorption tube 
excitation pulse. When this current pulse is large, the 
metastable atom decay is further complicated by the 
relaxation of the gas temperature in the early afterglow 
We have ruled out the collisions of pairs of metastable 
atoms as the dominant mechanism in the fast decay 
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Fic. 8. Decay of the 4P, metastable level of neon as determined by 
various sampling lines under identical experimental conditions 


because the 0.5-milliampere curve, which has no fast 
decay component, crosses the 30-milliampere curve. 


*P, Level 
’ Similar results obtained for the *?; level are plotted 
in Fig. 11. As in the case of the */’y level, the decay is 
strongly current dependent. 
A final, current-independent, decay was not observed 
at 2mm of mercury. Such a final decay component may, 
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Fic. 9. ko vs absorption A. Solid curve 
Eq. (1) and Fig. 2, which are based on the “pure Doppler 
assumption. Broken curves obtained from the experimental] 
data of Figs. 3 and 5. 
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Fic, 10. Curves derived from experimental results illustrating 
the current dependence of the decay of the #5 metastable level of 
neon for currents of 0.5, 10, and 30 milliamperes 


however, exist in the range of small absorption which is 
beyond the limit of the equipment used in this research. 
‘The difficulties in obtaining decay data at low excitation 
currents are evident in Fig. 12. (The lengths of the 
inverted spikes are proportional to the flux of the light 
pulses from the emission tube incident on the photo- 
multiplier tube. The seven shortest spikes indicate the 
higher *P, atom population in the absorption tube 
during the excitation pulse, the remainder correspond to 
the afterglow.) 


*P, Level 


The initial decay of the #7, level appears to be current 
dependent to a much smaller degree than that of the 
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Fic. 11. Curves illustrating the current dependence of the decay 
of the #P; level of neon for excitation currents of 5, 15, and 30 
milliamperes. 


other triplet levels. As in the case of the */p level, the 
decay becomes exponential at sufficiently small excita- 
tion currents (Fig. 13). 


MEAN LIFE OF THE TRIPLET P LEVELS 
OF NEON AT 300°K 


Themean lives of the triplet P levels of neon were 
measured as a function of the gas pressure. All measure- 
ments at a given pressure were made under identical 
conditions of excitation, as determined by the current 
in the absorption tube. Results were not obtained for 
pressures higher than 17 mm of mercury because the 
voltages required for excitation were beyond the limit 


Tasve IT. Diffusion and two-body collision cross sections of metastable neon atoms. 


Frequency of 
two-body 
quenching 

collisions at at 1 mm 

i mm of Hg 

A 


Diffusion 
coefficient 
at 1 mm 
of Hg 
D 


Diffusion cross 
section 
Oa 
cm? sec”! cm? 


1704-10 42.710 
170+10 42.710 
310420 40.510 
310420 40.510 


Ne*(*P) in Ne 
Ne* (@?’,) in Ne 
Ne* (472) in He and Ne 
Ne*(#P9) in He and Ne 


sec™! 


265415 


270415 


Effective cross 
section for 
quenching by 
two-body 
collisions 

v Oort 
em sec"! cm? 


7,94 X 104 10.4 10°" 


Density of 
normal atoms 
Mean relative 
of Hg velocity 
Me - 
Qa/Qott 


41 000 


cm 


3.22 10'* 


3.22 10'° 13.75 104 6.1K 10°" 66 500 
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Fic. 12. Oscilloscope pattern illustrating absorption vs time. 
Excitation current 0.5 milliampere, *P; level, 6074 A spectral line, 
pressure 2 mm of mercury. 


of the apparatus used. For pressures less than 9 mm of 
mercury the *?, absorption was too low to be measured 
accurately. 

The results for the *P; and *P» levels are plotted in 
Fig. 14. In the pressure range 9 to 17 mm of mercury 
these levels decay with a time constant which is 
identical within the limits of the experimental error. The 
long solid curve represents an attempt to fit a curve of 
the form of Eq. (2) to the experimental data. ‘The short 
solid curve passing through the experimental points 
shows the improvement resulting from the use of 
Phelps’s theoretical relation,‘ which takes into account 
the effect of imprisonment of resonance radiation and 
transitions between these levels induced by collision, 

The */5 level was studied in the pressure range in 
which the time constants were sufficiently great to 
permit their accurate measurement with our apparatus. 
The results are plotted in Fig. 15. The solid curve 
shows an attempt to represent the experimental data 
by an equation of the type 


(D,/A*p)+Ap, (2) 
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Fic. 13. Curves illustrating the current dependence of the decay 
of the *P, metastable level of neon for excitation currents of 0.5, 
10, and 30 milliamperes. 


4A. V. Phelps, Phys. Rev. 99, 1657(A) (1955). 
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Fic. 14. The pressure dependence of the mean life of the #P; and 
§P, neon levels. The solid curve was obtained by using Eq. (2) 
with D; = 170 cm? mm sec™!, and A = 113 mm™ sec™!, A? = 2.48 cm?. 
The short straight line at higher pressures was calculated by using 
Phelps’s theoretical relation. The crosses correspond to the #P; 
level 


where 7 is the mean life in milliseconds, and D, the 
diffusion coefficient of *Py metastable atoms in the 
parent gas at a total gas pressure of 1 mm of mercury. 
The term Ap, where p is the total pressure in millimeters 
of mercury, represents the frequency of two-body 
quenching collisions. A is the diffusion length of the 
container, which for a cylindrical tube of radius a and 
length L is given by the equation®: 


1 /5 r 
) (3) 
@AXQ@ £7 


The absorption tube used throughout this research was 
240 cm long and had an inside diameter of 7.6 cm, so 


that A?= 2.48 cm’. 
The values of D; and A determined from Fig. 15 are 
tabulated in Table If. It is of interest that the #2?» and 
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PRESSURE IN MM OF MERCURY 
Fic. 15. The pressure dependence of the mean life of the #P¢9 
metastable neon level in pure neon. Sampling line 6266 A. Circles 
experimental results for the #29 level, Crosses-—experimental 
results for the #?, level. The solid curve was obtained by using 
Eq. (2) with D;=170 cm? mm sec, A=265 mm! sec and 
A? = 2.48 cm? 


*M. W. Zemansky, Phys. Kev. 34, 213 (1929) 
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NEON PRESSURE IN MM OF MERCURY 


h1G. 16. The pressure dependence of the mean life of the *P»> 
metastable neon level in a 2:1 helium:neon mixture. Sampling 
line 6266 A. A*=2.48 cm?, Circles—experimental results for the 
*P> level. Crosses—experimental results for the #P, level. Solid 
curve calculated using Eq. (2) with D,;=310 cm? mm sec™, 
A 270 mm™ sec, and A? = 2.48 cm?. 


*P, curves coincide at low pressures; hence the two 
types of atom have the same diffusion coefficient. 


MEAN LIFE OF *P, LEVEL OF NEON IN HELIUM AND 
NEON MIXTURE 


The mean life of the #75 level of neon was measured 
at 300°K in a 2:1 mixture of helium and neon. The 
results are plotted in Fig. 16. As in pure neon, it was 
possible to represent the experimental data by an 
equation of the type 


1/r 


(D,/A*p)+Ap, (4) 


where D, and A refer to diffusion and two-body colli- 
sions of metastable neon atoms in mixtures of helium 
and neon. The values of D, and A determined from 
Fig. 16 are tabulated in Table IT. Also plotted in Fig. 16 
are measurements made of the mean life of the *?, level 
at lower pressures, where diffusion is dominant. Once 
again the two levels have the same diffusion coefficient. 
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DIFFUSION COEFFICIENTS AND CROSS SECTIONS 


From the data of Figs. 14, 15, and 16, the diffusion 
cross sections and atomic radii have been calculated by 
using the formulas®: 


3nrf i 
oe “(—), (5) 
32\nD 


8x7 (M,+M2) ; 
=| (6) 


aM \M, 


v 


and are tabulated in Table II. Since the *Po» and *P, 
levels have identical diffusion cross sections within the 
limits of experimental error, it seems unlikely that 
exchange interaction between a metastable atom and a 
normal atom plays an important role in the diffusion 
process. 


TWO-BODY QUENCHING COLLISION 
CROSS SECTIONS 


The two-body quenching collision cross sections, 
given in Table II, have been calculated using the 
relation 


v= ND 11, (7) 


where v equals the frequency of two-body quenching 
collisions, m is the density of normal atoms per cc, # is 
the mean relative velocity in cm per sec, and Qgry is the 
effective cross section for the process in cm’. 


CONCLUSION 


By reducing the amplitude of the current of the 
absorption tube excitation pulse, the decay of the 
triplet P atoms in the afterglow has been made current- 
independent. The identity of the mean lives of the 
*P, and *P» levels in the pressure range 9 to 17 mm of 
mercury is in agreement with the relation derived by 
Phelps and postulating the imprisonment of resonance 
radiation. 


®H.S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952), p. 367. 
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Fine Structure of the 2°P and 3 *P States in Helium* 
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The 2*P,;—2 *P,, 38P,—3 *Po and 3 *P,—3 *P, level separations in orthohelium are determined experi 
mentally by extending previously developed microwave-optical techniques. Frequencies of 2291.72 +0.36 Mc, 
sec, 8113.78+0.22 Mc/sec, and 658.55+-0.15 Mc/sec, respectively, are found for the above level separations 


These results are to be compared with previous optical measurements of 2295421 Mc/sec for 2 *P. 
3 *Po, and a microwave-optical determination of 658+ 1 Mc/sec for 3 *P¢ 


7950+ 600 Mc/sec for 3 *P; 


I. INTRODUCTION 


N A recent paper! Lamb proposed a method for 

making microwave measurements of the fine struc- 
ture of short-lived excited states of atoms, and pre- 
sented pertinent calculations for the particular case of 
the n*P, states of orthohelium. At the same time, 
Lamb and Maiman? used this method to obtain a value 
of 658+1 Mc/sec for the 3*P.—3*P, separation, and 
described the general apparatus which was utilized in 
obtaining their result. 

This paper deals with the application of the method 
to other n#P, fine-structure separations. In order to 
clarify the nature of the experimental difficulties a 
brief review of the method will be given. For a more 
detailed description reference is made to the previous 
papers in this series.!* 

Helium atoms in an external magnetic field are ex- 
cited from the 11'S» state to n*Py levels by electron 
bombardment. These atoms decay to the metastable 
2%S, state in approximately 10-7 second, emitting 
optical radiation (see Fig. 1). The radiation pattern 
depends upon the populations of the various sublevels 
of the n*P, states. If the excited atoms are subjected 
to an rf magnetic field of the proper frequency, the 
populations of two sublevels are modified (if they were 
originally unequal in population) and the optical radia- 
tion pattern is changed. Because of the presence of the 
external magnetic field, the various transitions occur 
at field-dependent frequencies. Thus, it is possible to 
search for an rf absorption by applying an rf magnetic 
field at a fixed frequency, varying the external magnetic 
field, and observing the intensity of optical radiation 
in a given direction. Standard modulation techniques 
are used and resonances are displayed on a recorder. 
The center of a resonance is located and a simultaneous 
observation of external magnetic field and frequency of 


* Research supported by the Office of Naval Research. This 
paper is based on a thesis submitted in July, 1956, by I. Wieder 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy in Physics at Stanford University. 

t Present address: Westinghouse Research Laboratories, Pitts 
burgh 35, Pennsylvania. 

t Present address: Clarendon Laboratory, University of Oxford, 
Oxford, England. 

1W. E. Lamb, Jr., Phys. Rev. 105, 559 (1957). Referred to as 
Part I in the text. 

2W. E. Lamb, Jr., and T. H. Maiman, Phys. Rev. 105, 573 
(1957). Referred to as Part II in the text. 


2*P,, 
34P, 


applied rf is made. The theory of the Zeeman effect is 
then used to calculate the fine structure. 

Lamb’s calculations! included Zeeman effect, rf 
matrix elements, and expected change of polarization 
of optical radiation at rf saturation. The field de 
pendence of transition frequencies is shown in Fig. 2, 
and the squared matrix elements and optical-radiation 
intensity changes are given in Table I. 


Il. EXPERIMENTAL VERIFICATION OF RELATIVE 
PREDICTED SIGNAL 


In view of the discrepancy between the calculated 
and observed polarization’ and the relatively weak sig 
nals expected from some of the resonances to be studied, 
it was desirable to first establish the reliability of the 
calculated relative signal of the various transitions. The 


theory could then be used in choosing one of the many 


possible transitions for each case of interest. 


ae 


From Fig. 2 it is seen that the ‘aw’ transitions ‘9” 
through “14” are convenient from the standpoint of 


being observable at a fixed rf frequency in the working 
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Fic. 1. Optical spectrum of helium. The triplet states are 
characterized by parallel electron spins and are produced by 
electron bombardment of helium, The 34Py and 24P, states 
decay in about 10°? second to the metastable 2 45, state emitting 
optical radiation as shown. 
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Magnetic 
Fic. 2, The Zeeman effect for the n*P, levels in helium. En 
larged plots of the lower part of this diagram were given in Figs. 
10-11 of Part I. This plot was useful as a guide in searching for 
resonances, and is valid for all m if the ratio of the separa 
tions, (a—1), is constant and the results are expressed in terms of 
the dimensionless variables x and y. The zero-field values, AZ. and 
(a—1)AK, were taken from results of the optical experiments 


range of magnetic field. Furthermore, Table I shows 
that they all have large squared matrix elements and 
should therefore be observable at a (fixed) low level of 
rf amplitude. Finally, the experimental factors are 
readily held constant for all these transitions, thus 


providing a real test of the theoretically predicted 
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Fic. 3. Recorder traces of transitions “9” through “14” taken 
at about 900 Mc/sec. 
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linear relationship between the relative signal and the 
product A/,,|V|?, for values of rf far below saturation.! 

The 3*P spectrometer previously described? was 
modified by changing the orientation of the rf magnetic 
field, and the above six transitions were detected. 
Figure 3 shows experimental recorder traces taken far 
below rf saturation, while Fig. 4 is a plot of peak-to- 
peak signal versus AJ,,|V|?, using values of AJ, and 
| V |* from Table I. Since every sublevel of the J=2 and 
J =1 levels is involved in these transitions, a good basis 
is established for the use of the theory to predict 
relative signals. 


III. DETECTION OF A 3*P,—3 *P,) TRANSITION 
1. Choice of Transition 


An examination of Fig. 2 reveals three possible 
transitions, ‘15,”’ “17,” and “18,” which can be used 
to determine the larger separation of the 3*P fine 


TaBLe I. Intensity changes, A/j;, and squared matrix elements, 
V|?, at various magnetic fields. The working range of magnetic 
field (300-600 gauss) corresponds to a range in x of 0.2-0.35 for 
the 24#P case and 0.6-1.2 for the 3 §P case. 
i 


x=1,2 
aly |Vi* 


0,20 
0,52 
1.20 
0.14 
0.11 
0.03 
0.01 
0.00 
2.50 
3.15 
1.45 
1.40 
2.55 
1.35 
0.55 
0.21 
0,38 


x =0.9 
4Jy | Vi? 


x =0.3 
Aly | Vi? 


x=0,6 
Aly |V\? 


x =0.2 
Aly |Vi? 


Transition 
code No. 


0.35 
1.99 
O11 
0.68 
3.58 
2.79 
0.01 
0.56 
0.11 
0.56 
0.01 1.39 0.01 
1.99 1.35 1.96 
0.35 2.74 O61 
2.79 149 3,12 
016 O58 O10 
1.02 0.24 1,25 
0.18 0.37 0.20 


0.18 
0.47 
1,01 

O18 
0.14 
0.01 

0.00 
0.00 
2.50 
3.22 


0.61 
1.96 
0.05 
0,38 
4.70 
3.12 
0.01 
0.56 
0.05 
0.56 


0.09 
0.25 
0.51 
0.31 
0.23 
0.08 
0.04 
0.14 
2.43 
3.42 
1.18 
1.15 
3.20 
2.00 
0.65 
0.31 
0.35 


0.10 
1.88 
0,22 
1.10 
2.12 
2.29 
0.12 
0.50 
0.22 
0.50 
0.12 
1.88 
0.10 
2.29 
0,27 
0.72 
0.08 


0.14 
0.38 
0.78 
0.24 
O18 
0.01 
0.01 
0,00 
2.50 
3.33 
1,28 
1.24 
2.96 
1.72 
0.62 
0.27 
0.36 


0.01 

1.38 
0.65 
1.66 
0.15 
1.42 
0.60 
0.26 
0.65 
0.26 
0,60 
1.38 
0.01 

1.42 
0.45 
0.30 
0.05 


0.07 
O19 
0.40 
0.32 
0.24 
0.13 
0.07 
0.02 
2.30 
3.42 
1.10 
1.08 
3.30 
2.15 
0.66 
0.33 
0.34 


0.00 
1.55 
0.51 

1.56 
0.66 
1.66 
0.45 
0.33 
0.51 

0,33 
0.45 
1.55 
0.00 
1.66 
0.39 
0.39 
0.00 


structure. As Table I shows, “17” has the largest 
intensity by a factor of about 5 and the lowest squared 
matrix element by a factor of about 3. Since this latter 
factor can be overcome in principle by working near 
saturation, transition “17” was selected. The Zeeman 
behavior of this transition in the working range of ex- 
ternal magnetic field indicates that a (perpendicular) 
rf magnetic field in the range 6700-7400 Mc/sec is 
required (see Fig. 2). 


2. Expected Signal-to-Noise Ratio 


For the microwave spectrometer utilized in this 
experiment, the signal-to-noise ratio is limited by shot 
noise from the photoc athode.? A useful form of a for- 
mula for signal-to-noise ratio (assuming rf saturation) 
can be written 

tI Po,E \3 
S/N « aly ~) , 
1+iz/ine 


(1) 





FINE STRUCTURE OF 
where 7 is the band-width limiting time constant of the 
detection system, / is helium tube excitation current, P 
is the helium pressure, ¢,, is the excitation cross section 
for the » triplet levels, Z is the quantum photoefficiency 
of the photocathode, iy, is the photocurrent due to the 
appropriate helium transition and ig is the extraneous 
photocurrent. On the basis of the observed value of 
S/N for transition “5,” a first estimate of expected 
S/N for “17” was made by assuming rf saturation and 
no changes in experimental parameters. Under these 
conditions the S/N should vary as AJ/,,. From the 
observed value of 50/1 for “5” (see Part II) an ex- 
pected S/V of 12/1 was calculated for “17.” In practice, 
a factor of 3 in S/.V was lost due to a decrease in light- 
collecting efficiency imposed by the small size of the 
cavity needed for this transition, so that the expected 
S/N is only about 4/1 at rf saturation. 

Using the formula for half-saturation derived in 
Part I, Sec. X, 


H?e~1/|V|2 (2) 


| ’ 


and substituting |V!)* from Table I, one finds that 2 
gauss of rf magnetic field are required to reach half 
saturation. An estimated QO, of 7500 was needed to 
reach this value if readily available power sources were 
to be utilized. 


3. Design of Excitation Tube 


The excitation tube differed from the one reported: 


previously* in that the section which was to go inside 
the cavity was changed to quartz because Nonex was 
found to be lossy at the required frequency. Other 
changes included the incorporation of a nonmagneti 
barium getter, and a Pyrex bulb about 0.02 inch thick 
and a few square inches in surface area for admission 
of helium to the tube by diffusion. 


4. Design of Cavity 


To provide the necessary rf amplitude, a reflection- 
type half-wavelength resonant cavity with an inductive 
iris coupler was constructed (see Fig. 5). The basic 
structure was a section of “J’’-band wave guide with a 
plate silver-soldered to one end. Holes (a) for the ex- 
citation tube were placed so that the tube would be as 
near as possible to the maximum rf magnetic field and 
as far as possible out of electric fields which would dis- 
turb the beam. Radiation chokes (b) were used where- 
ever possible. The observation hole (g) and Polaroid 
rotating mechanism (h) were mounted in a direction 
perpendicular to the tube axis and as close to the tube 
as possible without interacting with the cavity fields. 
A good match was obtained by keeping the diaphragm 
(c) removable and adjusting the iris (d) until a standing- 
wave ratio of about 1 was observed with the tube in 
place. Dielectric tuning was accomplished by using a 
quartz rod (e) which could be moved continuously 
between two extreme positions corresponding to a 
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PREC TED SIGNAL IN 
ARBITRAR units 


Fic. 4, Plot of peak-to-peak observed signal against relative signal 
predicted by the theory of Part | 


range of 6900-7600 Mc/sec. The cavity was monitored 
by an electric-field probe (f). The loaded Q was ob- 
served to be about 3000 with the excitation tube in 
place. 


5. Tube Filling and Resonance Detection 


Since the cavity did not have the desired Q, it was 
expected that it would be necessary to increase the 
excitation electron current and the helium pressure in 
order to observe a resonance. Owing to the difficulty 
in designing high-perveance electron guns, the decision 
was made to try an increased pressure alone, On the 
other hand, there are upper limits of helium pressure 
(and electron current) imposed by possible “self- 
reversal’”® of the optical light, electron-beam stability, 
and pressure broadening. Also, the possibility of a 
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{4 
5. Schematic diagram of tunable high-Q cavity for 
the high-frequency 3 *P transition 


Fic, 


* Brochard, Chabbal, Chantrel, and Jacquinot, J. phys. radium 
13, 433 (1952). The results quoted in Part I for the optical meas- 
urements using this paper as reference were in error for the 
24*P,—2*P, separation. The correct value is 22954-21 Mc/sec. 
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Pransition “17” —34P observed at 7000 Mc/sec and 480 
Phe peak-to-peak width is about 1,8 gauss 


hic. 6 


gauss 


variable pressure was ruled out by previous failures 
associated with kinetic systems.’ For these reasons it 
was necessary to monitor the tube continuously while 
the helium was being admitted. The plan was to let in 
only enough helium to attain a reasonable S/.V. Un- 
fortunately, helium diffusion through glass is not com- 
pletely understood, although enough empirical data 
had been accumulated for us to expect a considerable 
delay before the result of an exposure to helium would 
manifest itself in the tube. The presence of helium gas 
in the tube would first be noticed by the appearance 
of 3889 A optical radiation, and, ultimately, (it was 
hoped) by a resonance 

With the tube in place in the spectrometer, the Pyrex 
bulb was exposed to helium at 1 atmosphere in a series 
of short exposures followed by long periods of observa 
tion. After a total exposure of 25 minutes, the pressure 
microns of helium and a 


reached an estimated 30 


resonance of considerable S/.V was observed (see Fig. 6), 


IV. DETECTION OF A 2‘P,—2‘*P, TRANSITION 
1. Selection of Transition 


A measurement of the 2*P fine structure is possible 


in principle with the same basic apparatus used for 


337. The main changes involved are differences in the 


frequency of applied rf magnetic field and detected 
optical-decay light. 

An atom in the 2 4? excited state decays in approxi- 
mately 10-7 second to the 24S metastable state with 
an associated emission of infrared radiation at 10 830 A, 
This lifetime is about the same as the 3*P lifetime so 
that no significant change of line width is to be expected. 


W. E. LAMB, JR. 

The 10 830-A radiation to be detected, however, has 
considerably less energy per quantum than 3889 A 
radiation from 3*P, and its detection proved to be a 
serious problem. 

In order to estimate the probability of success of the 
proposed measurement, it was first noted that calcula- 
tions of matrix elements, optical intensity changes, and 
Zeeman effect are independent of the total quantum 
number of the *? level if the ratio of separations, (a—1), 
is about the same for the 2 cases, (see Fig. 2), and the 
results are expressed as functions of the dimensionless 
magnetic-field variable x. An inspection of Fig. 2 and 
Table I reveals three possible choices of transitions, 
“2.” “6.” and “4,” that reduce to the desired AE in 
zero external field and have reasonable intensities and 
matrix elements in the magnetic field 
(x=0,.2—x=0.35). A power source was not readily 
available in the frequency range required for “2,” so 
the choice was restricted to “4” or “6.” Transition ‘6” 
was chosen since it occurs in a more convenient fre- 
quency range than “4” and has the further advantage 
of being similar to “2” of the 34? pattern in that both 
resonances require a perpendicular rf magnetic field in 
the vicinity of 1500 Mc/sec. The only significant dif- 
ference in the detection of the two resonances is in the 
wavelength of the detected optical radiation. Thus, 
estimates of expected S/.V could be obtained by direct 
comparison of “2”—34P, and “6”’—2*P, and since 
“2” is a readily accessible resonance the apparatus 
could be improved until the observed S/N of ‘2” 
reached a value which predicted a reasonable S/.V 
for “6.” 


accessible 


2. Selection of Infrared Detector 


A survey of existing detectors with response at 
10 830 A revealed that a photosurface with an S—1 re- 
sponse had the highest inherent S/N ratio, because of 
the fact that its primary noise source is photoelectron 
shot noise. Furthermore, it was clear that a photo- 
multiplier with its essentially noiseless gain was su- 
perior to a phototube and electronic amplifier since the 
Johnson noise at the input resistor of the amplifier 
exceeded the anticipated shot noise (for a modulation 
method) at that point. 

Several DuMont K1430 infrared photomultipliers 
were obtained and checked for sensitivity at 10 830 A, 
and the best one selected. A comparison of the quantum 
6199 
photomultiplier used for the 3*P resonances showed 
the K1430 to be only 1/2500 as efficient at 10 830 A as 
the 6199 at 3889 A. 


photoefficiencies of this tube and the R.C.A. 


3. Expected S/N Ratio 
By means of Eq. (1) it is possible to estimate the 
ratio of the S/N ratios of “2”—3*P and “6”—2*P 


under the following conditions : 
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Fic. 7. Schematic diagram of excitation tube and current-regulating power supply used to detect infrared resonance 
The tube operated at 500 wa at a pressure of about 20 microns. The over-all tube length is about six inches 


(a) iz=0, 

(b) same degree of rf saturation attainable on both 
resonances, 

(c) same pressure and current in excitation tube, and 

(d) no self-reversal in either case. 


(Ali;)6 rag r’ 04 4 
(CIE) & 
(Ali) ‘ig r’ 04 
The values for A/,; can be obtained from Table I 
the ratio E’/E”’ was measured to be 1/2500, the maxi 


mum reasonable value for 7’/7’’ 25 and the 
ratio o»/a3 has been measured‘ to be about 3. Substi- 


The ratio becomes 
S/N (6 — 2'P) 


S/N (2"—3*P) 


’ 
is about 


tuting these values and arbitrarily assuming a desired 
S/N for “6’—2*P of 5/1, one calculates a S/N of 
40/1 for “2” —3 °P. 

Of the conditions for Eq. (3) listed above, only (a) 


and (b) are difficult to satisfy and will be considered 


below. 


4. Cathode Light and Dark Current 


The bulk of the extraneous photocurrent ig is pro- 
duced by scattered light from the hot cathode, and the 
remainder is dark current. These effects are both much 
larger in red-sensitive tubes than in blue for two reasons: 
(a) Stray light from the cathode is peaked in the infra- 
red. (b) Photosurfaces in red-sensitive tubes must have 
low work functions and hence high dark current. This 
means that iz is larger for 2*P resonances and reduces 


* Bates, Fundaminsky, Leech, and Massey, Trans. Roy. Soc. 
(London) A243, 117 (1950) 


The 
iz/ine Was measured in the infrared using the existing 
excitation tubes and was found to be about 100. In 
order to attain the proposed S/V for “6"—2°P, it 
would now be necessary to gain a factor of 10 in the 
calculated S/N for ‘'2’’—34P. However, this could be 
obtained only by introducing a factor of 100 in the 
product /P?; and even if the excitation tube worked at 


the expected S/N calculated above quantity 


these high pressures and currents, there would be an 
increased chance for self-reversal to set in. Furthermore, 
self-reversal is more likely in the infrared than in the 
blue. Thus, it was clear that the cathode light had to be 
eliminated in order to detect a resonance 

Attempts to use 10 830A interference filters were 
frustrated, as 
and cathode light in a ratio which would result in a 


all those available diminished both beam 


very small increase in S/N. Moreover, the decreased 
intensity of beam light made it necessary to operate the 
photomultiplier at an increased gain. ‘This introduced 
instabilities and noise not present in the usual opera 
tion. Various optical schemes were tried, but failed 
for the same reasons. It became apparent that a system 
which discriminated completely against cathode light 
and did not affect beam light would be needed 


5. Excitation Tube 


A new excitation tube was designed and is illustrated 
in Fig. 7. The cathode (b) was 
where electrode geometry confined the cone of direct 
light 
electrode (e) were blackened on the inside, as were the 


moved back to a point 
The collector electrode (f) and final accelerator 


baffles (a) which were placed behind the filament. The 
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control electrode (c) and first accelerator (d) were not 
blackened to eliminate the possibility of heat liberating 
gases from the blackening material and the cathode 
becoming ‘“‘poisoned.” A Pyrex diffusion bulb (g) for 
helium and a nonmagnetic getter (h) were mounted as 
before. 

After processing in the usual way, the tube was 
placed in the spectrometer, but due to the increased 
length of electron path, the magnetic field was found 
to be inadequate for confining the beam. Helium was 
then allowed to diffuse through the Pyrex bulb in the 
hope that helium ions would neutralize the space charge 
which was spreading the beam. Unfortunately, it was 
not possible to monitor a resonance during this process, 
so helium diffusion was continued until the combined 
effects of space-charge neutralization and magnetic 
field were sufficient to confine the beam. 

With the beam on, the cathode light was found to 
have been attenuated to a point where any further 
decrease would result in, at most, a factor of V2 in 
S/N. Dark current was virtually eliminated by cooling 
the photomultiplier with solid CO,. With the condition 
that 77 =0 essentially fulfilled, it was now necessary to 
investigate the possibility of rf saturation of both 
resonances 


6. rf Cavity 


The transitions involved both require a perpendicular 
rf magnetic field of about 1500 Mc/sec. ‘Their squared 


matrix elements are 0.12 for “6’’—2*P and 0.47 for 


[ | ; 


8. Schematic diagram of tunable cavity used to generate 2 
gauss of perpendicular rf magnetic field at 1500 Mc/sec 
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“2”—3*P in their respective accessible regions, and 
according to Eq. (2) and Table I they need 2.5 and 1.4 
gauss respectively for half saturation. 

Figure 8 shows the cavity that was designed in an 
attempt to provide 2.5 gauss of transverse rf magnetic 
field. The cavity was excited by a variable-capacity 
probe (a) and tuned by varying the position of rod (b). 
A separate match was required for each position of the 
tuner and was obtained by varying the position of the 
coupler. A probe (e) was used for monitoring the cavity, 
and the entire assembly was placed in a piece of wave 
guide for shielding. Holes (f) for the excitation tube 
were placed in the cavity and box so that the inter- 
action space was in a region of maximum rf magnetic 
field (c) and far away from strong electric fields which 
were confined to the gap (d). 

An estimate of the power required for 2.5 gauss of 
rf magnetic field at the measured QO, of 300 revealed 
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Fic. 9. Schematic diagram of infrared optical system and 
its relative spectral response curve. 


that 10 watts would be needed. This power was avail- 
able, but caused electrical breakdown to occur at the 
tuner and coupler. This limited the rf magnetic field to 
about 2 gauss, and slightly reduced the expected S/N 


of the resonances. 


7. Optical System 


It was necessary to place the photomultiplier some 
distance away from the external magnetic field in order 
to prevent its disturbance by stray fields. In the 
3889 A case a Lucite light pipe was used to guide the 
decay light to the photomultiplier. Lucite was found to 
be absorbent at 10 830 A and was replaced by a hollow 
silvered tube. Figure 9 shows this tube (d) in relation 
to the cavity and excitation tube. A silvered mirror (a) 
was placed behind the cavity and served to increase 
the effective solid angle of the light detector. An infra- 
red transmitting Polaroid (c) was placed in the rotating 
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assembly (b), and a Corning 2540 filter (e) was put in 
front of the photomultiplier. 

The spectral response of the combination of an S~1 
surface and 2540 filter is also shown in Fig. 9. A check 
of expected intensities of other optical transitions in 
this range of wavelength revealed that their contribu- 
tion was negligible in comparison to the 10 830A 
radiation. 


8. Detection of Resonances 


The blue optical system was installed, with the sine- 
wave modulation amplitude set at twice the expected 
resonance width to maximize’ §S/\. The transition 
“2”— 3 4P was found to have a S/N of about 60/1 with 
a time constant of 6 seconds. From the above considera- 





“2.35p 


Fic. 10. Recorder traces of “2” —3*P and “6” —24P, 
tions it seemed that the infrared resonance should now 
be detectable, with a S/N of 7/1, so the infrared optical 
system was installed, the time constant was increased 
to 150 seconds, and the magnetic-field sweep rate was 
slowed down accordingly. 
region revealed an 
(see Fig. 10). 


A search of the expected 


infrared resonance as predicted 


9. Remarks on 2 'P,—2 *P, Separation 


A high-power source at 1 cm was not readily available 
so that a direct determination of the larger 2 *P separa- 
tion was not possible at the time these measurements 
were made. 


® R. Beringer and J. Castle, Jr., Phys. Rev. 78, 581 (1950). 
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. Schematic diagram of magnetic-field 
measuring apparatus. 


in principle, to determine 2 *7?)— 2 4Po 
by observing certain transitions of the smaller separa 
tion. about due to a mixing of states in the 
external field so that the m= 0 levels are affected by the 
larger separation. A careful measurement of the Zeeman 
behavior of “3,” for example, could yield such informa- 
tion. In practice, however, the effect is so small in the 
range of accessible magnetic field that it would be un- 
noticed even if a S/.V of 100 could be attained, 


?. . 
It is possible, 


This comes 


V. MEASUREMENT OF RESONANCES 
Magnetic Field Measurement 


It is necessary to observe both the external magnetic 
field and transition frequency for calculation of the 
fine Zeeman The 
field was determined by use of an absorption-type 
apparatus. Figure 
and proton sample which can be substituted for the 
excitation The oscillator is a conventional QO 
multiplication feedback circuit, and is fed into the 
same circuitry as the output of the photomultiplier for 
resonance detection and display. Provisions were made 
to map a region } in. long and } in. in diameter by hav 
ing the sample movable inside the fixed coil. The sample 


structure from theory. magnetic 


proton resonance 11 shows a coil 


tube. 


consists of about 0.05 ce of a 0.03-molar paramagnetic 
ion solution which gives sufficient relaxation to cause 
line widths to be limited by a modulation of 0.1 gauss 
amplitude. Resonances of about 20/1 S/.V ratio were 
detected over the range 300-600 gauss. 

The 
magnetic field 7 by the 


Vp (y dn )iT. 


proton resonant frequency v, is related to the 


formula 
(4) 


The value used for the constant was 4.25787 k« 
any correction for sample shape 
being negligible for this work. The resonant frequency 
v, was measured to 0.001%. Since the constant (y/27) 
has been measured to 1 part in 50000, the frequency 
uncertainty did not introduce 


yvauss, 
and paramaynetism 


a significant error in the 
magnetic field determination 

Owing to the modulation method of resonance de 
roughly in the form 


Since the 


tection, the observed resonance is 


of the derivative of a Lorentzian line 


shape 
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Fic. 12. Schematic diagram of frequency-measuring apparatus. 
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center of such a line is a point of zero slope, it is co- 
incident with the point formed by the intersection of 
the derivative curve and the base line. 

It would have been desirable to take data by locating 
the center of the resonance and simultaneously observ- 
ing the applied frequency and external magnetic field. 
In practice it was impossible to have the proton coil 
and excitation tube positioned simultaneously. This 
difficulty was overcome by monitoring the current 
through the magnet. This was accomplished to a high 
degree of accuracy by observing the voltage drop across 
a series reference resistor with a Leeds and Northrup 
potentiometer. The potential was then calibrated with 
proton resonances taken before and after the helium 
resonances. Since the magnet is an air-core type, the 
potential V is related to the field by a linear equation 
of the form 


H=cV +d. (5) 


By observing proton resonances at two points in the 
vicinity of the resonant field, the constants c and d were 
determined and the potential calibration accomplished. 

In practice, the helium resonance was found and 
displayed on the recorder with the automatic field 
sweep to check for asymmetries and to define the base 
line. Then the center of the resonance was located and a 
frequency and potentiometer reading 
taken simultaneously. This potentiometer reading was 
later used to determine the magnetic field as mentioned 


measurement 


above 
2. Frequency Measurement 


Phis was accomplished by mixing radiation from the 
rf source with a harmonic of a G.R. (1209-B) oscillator 
in a crystal mixer and listening to the beat note at 
about 2 Mc/sec ina receiver with good image rejection. 
The fundamental frequency of the G.R. oscillator was 
simultaneously monitored by a Gertsch FM/3_ fre- 


Deviation of the magnetic field from //,, the central 
value, averaged over the interaction region 


rance Il 


Transition OH Ay (Rauss He (gauss 


+-0.06 §20 

+015 350-400 
+-0.085 350-500 
+O0.15 350-400 


W. E. 


LAMB, JR. 
quency meter (see Fig. 12). The accuracy of these 
measurements was about 0.02 Mc/sec and was limited 
by the breadth of the beat note heard on the receiver. 


3. Results of Measurements 


The results of applying the above method to various 
detected transitions are tabulated and analyzed in the 


next section. 


VI. CALCULATION OF THE FINE STRUCTURE 
1. Sources of Error 


a. Measurement of H.—The measurement of the 
magnetic field at a given point in the spectrometer is 
accurate to at least 0.02 gauss in the working region. 
The uncertainty is due to that of the constant (y/27) 
and the difference in the induced diamagnetic fields 
resulting from the excitation tube and proton apparatus. 

b. Measurement of vo.—The measurement of transi- 
tion frequency, vo, is accurate to at least 0.03 Mc/sec 
for a given determination in all cases. This uncertainty 
is reduced to approximately 0.01 Mc/sec by using the 
average of several observations for the quoted experi- 
mental value. 

c. Constants.—The Zeeman calculation depends upon 
several constants. The values® used are tabulated below: 
po = 0.927314-0.00002 K 10-” erg /gauss, 

h=6.62517+0.00023 XK 10°" erg-sec, 
£5 = 2.0022908 (accurate to about one part in 50000). 


The remaining constant g;, is subject to a center-of- 
mass correction’ and was taken to be 


£r=1—(m,/my.) = 0.99986, 


where m, and my, are the masses of the electron and 
helium nucleus respectively. Since the above formula 
was derived for a hydrogen atom, it is subject to a 
correction® due to interaction of the two orbital elec- 
trons. This correction is estimated to be less than one 
part in 10° of gr, so that all the above constants are 
accurate to at least one part in 30000 and do not 
introduce significant errors in the results. 

d, Unsymmetrical line shape-— Deviations from sym- 
metry due to nonlinear Zeeman effect, variation of 
matrix elements and A/J,, with magnetic field, and mag- 
netic field inhomogeneity can cause small shifts of the 
resonance. These effects have been estimated and con- 
tribute negligible amounts to the total uncertainty. 

e. S/N limitations-—The location of the center of a 
resonance is uncertain by an amount which can be 
roughly expressed as 


(peak to peak width in gauss) 


AH (6) 


(S/N) 


®Cohen, DuMond, Layton, and Rollet, Revs. Modern Phys. 
27, 363 (1955). 

7W. E. Lamb, Jr., Phys. Rev. 85, 259 (1952). 

*M. Phillips, Phys. Rev. 76, 183 (1949). 
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This quantity is about 0.1 gauss for a single determina- 


tion in a typical case, and, being a random error, can 


be virtually eliminated by taking many measurements. 


f. Field inhomogeneity»-The magnetic field was in- 
homogeneous by about 0.1 gauss over the interaction 
region. This broadened the resonances slightly and 
shifted their peaks by an amount that is readily cal- 
culable in principle. If the resonance signal is of the 
form S(/1—H ») where Ho is the resonant field, it can 
easily be shown that a negligible error is made by 
assuming a uniform field of (#7) in the interaction 
region and using that field to calculate the fine structure. 

In computing (JZ), it is necessary to correct for rf 
magnetic field inhomogeneity (negligible in this ex- 
periment) and variation of intensity changes and de- 
tector solid angle with 6, the angle between the axis of 
quantization and the detector. The procedure is as 
follows: first, proton resonances are used to map the 
field. Because of the finite size of the sample, only 
three independent points are taken along the axis in 
the interaction region. Using these three points, one 
determines an average detector angle 6 for each loca- 
tion and estimates the total solid angle Q of the de- 
tector. The effective rf-induced change of 2-polarized 
optical radiation is then computed for each average 
angle by using’! 


Al, (0) = Al, sin’6+- Al, cos’6, (7) 
and 
Al = 2AT,. (8) 


The measured values of H at each point are then 
multiplied by a number proportional to the product 
Al,,Q2 and a weighted average taken. The difference 
between (//),, and the central-field value is thus deter- 
mined for a given magnetic field and is denoted by 
(617) wy. 

Because of severe signal-to-noise limitations on 
2*P,—2*P, it was not possible in that case to utilize 
an experimental configuration which would lend itself 
to a direct estimate of (6/7),,. An indirect determination 
was made by utilizing the fact that (64), was the 
same for ‘2’’—34P and “6’’—2*P and is discussed in 
Part C of the next section. The results of these deter- 
minations of (6/7), are shown in Table II. 


2. Reduction of Data 


a. Transition “5.”’—-(3*P,—3*P,). The Zeeman for- 
mula for this transition is obtained by combining for 
mulas for W(2,+1) and W(1,+1). The result is given 
in Eq. (11) of Part I. Denoting E,—F, by AE, the 
observed transition frequency by vo, and expressing AF 
and vo in units of Mc/sec one can solve for AF, obtaining 


g1,)*wo Hl? ? 
) Mc/sec. (9) 
h* 


9J. A. Smit, Physica 2, 104 ( 


249P 


AND 3°? STATES IN He 


rasie Ill 


Results of calculations of 3 4P 
using transition “5,” 


Obs vo 
(Mc/sec 


Obs H, 


(gauss) 
983.443 
983,405 
983.323 
983.126 
983.623 
983.462 
983.439 


520.47 20.5 658.00 
520.50 520.5 658.50 
520.39 658.55 
520.22 658.52 
520.66 658.57 
520.53 658.53 
520.49 658.56 


Aun 
NRNwNhwe 


Weighted average = 658.55 Mc/sec 


The results of applying this formula to the data are 
shown in Table III. Although the internal consistency 
is high, the quoted result is uncertain by a somewhat 
larger amount due to possible systematic errors. An 
estimated upper limit of the combined sources of error 
can be made by summing the absolute values of the 
calculated effect on the zero-field splitting due to all of 
the sources of error discussed in the previous section. 
The separation is therefore taken to be 


33P\—3 ®Py=658.554+0.15 Me/sec. 

b. Transition “17.”—-(3 ®P,—3 Po). The Zeeman be 
havior of this transition is obtained by combining the 
formulas for W(0,0) and W(1,1) from Part I. If the 


levels are defined as 


Fy 0, EF, AE, Ko aAk, 

LAE. 
Substituting these values into Eqs. (11) and (13) of 
Part I and introducing the dimensionless variables 


w(j,m) = W(j,m)/AE, one can solve for (a 


then the desired zero-field splitting becomes (a 


1), obtaining 


4x*w(0,0) 
w(0,0) 1, (10) 
w(0,0)?— w(0,0) — ha? 


(a—1) 


where x is defined as (gs 
lated from 


£i)moll and w(0,0) is calcu 


L/gstgr 
Wovet ( ea K(1+2*)§+4, (11) 


2\gs— £1 


w(0,0) 


IV. Results of calculations of 34P?,;—3 4?» 


using transition “17.” 


TABLE 


Obs vo Obs He 
(Mc /sec (gause 


(H Ay 


(gauss 


405.63 
457.28 
479.07 
419.21 
506.24 
508.51 
356.45 
356.1% 


494.48 


7182.25 
7056.30 
7003.00 
7149.20 
6936.50 
6930.88 
7301.10 
7301.90 
6965.30 


405.55 
457.20 
478.98 
419.13 
506.15 
504.42 
356.40 
356.10 
494.40 


8113.84 
8115.74 
#113.73 
®113.80 
$113.81 
$113.76 
%113.74 
4115.42 
#113.75 


Weighted average = 113.7% Me 
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TABLE V. Determination of (6/1) for the microwave-optical con- 


figuration used for “6’’—2*P and “2” —3 #P. 


Obs vo Obe Ie 
(Me sec) (gause 


SE (He) 
(Mc /se« 


CH py cak 


(gauss) (OH) ty We 


1559.59 
1555.56 
1654.27 
1693.26 


344.66 
$47.28 
$80.50 
$93.44 


659.16 
659.22 
659.01 
659.12 


344.42 
347.46 
380.62 
493.59 


+-0.16 & 
+-0.18 4 
+-0,12 | 
+-0.15 4 


(61) y= +-0.15 gauss 


where Wei. is defined as the observed transition fre- 
quency vo in units of AE. The results of applying these 
formulas to the data are shown in Table IV. An esti- 
mate of the upper limit of the uncertainty is made as 
before. ‘The separation 1s taken to be 

3 Pp, 


3 3p, $113.784-0.22 Mc/se 


“go 


c. Transition (34P,—3'*P,). The Zeeman be 
havior of this transition is obtained as before, Eqs. (14) 
and (11) of Part I being combined in this case. It is 
not convenient to solve for AF explicitly, so the formula 


is left in the form 


2w(1,0) , 
' (1 ) | 
a—w(1,0) 


1 /gste1 
t ( )ernats). (12) 
2\ ¢s—2£1 


The value for w(1,0) is obtained by iteration using the 


experimental value for a. Then the above equation is 
iterated and the process repeated for several assumed 
(77), untila value of AF 


in the above equation is consistent with Wop. Thus 


658.55 Mec/sec (implicit in x) 


(617), is determined for the microwave-optical con- 
figuration used in this and the “6” 
sults appear in ‘Table V. 

(2 4P,—2*P,). In this case, the 


Zeeman behavior is obtained by combining Eqs. (9) 


2 sp case. The re 
d. Transition “6 


and (11) of Part I. It is here convenient to solve for 


TABLE VI. Results of calculations of 2 *P2 
using transition ‘6.” 


2°P, 


Obs He 
(gauss) 


335.12 
338.32 
336.15 
335.96 
335.18 
$34.94 
378.01 


Obs ve 
(Mc/sec) 


1611.16 
1605.03 
1609.18 
1609.24 
1611.07 
1611.72 


1527.58 


CH) iy AE 4 
(gauss) (Mc/sec) (Mc/sec) Wt 


335.27 2291.68 0.04 
338.47 2291.83 +-0.11 
336.30 2291.72 0.00 
336.11 2291.41 0.31 
335.33 2291.71 0.01 
335.09 2291.89 +017 
378.16 2291.80 +0.08 


Weighted average = 2291.72 Mc/sec 


AF explicitly, obtaining 


h’v? thvo(gs +g 1)poll + wor H?g ser 


AE Mc/sec. (13) 


hv» + } (gs + £1) poll 


‘The results of applying this formula to the data are 
shown in Table VI. An estimate of the upper limit of 
the uncertainty is made as before and one obtains 


2 *P.— 2 *P\=2291.72+0.36 Mc/sec. 


These results are much more precise than existing 
data and should be of use in theoretical work on helium 
fine structure. A comparison with previous results 
appears below: 

Previous measurements 


658+1 Mc/sec 
795046000 Mc/sec 
2295421 Mc/sec 


Separation 
3*P,—3 *P; 
3 #P,—3*Po 
2 IP, 2 ap, 


This paper 


658.55+0.15 Mc/sec 
8113.78+0.22 Mc/sec 
2291.724-0.36 Mc/sec 
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Two low-Z, similar-in-energy, presumably allowed beta transi 
tions, Na*(Ey= 1394 kev, 4-+—4-+4, log fot = 6.1) and P®(4y)=1711 
kev, 1+-0+4-, log fot= 7.9) have been compared by means of the 
Argonne double-lens spectrometer at 2% resolution. Vacuum 
distilled sources on 200 yg/cm? Al had thicknesses of 50 to 75 
ug/cm* for Na* and «50 yg/cm? for P*. Considerable attention 
has been given the question of detector efficiency and instrumental 
scattering. The results show that Na™ has very nearly the allowed 
shape; its experimental shape factor, (V/[f(2.— £)*], is within 


4) 


I. INTRODUCTION AND SUMMARY 


T the present time, there are no ‘‘standard spectra”’ 
with which the beta spectroscopist can evaluate 

his instrument when he is interested in precision the 
order of 1%. Yet, it seems clear that experimental work 
and theory can be profitably compared to this precision. 

One such problem is the extent of small deviations 
from the allowed shape. We assume that even after 
careful scrutiny of the instrument, some small residual 
instrumental distortion may remain undetected. Yet if 
one finds differences in two presumably allowed spectra 
of similar atomic number and end-point energy under 
the same experimental conditions, it should constitute 
convincing evidence that such deviations exist. The 
present work is such a comparison between P® and Na™. 

The most recent work on P®” by Pohm, Waddell, and 
Jensen! using volatilized sources indicated that above 
250 kev (the end point of often present P® contami 
nant) the spectrum is very close to the allowed dis 
tribution. In their intermediate-image spectrometer 
they found the experimental shape factor? decreased by 
approximately 1.59), and in their thin-lens spectrometer 
it increased by approximately 1.5% from 260° to 
1530 kev. 

The Na™ beta spectrum has not been studied in as 
much detail as P® has. In perhaps the outstanding 
earlier work, Siegbahn,’® working with a source of aver- 
age surface density ~150 yg/cm? but deposited from 
liquid, found the Kurie plot to be straight (within a 
few percent) for E> 200 kev. 

We have re-examined these spectra and find that 
there is a difference in their shapes. In our instrument 
the Na* beta transition has the allowed shape (i.e., its 


shape factor is, within 0.59%, the same as Lo); in con 


t Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Pohm, Waddell, and Jensen, Phys. Rev. 101, 1315 ‘1956). 
This article has extensive references to earlier work on P®, 

* Experimental shape factor means the plot of N(p)/[f(/o— E)?) 
vs Ek, where N(p) is the experimental momentum distribution, f 
is the Fermi function, and £ is the electron energy. 

K. Siegbahn, Phys. Rev. 70, 127 (1946). 


0.5°) that given by Lo between 110 and 1300 kev 
experimental shape factor for P® decreases about 3°) from 270 to 
1630 kev with a slope ~4 times that of Lo. We conclude that there 
is definite evidence for small deviations from the allowed shape in 


In contrast, the 


one of these transitions, and further, with a lower confidence level, 
that While the 


deviation in P* is not inconsistent with previous limits set on 


the slower P® transition shows the deviation 


T-A interference, the large fof of P™ suggests that second-order 
effects may hold the explanation 


trast, the P® shape factor decreases gradually about 


3% from 270 to 1630 kev with a slope ~4 times that 


of Lo. 
Il. EXPERIMENTAL 


A. Spectrometer 


lor these measurements, the Argonne double-lens* 


spectrometer was operated at a resolution of 2°; 


and 


We 
have investigated the effects of baffle-edge design and 


transmission of 1% for a source } in. in diameter 


have shown that edge penetration at high energies can 
affect the shape of the spectrum. Specifically, it has 
been shown that a sharp-edged or sharp-cornered 
baffle immediately in front of the detector may enhance 
the high-energy portion of these ~1.5 Mev spectra by 
several percent, the effect depending on the perimeter 
to-area ratio as expected, For bafiles which must touch 
the envelope of trajectories and into which the trajec 

tories come with a range of angles, (1.e., near the de 
tector) we believe a rounded edge best makes the 
compromise, The radius of curvature of the edge should 
be as large as possible consistent with keeping the ex 

treme angles tangent to the edge. 

We have reinvestigated the local static and dynami 
external magnetic fields, an important consideration 
for the iron-free instrument. ‘The degaussing is ac- 
complished to the that 500-volt 
(special 1-meter-long oscilloscope tube) suffer 0+ 1 mm 


degree electrons 
deflection in traversing the axis of the spectrometer. 
This corresponds to an average field of <1.4 milli 
gauss over the trajectory and to a transmission constant® 
to <0.2Y between 0.1 and 1.7 Mev. This same method 
also shows the negligible effect of the ac fields (60 cps 
and harmonics) from power lines in the building. 

We have investigated the background at zero current 


*See Porter, Freedman, Novey, and Wagner, Phys. Rev. 103, 
921 (1956) and Argonne National Laboratory Keport ANL-5525 
(unpublished) for additional details of the instrument 

® These calculations are based on the fact that the image at the 
ring focus is considerably broader than the ring focu aperture 
1.€., } in. diameter source and ring focus aperture with 1.5-mm 
radial opening 
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and above the spectrum with sources ~4X10* dis- 
integrations/min and find no increase in the zero- 
current background and find counting rates above 
background beyond the spectrum of 2X10~ of the 
peak rate—a level low enough not to affect the results 
of these experiments. 


B. Detector 


For these measurements a flow-type, loop-anode, 
end-window, propane-gas proportional counter operated 
at a pressure of 30 cm Hg was used. Voltage plateaus 
200 volts long with slope <1% per 100 volts are 
obtained with various energies in the range of interest 
focussed on the counter. In addition, the ratio of the 
counting rates at the highest and lowest energy to be 
measured is independent of the counter voltage over at 
least 100 volts at a pressure of 30 cm Hg. This good an 
overlap of the plateaus is not found for example at a 
pressure of 8 cm Hg. Extensive comparisons between 
this gas counter and an anthracene scintillation de- 
tector® show identical spectral shapes (+0.5%,) and 
lend support to the statement that the efficiency of the 
detector is constant over the energy range 0.1-1.7 Mev. 
The window of the gas counter is = 900 wg/cm* Mylar 
with 25 yg/cm*® Au volatilized on the inside; it is un 
supported over the 1-cm-diameter aperture and has a 
cutoff of 18 kev. 

C. Sources 


‘The Na* is made by (n,y) reaction on NagCOy in the 
Argonne research reactor. The samples have the 
characteristic 15 hr half-life out to 10 half-lives (not 
followed longer). The P® is obtained from Oak Ridge 
and has a few percent P® contamination whose abun- 
dance depends on the age of the material. For the P® 
spectrum exhibited here the P® (do 250 kev) level was 
3% (beta-spectral measurements); only points above 
the P* end point are used in the analysis. 

Both NaNO, and HPO, volatilized very easily (at 

WW0)°C) from platinum filaments onto 200-yg/cm? Al 
source backings. The thickness of the Na samples is 
obtained from the known weight of material on the 
filament and previously calibrated volatilization efh- 
ciency. They are 50-75 yg/cm?* and visible. Upper limits 
on the thickness of the P® samples can be computed 
from the Oak Ridge estimate of total solids in the stock 
solutions. This estimate, <50 yg/cm*, is not realistic 
because the P® fractionates away from much of the solid 
material in the low-temperature volatilization. The 
spectrometer samples are usually invisible or barely 
visible and probably = 10 wg/cm?. In view of the results 
it is important to state that contaminant f activity can 
be ruled out as the source of small deviation of the P® 
spectrum,’ 

* For description, operation, and efficiency correction, see 
reference 4 

’ Such an impurity would have to have very low y intensity, a 


beta spectrum with /o in the range 1 to 1.4 Mev, a half-life not too 
different from 14 days, and be volatile at relatively low tempera 
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D. Procedures and Treatment of Data 


Every other point on the spectrum is counted with 
steps of increasing current and the alternate points 
counted with decreasing current. Such procedures have 
failed to show up any hysteresis effect. The spectrum 
is surveyed in this way’a number of times; this con- 
stitutes a “run.” Interspersed throughout the run are 
background counts above the spectrum and at zero 
current (no difference); an average of these is used 
(approximately 8 counts/min). 

Half-life corrections are small for P®, never exceeding 
2% for a given run. For Na”, half-life corrections are 
<15%; we use a half-life for Na“ of 14.93 hr.® The 
procedure for taking the spectrum insures that all 
points are counted both early and late in the run, 
thus minimizing uncertainties introduced by half-life 
corrections. 

Maximum counting rates are less than 4000/min; no 
resolving-time loss corrections are necessary (dead time 
of counter and electronics ~7 psec). 

Spectrometer resolution corrections are negligible 
over most of the spectrum; only within 95% of the end- 
point energy do they exceed 0.1% and are they made.® 

Kurie plots are constructed” and the points with 
E> 4, are used to determine £ for that run." Calibra- 
tion of the instrument is accomplished with conversion 
lines of Au'* or Cs'*? (similarly volatilized { in. diam 
sources). With the Ey value the experimental shape 
factor can be constructed. It should be emphasized that 
it is not so important that the absolute value” of Eo be 
obtained as that the value obtained in a particular run 
be used in computing the experimental shape factor for 
that run. The calibration constant for a spectrometer 
may be changed a percent without influencing appreci- 


ably the experimental shape factor if Zo is derived from 


the data in each case. 


tures. The P® is made by (n,p) on sulfur, which also limits the 
possibilities. We searched for contaminant gamma radiation in P® 
with a 24 in. X24 in. Nal crystal in the higher energy region and 
with a 4 1n.X1 in. diam Nal crystal in the low-energy region and 
can set a limit <10~* for the 7/8 ratio from 0.03 to 2 Mev. Further, 
the P® samples have included Oak Ridge shipments over a period 
of time since 1954 so that a good sampling of batches has failed to 
indicate any identifiable contaminants except P* 

* J. Tobailem, J. phys. radium 16, 48 (1955), 14.90+4-0.05 hr; 
E. FE. Lockett and R. H. Thomas, Nucleonics 11, No. 3, 14 (1953), 
14.97 +-0.02 hr. 

9G. E. Owen and H. Primakoff, Phys. Rev. 74, 1406 (1948); 
Rev. Sci. Instr. 21, 447 (1950). George W. Hinman, Carnegie 
Institute of Technology Report NYO-91, 1951 (unpublished). See 
also reference 4. 

Fermi function f and screening corrections (<0.25% for 
these low-Z 8~ emitters) are taken from National Bureau of 
Standards Applied Mathematics Series 13, 1952 (unpublished). 
Energy values from J. L. Wolfson and H. S. Gellman, Chalk River 
Report PD-255 (unpublished). 

' Estimates of the standard deviation of Ey obtained from a 
weighted least-squares fitting of a straight line to the data for 
individual runs yield values <1 kev for each run, 

2 Incidentally, we find for P™, average of 11 runs: Ay =171142 
kev; for Na™, average of 3 runs: Eo=1394+4 kev. 
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Fic. 1. Experimental shape factor and Kurie plot for Na®. The 
error flags are due to counting statistics only. The solid line is the 
function Lo (see text) arbitrarily normalized. The dotted lines 
follow the average of the points if Zo is changed by +1 kev. 


Ili. RESULTS AND DISCUSSION 


Figure 1 shows the Kurie plot and experimental 
shape factor for Na“ and Fig. 2 the same for P®. These 
data represent the weighted (by total count) averages 
of two runs each on the two spectra, in the sequence 
p®, Na, Na,™, P®. Error flags include counting 
statistics only. Individual runs show the same trends as 
the averages. The Na” shape is clearly, within the 
errors, the allowed one, while the P® shape factor is not 
constant by several probable errors. It should be 
emphasized here again that the P® sources are certainly 
thinner than the Na™ sources, yet the P® deviates in 
the direction characteristic of thick sources. 

If for the moment 
interactions only, the allowed-shape correction factor 
can be written” 


we assume s<¢ alar and tensor 


Co=[G*s| SB? 


+ G'r S Bo 4 |Lo. (1 ) 


The combination of electron radial-wave functions, Lo, 
is available in tables.’ It is a very gentle function of 
energy at low Z and is plotted (arbitrary normalization) 
as the solid line for comparison with the experimental 
points. 


3 FE. Greuling, Phys. Rev. 61, 568 (1942); D. L. Pursey, Phil. 
Mag. 42, 1193 (1951); we use the matrix element notation of E. J. 
Konopinski, Revs. Modern Phys. 15, 209 (1943). 

4 Rose, Perry, and Dismuke, Oak Ridge National Laboratory 
Report ORNL-1459 (unpublished) 
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Fic. 2, Experimental shape factor and Kurie plot for P®. The 
error flags are due to counting statistics only. The solid line is the 
function Ly (see text) arbitrarily normalized. The dotted lines 
follow the local average of the points if Ho is changed by +1 kev 


If pseudoscalar-type interaction is neglected, the 
more general allowed-shape factor including Fierz'® 
interference can be written" for 6 
that k and /, defined below, are real) : 


emission (assuming 


Co (Gs* | k’Gy*)| 1 + dbl Py Lo) |] 0 fi . 


+ (Gr? +PG 4?) 14+ 2gar( Po/ Lo) IL [v0 J 


where Py is another combination'' like Lo, 


taf fa fo] fo 


kG Gi lGarG 4 


74) } pa 7 


Get+kRG;? Gr+PG 4? 

Note that Po/Lo-71/W in the approximation aZ<1, 
leading to the ~1/W energy dependence for the allowed 
shape with Fierz interference. The spin of P® has not 
been measured, but using the shell-model predictions 
the transition is 14+-0+(| //8\*=0). The present 
results from P®” then yield (taking /=1) 0.025<G4/Gy 


16M. Fierz, Z. Physik 104, 553 (1937 
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(or G7r/Ga) <0.045. This spread would overlap the 
spread of Pohm et al.’ for their intermediate-image 
spectrometer but not for their thin-lens results on P®, 
It also falls just within the upper limit of the spread 
from the He* experiments of Schwarzchild et al.,!* who 
0.15<G4/Gr<0.04; in contrast our 
result does not include zero for G4/Gr. 

Even though the presence of Fermi terms might dilute 
(or cancel) the effects of T-A interference, one might 
still expect to see some smaller deviation in the spectrum 
of Na“(4+-—+4-+- ). The limits for the deviation from the 
allowed shape in this case are best stated by specifying 
r, where Cyo=[1+(7/W) |Ly. For Na™ we find —0.026 
<r<0).020, a result consistent with no Fierz interfer- 
ence, (For comparison, P® yields 0.05<r<0,093.) It 


conclude that 


must be remembered of course that the results viewed 
as absolute measurements of either shape individually 
must be regarded at a lower confidence level than the 
result that there is a difference in the shapes of the two 
spectra. 

In view of the He® spectrum and the Na’ 
A interference 


* spectrum, 


we set aside the analysis in terms of 7 
and look for other explanations. One such possibility is 
that through some peculiarity of the nuclear wave 
functions the | f6@\* is suppressed to the extent that 
the usually neglected higher order matrix elements!’ 
make their energy dependence felt. The high log fol= 7.9 

but no quantitative 
estimate of this possibility has been made for P”.'* 


lends support to this notion, 


 Schwarzchild, Rustad, and Wu, Bull. Am. Phys. Soc. Ser. II, 
ia 446 (1956) 

ff. J. Konopinski in Beta- and Gamma-Ray Spectroscopy, 
eidted by K. Siegbahn (Interscience Publishers Inc., New York, 
1955), p. 296; P. F. Zweifel, Phys. Rev. 95, 112 (1954) 

KB. C. Carlson in Iowa State College Report ISC-758 (un 
published), reports some preliminary estimates for the case of C™ 
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There is the possibility that the parity” of the ground 
state of P® is odd rather than even in which case the 
transition would be classed as first-forbidden non- 
unique ; much larger deviations from the allowed shape 
have been reported for a few of these transitions.‘ This 
would be the first such failure of the shell-model 
predictions of parity in this region of the shell structure, 
and seems an unlikely possibility. 

Finally it should be mentioned that finite-nuclear-size 
corrections to Lo are very small” at this Z, and, of 
course, have very nearly the same consequence for both 
spectra. 

In summary, these results show first that there are 
differences in these allowed spectra; second, and less 
strongly, that the slower P® transition is the one show- 
ing the deviations from the allowed shape. Further we 
prefer at present to suppose that the explanation lies 
with the suppression of the usually dominant matrix 
elements rather than with 7T-A interference. 


ACKNOWLEDGMENTS 


We wish to thank Dr. D. W. Engelkemier for his help 
with the 256-channel analyzer used in the search for 


possible contaminant gamma radiation in the P* 


H. Jaffey for helpful 


discussions concerning weighted least-squares analysis. 


samples and to thank Dr. A. 


in which the interference between {So and the retarded matrix 
elements, particularly /B@ Xr, makes remarkably large contribu 
tions compared to | /8@ |? and introduces weak energy dependence 
in the shape factor of the order of 1-2%. 

“It is the parity rather than the spin predictions which are 
subject to question here since (assuming 0+ for even-even S®) 
even parity and a spin >1 for P® would make the transition 
second forbidden; both shape and /t value rule this out. 

”M. E. Rose and D. K. Holmes, Phys. Rev. 83, 190 (1951). 
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One of the possible tests of time-reversal invariance in weak interactions is the electron neutrino angular 
correlation, for which no polarized nuclei and no measurements of the polarization of emitted electrons are 
required. If the electron-neutrino angular correlation function, e.g., 1+-(p/3W)f(¢) cos? (for AJ = +1 
transitions) has p and/or Z dependences in the measurements of f(g) [see Eq. (7) ], invariance under time 
reversal 7’ is not conserved. Conversely, if invariance under 7° holds, there are no p and Z dependences 
of f(g). In experiments, it is advisable to compare the f(g)’s for electron and positron decays. Furthermore, 
the experiment will be another possible test of charge-conjugation invariance if time-reversal invariance 


does not hold. 


1, INTRODUCTION 

ie test the conservation of parity in weak inter- 

actions, several crucial experiments were sug- 
gested by Lee and Yang.'* Recent results on the beta 
decay of polarized Co™ nuclei‘ and the electron angular 
distribution of *—yu—e decay® showed that the weak 
interactions such as beta decay and r—y—e decay are 
indeed not invariant under space inversion (7) and 
charge-conjugation (C). However, the question of 
invariance under time-reversal (7°) is still unanswered. 

From the theoretical studies of several authors*:*7 
together with the results of the recent experiments,‘ ® 
the remaining possibilities of the invariance properties 
for weak interactions (//) are, either (i) H/ is invariant 
under 7, PC, and CP, but not invariant under P and C; 
or (ii) # is invariant under PCT and its permutations, 
but not invariant under each of the single operators, 
PC ana 7. 

As is well known, the invariance with respect to 7 
imposes the restriction that the 10 coupling constants 
C, and C,’ must be real (apart from a trivial common 
phase factor which can be normalized to unity). There 
fore, we can test invariance with respect to 7° by 
measuring the values of (1C,*C ;+-c.c.) (47) or (GC ,*C; 
+o.c.) (4 
measurable quantities, it is necessary to measure terms 


j and 77) in experiments. In terms of 


that change sign under 7, which can be constructed out 
of the following five quantities: polarization of decaying 
nuclei (J), polarization of emitted electron #, momenta 
of electrons and neutrinos p,, p,, and the factor aZ/p 


which gives the Coulomb distortion of the electron 


* This work was partially supported by the U.S. Atomic Energy 
Commission 

tOn leave from Kobayasi Institute of Physical Research, 
Kokubunzi, Tokyo, Japan 

t On leave from Department of Physics, University of Tokyo 
Tokyo, Japan. 

'T, D. Lee and C. N. Yang, Phys 
2 Lee, Ochme, and Yang, Phys. Rev. 106, 340 (1957) 

’T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957) 

Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 
1413 (1957). 

® Garwin 
(1957 

6G. Liiders, Kgl. Danske Videnskab. Selskab 
28, No. 5 (1954). 

7W. Pauli, in Niels Bohr and the Development of Physic 
by W. Pauli (Pergamon Press, London, 1955 


Rev. 104, 254 (1956). 


Lederman, and Weinrich, Phys. Rev. 105, 1415 
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wave functions. A general rule for constructing terms 
that are not invariant under 7 has been given by 
Lee and Yang.* 

In this connection, one method which could be used 
to test invariance with respect to 7 was proposed by 
Lee and Yang.?* This is to measure the p or Z de- 
pendence of the asymmetry parameters # in the beta 
angular distributions from polarized nuclei. 

Jackson, Treiman, and Wyld" investigated also 
possible tests of invariance with respect to T in con 
nection with the quantities (J)-(p.p,), a: (pep), 
and a: ((J)Xp,). 

Here we will show another method which could be 
used to test the invariance under time reversal, ‘This 
method was once proposed by one of the authors!! for 
just such a test but was based on the old theory of beta 
decay where parity is conserved. The principal quantity 
to be measured in this method is the term p,: p,(a@Z/ p). 
Consequently, this method needs neither polarized 
nuclei nor any measurements of the polarization of 
emitted electrons. This may help greatly in simplifying 
Furthermore, the aZ/p 
term is not so small in certain circumstances as 


the experimental procedures 
one 


SuSpecte d at first 


2. ELECTRON-NEUTRINO ANGULAR CORRELATION 


Let us consider the electron-neutrino angular corre 
lation by taking Eq. (A1) of reference 1 as the inter 
action of beta decay. If we use the same notation as 
reference 1, the energy and angle distribution of the 
electron in an allowed transition is given as follows!” 


V(W @)dW sinddd= (£Lo/40*) F(Z,W) pW (WoW) 
{14+ (a4 ar)(p W) cosd+- (b/W)jdit sinddé, (1) 


‘'T. D. Lee and C. N. Yang, Lecture Notes on 
Particles at Brookhaven National Laboratory 
* This is 


asymmetry 


elementary 
unpublished 

transitions with AJ =0, where the 
re ( 4’ re. ind 


also possible in 


parameter has (iC 7*C 4’ +c. iC x* 
in its (aZ/p) term. The cro 


Fermi and Gamow-Teller 


similar term terms among inter 


type like these can be ex 


ome other phenomena of beta decay from unpolarized 


actions ot 
pected in 
nuclei (to be published 
! and Wyld, Phys. Rev. 106, 517 (1957 

4M. Morita, Progr. Theoret. Phys. (Japan) 10, 364 (1954 

2 The fourth term of (2) in reference 11 should be multiplied 
by a factor \, as the first term of (4) in this paper, In (A4) of 
reference 1 4 


Jack son, Treiman 


was not considered 
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with 


Lo (2p’h) ig 4 f\*), 


é ('Cg| 7+ | 24-1C 
tli Cy 


tl GC y*Cat+i1C7""Cya')|Man 
(IC g*Cy +i 5"*Cy’)| My | *+-c.c. \(aZ/ p), 


ayzt 


bE= +7 (Ca*Cyt+Cas'*Cy’)| Mel? 
+ (Co*CatCr'*Cy4')|Moa7.\?+c.c.]; (5) 


J 


a is the fine-structure constant. These equations are 
correct without any assumption for the magnitude of Z, 
but with neglect of the finite de Broglie wavelength 
effect and finite correction, The upper 
(lower) signs in (4) and (5) refer to electron (positron) 
decay. As we expected, Eq. (4) shows dependence on T 


nuclear-size 


and also on C. As the recent experimental results*® 
showed noninvariance with respect to C in weak inter- 
actions, this term remains. Equation (5) is equivalent 
to the Fierz interference term in the old theory with 
that Cs*Cy 
and so on. If invariance under C 


parity conservation, except is replaced 
by Cg*Cyt+Cg"Cy’ 
(5) automatically vanishes. From. this 
phenomenon, however, we can get no information con 
cerning invariance under 7’, because of lack of inter- 
ferences between Cy and C,’.! 


holds, then 


To simplify the situation, let us assume that C, and 
C,’ have equal absolute magnitudes and a very small 
tC’,’. Furthermore, we define 
real. 


phase difference, i.e., C, 
C4/C1 g exp(1g), 
(1), «--, (5), the electron-neutrino angular correlation 
function W’(0), for AJ 


follows 


where g and @ are Irom 


t1 for example, becomes as 
W(O)= 1+ (p/3W) f(g) cosd, (6) 
with 

f(g) =| 1 2g(aZ/p)—g? |/ (1+ 2"), (7) 
where again the upper (lower) sign refers to electron 
(positron) decay, and we assumed g=7/2,'! which is in 
conformity with experimental results (no Fierz term). 


1 fora 


The value of f(g) is +1 for a pure tensor and 
pure axial vector. If the beta interaction is invariant 
under 7, then Cy and Cy are in phase. Then, there are 
no momentum and charge dependences in f(g) (and a 


AND 
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1/W term appears in the beta spectrum which restricts 
the value of C4/Cr ). If we observe a p or Z de- 
pendence of f(g) in the experiment, then time-reversal 
invariance does not hold in beta decay. 

From the data for the electron-neutrino angular 
correlation in the decay of He®,”’ which has a very small 
aZ, we can obtain g? <4. Therefore, if we choose some 
beta-active nuclide with a medium or high value of Z," 
we can test the p or Z dependence of f(g) and, conse- 
quently, the invariance under time-reversal. It is more 
advisable to measure and compare the f(g)’s of electron 
and positron decays in the same energy region: 


filg)— folg) = (2gaZ/p)(Zit+Z2)/(1+g*), (8) 


where the subscripts 1 and 2 refer to positron and 
electron decays. Assuming invariance with respect to 
T or C, filg)—fo(g) is equal to zero. 


3. CONCLUSION 


The p and Z dependences of f(g) in the electron- 
neutrino angular correlation will reveal the invariance 
of beta interaction under 7. If the measurement of the 
electron-neutrino angular correlation indicates that in- 
variance under 7 does not hold, this phenomenon also 
indicates noninvariance under charge-conjugation. It is 
noticed that if the experimental /(g) does not show any 
momentum or charge dependence, we cannot obtain 
any definite conclusion for invariance under time-re- 
versal from this experiment alone. This is due to the 
possibility that although C4 and Cy are out of phase, 
the absolute magnitude of C4/Cr is very small. The 
situation is similar for other methods to test time- 
reversal invariance given in references 2 and 10. 
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8B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 441 (1955). 
For AJ =0 transitions (e.g., for n', Ne, and A**) the theoretical 
analysis is being made by us 

4 Beta-active nuclide of Z at least 15-40 should be used. 
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A spectroscopic investigation has been made of the radiations from U*? with magnetic 180° spectrographs 
and a double-focusing spectrometer, and with scintillation and coincidence spectrometers. Energy. levels 
are identified at 0, 33.20, 59.57, 103.0, 267.5, 332.3, 368.5, and 370.9 kev, and spin and parity assignments 
are given for all the levels from the gamma-ray multipolarity and beta-decay information. Conversion 
coefficient information is presented, and an anomaly in the electric-dipole conversion coefficients is discussed 
A new rotational band with K=1/2 is postulated, with base state at 332.3 kev 


Correlations of the data with various aspects of the Bohr-Mottelson nuclear model are made, in 


following categories: (1 


energy-level spacings and moments of inertia; (2 


the: 


(2) gamma-ray relative intensities 


and the A-selection rules and branching-ratio rules; (3) correlations of spins and parities with the Nilsson 


numbers (N,n,,A) of these states; (4) 


asymptotic quantum numbers 


INTRODUCTION 


HE energy levels of Np’ are significant from the 
point of view of the Bohr-Mottelson nuclear 
model for spheroidal nuclei because of the appearance 
of two rotational bands near the ground state with 
quite different moments of inertia and magnetic mo- 
ments.' Studies of these states populated by alpha decay 
of Am™' have been carried out by several investi- 
gators,'-* and a review of their properties has been 
given by Perlman and Rasmussen® in their paper on 
alpha decay. 
It has been demonstrated that such properties as 


moments of inertia and magnetic moments can be 


affected by the presence of higher-lying states of similar 
configuration.'®! Hence, in order to form a more com 
plete picture of the energy levels of Np’, it is of 
interest to examine the higher excited states of Np” 
which are populated by the beta-decay of U™’, states 
which are only very weakly excited by the alpha decay 


of Am™ and not at all by the electron-capture decay 


of Pu*? because of its low disintegration energy.!?:"" 


* Present address: Physics Department, Fordham University, 
New York, New York. 
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correlation of beta and gamma lifetimes with selection rules 


in the 


The study of U%? by Wagner ef al." has indicated 
that the beta decay of this nuclide populates primarily 
an excited state of Np*’ at 269 kev; their results have 
been confirmed and extended by the recent work on 
U*? by Baranov and Shlyagin'® in which multipolarity 
information about several of the gamma rays is pre 
sented. The present study had as its objectives a more 
precise measurement of the energies of the U“’ gamma 
rays and the determination of the multipolarities, 
intensities, and coincidences of the gamma rays so that 
the previous comparisons!:'® of the properties of Np**! 
with predictions of current nuclear models could be 
extended to include the higher excited states. As a 
result of our studies several modifications of the earlier 
decay schemes seem necessary. 

Subsequent to the first writing of the present paper 
there has come to our attention the detailed beta 
spectroscopic and coincidence study of U“’ by Bunker, 
Mize, and Starner.'? We have not attempted to obtain 
and compare in detail their results except for the 
summary information appearing in an abstract.'® Thei 
measurement of the lifetime of the 267.5-kev level as 
5.4+0.5X10™ sec is a most important piece of new 
information. The chief similarities and differences in 
the recent studies will be made clear by the comparison 


of reported gamma transition energies in ‘Table II 


PREPARATION OF SAMPLES 
‘| he { 


ations of approximately 100-microgram amounts of U"® 
in the Materials Testing Reactor at Arco, Idaho at a 
flux of ~2 10" neutrons/cm? second. 

The following chemical purification of the uranium 


*” samples were prepared by one-day irradi 


was carried out: The target material was dissolved in 


4 Wagner, Freedman, Engelkemeir, and Huizenga, Phys, Rev 
89, 502 (1953) : 

4S. A. Baranov and K. N, Shlyagin, J. Exptl. Theoret. Phys 
30, 225 (1956) [translation: Soviet Phys. JETP 3, 200 (1956) ] 

© J. O Rasmussen, Arkiv Fysik 7, 185 (1953) 

17M. E. Bunker (private communication, January, 1957) 

Bunker, Mize, and Starner, Bull. Am. Phys. Soc, Ser. I, 2, 
104 (1957), and verbal report 
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9] 
9) 


96.2 
45.97 


142.2 
143.0 
146.9 
159.2 
100.1 
163.3 


164.4 


89.3 
185.6 
186.4 
190 ? 
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TaBLe I. Conversion electron data for U2*7.* 


j sity esti 7 
ial intensity estimate {Intensity Intensity 


nstrument4 PM | PM II PM III (densi (double 


soted (plate 264 plate 272 (plate 279 tometer focusing Remarks 


Composite with 43.5 Ly 
line 

Not we!l resolved from 
43.5 Li line 


Niu slightly less intense 
than N, 


ee 


FE, = 26.35 kev 


a i 


w broad Probably unresolved 
ms doublet 

m 

m 

vvW 

m 

Vw 

vw 

w broad 

vVW 


,) 


A ee 


Ey = 33.20 kev 
Composite with 26.4 
My, line 


Obscured by 59.6 Li line 
Obscured by 59.6 Ly 
line 
N and O lines unresolved 
from 64.9 Ly and Ly 
lines 


Ey =43.46 kev 


ia ee 


695 
1370 2060 

435 315 
~250(est.) 

520 

135 


~75(est.) 
~150(est.) 
~50(est.) 
“ 


m broad 


I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
! 
I 


\“\ 
FE, = 59.57 kev 
w broad S(es Ly and Ly lines contain 
w broad 25(est.) N and O lines of 43.5y, 
W but intensity is mostly 
due to 64.8 
Obscured by O and P 
lines of 59 Oy 


ki y = O4.8 kev 


ky = 113.9 kev 


Y 


40-50 (est 


15.5 

140 
ms 69 
win $4 
wm 21 
W broad 
vw broad 

hy = 164.6 kev 

VVVS 1600 6790 
VVs 1000 1130 Permanent-magnet and 
m 130 : double-focusing intensi- 
vw 8.1 6.0 ties normalized here. 
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TABLE I.- 


ELS OF Np??? 
Continued. 





Transition 

energy 
(kev) 
207.8 
208.0 
207.7 
207.9 
208.0 


Electron 
energy 
(kev)! 


202.1 
202.6 
203.3 
206.4 
207.7 


PM I 
(plate 264) 


Instrument4 PM II 


Shelle quoted 
M, 
My 
Min 
Ny 
0 


115.6 
211.8 


K 234. 
Ly 234. 

267.4 
267.5 
267.3 


148.8 
245.1 
245.7 


K 
Ly 
Li 
Lin 
M, 
N 
Oo 


267.5 
267.5 
267.6 


261.8 
266.0 
267.3 


332.2 
332.3 
332.3 
332.4 


213.5 
309.9 
310.7 
314.8 


K 
Ly 
Li 
Lit 


327.0 


Mi 
330.8 i 


Nu 


332.4 
332.1 


335.3 
335.2 
334.9 


216.7 
312.8 
329.2 


368.5 
368.7 


249.9 
Ly 


370.9 
370.9 


K 
Ly 


*® Unassigned lines 


Int. Instr. 


vvw I 
w broad 


I 
vvw I 
I 
I 


E(kev) 

9.99 

22.67 
139.6 
200.5 
228.5 


vw 
vw 


I 
I 
I 


6M HCl containing a small amount of nitric acid. A 
separation of uranium from neptunium was _ then 
effected by passing the solution through a Dowex A-1 
anion-exchange column; under these conditions nep- 
tunium is adsorbed by the resin while uranium is not. 
Further purification and concentration of the uranium 
was done by extraction into di-ethyl ether from am- 
monium nitrate solution followed by back extraction 
into water. This solution was evaporated to dryness, 
taken up in 0.5 ml of slightly-acidified ammonium 
oxalate solution (40 g/l), and then the uranium was 
electrodeposited upon a 10-mil platinum wire which 
served as the beta-spectrograph source. Sources for 
the other measurements were prepared similarly. 

The decay of part of one of these sources was fol- 
lowed with a Geiger-Miiller counter for six half-lives 
and showed no deviation from the accepted 6.8-day 
half-life. 

ELECTRON SPECTROSCOPY 

Measurements were made with the following instru- 
ments: 


” J. R. Huizenga and K. F. Flynn (unpublished results, 1953). 


Visual intensity estimate 


Intensity 
(double. 
focusing) 


Intensity 
(densi- 
tometer) 


225 


PM Ill 
Remarks 


193 


62 


hy = 207.9 kev 


E, = 234.2 kev 


Lin line masked by 


368.57 K line 


‘ 


267.5 kev 


335.3 kev 
= 368.5 kev 


370.9 kev 


used as internal standards 


> Electron energies in italics are those lines 
measured by Day, 


The corresponding gamma-ray energies were 
Phys. Rev. 97, 689 (1955). 

¢ Electron binding energies have been taken from the compilation of 
Hill, Church, and Mihelich, Rev. Sei. Instr. 23, 523 (1952), 

4PM | =50 gauss, PM II «100 gauss, PM III «215 gauss. 

*s =strong, m =moderate, w =weak, v = very These estimates are 
relative only for measurements made in the same spectrograph, 


1. The Berkeley permanent-magnet electron spectro 
graphs were used to study the conversion-electron 
spectrum of U7, These are 180° photographic-recording 
instruments which operate at a momentum resolution 
of ~0.1%. Three spectrographs were used, of nominal 
field strengths 50, 100, and 215 gauss. The electrons 
are recorded on 254 Eastman No-Screen X-Ray emul 
sion on glass backing of dimensions 3/4 150.04 inch. 
Their calibration and operation have been described 
by Smith and Hollander.” 

2. The Berkeley double-for using spectrometer was 
used primarily to study the beta continuum and to 
provide additional information about the conversion 
electron spectrum, especially with regard to intensities 
of conversion lines. This instrument, originally built 
and described by O’ Kelley,” has recently been improved 
by the installation of new acceptance and Geiger counter 
slits so that it presently operates at ~0.3% resolution 
and ~0.1% transmission. These modifications were 
carried out largely by Dr. S. Thulin. 

*” W.G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956) 

2G. D. O’Kelley, University of California Radiation Labora 
tory Report UCRL-1243, June, 1951 (unpublished) 
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TABLE II, Transition energies (kev) reported from recent 
electron-spectroscopic studies of U¥’. 


Bunker, Mize, 
and Starner’ 


26.3 
33.2 
43.4 
59.6 


Baranov and 
Shlyagin* 


26.4 
33.3 
43.5 
59.7 


Present 
work 


26.35 
33.20 
43.46 
59.57 
O48 tee 
tee 69(?) 
~™101(?) 


113.9 


~124(?) 
165.4 

~193(7) 
208.2 


164.6 164.3 
207.7 
234.1 
267.3 
332.1 
335.2 
368.4 
370.7 


207.9 
234.2 
267.5 
332.3 
335.3 
368.5 
370.9 


267.5 
331.5 


369.5 
~436 


* See reference 15 
© See reference 18 


In Table I we have summarized the conversion- 
electron data. Except for the column labeled Intensity 
(double-focusing), all the data presented in this table 
were obtained with the permanent-magnet spectro- 
graphs. The absolute error of the energy values is 
estimated to be less than 0.2%, and for those electron 
lines in the vicinity of the internal standard lines the 
error should be less than 0.1%. 


TABLE III. Comparison of some relative intensity measurements 
in decay of U®’ normalized to Ly + 141 (208) = 1130. 


Perma 
nent 

magnet 

spectro. 
graph 


59 Ly | ) 695 

ken (2130 »2000 1370 

Lin 352 315 435 

M Sl 652 660 655 

N . 276 144 see 
kK see 5 to 16 40-50 

ly \, \ \ 15.5 
on >2: piss ps0 140 
Lin ere R3 39 69 
M 44 33 56 
K 4400 6790 4600 
ly | \ 1000 
En j1130 piso 130 

Lin cee 60 8.1 
M 251 193 225 
N . 95 62 75 
267 K ene tee 25 50 
ly : roe 11 17 

M, tee 7.0 6.5 

368 K ree 2.0 2.2 

370 K vee 2.0 4.1 


Double 
focusing 
spectrometer 


Baranov 
Conversion lines and 
Ey Shell Shlyagin 


6 Groups 
248 10 280 
81 < 3055 
(450) <10 


12 550 
4400 


none 


15 000 
<1200 
<210 
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Relative intensities of lines recorded in the perma- 
nent-magnet spectrographs were measured by the 
densitometer method of Mladjenovic and Slatis,” in 
which the intensity is given by [=Ap/n, where A 

=height of lineX half-width, p=radius of curvature, 
and n=energy efficiency of emulsion. 

Conversion-electron intensities from spectra obtained 
with the double-focusing spectrometer were measured 
by integrating the areas under conversion-line peaks 
with a planimeter and dividing by the Hp value of the 
line. Although the large number of conversion lines 
obscures considerable portions of the beta continuum, 
a reconstruction of the spectrum made from the Fermi 
plot allowed the contribution of the continuum to be 
subtracted out from the total observed spectrum to 
obtain the contribution of the conversion lines. 

Table II gives a comparison of some of the gamma 
transition energies reported in recent electron-spectro- 
scopic studies of U7, 

Table III gives a comparison of some of the relative 
electron intensities observed in this work with those 
reported by Wagner et al.“ and by Baranov and 


TABLE IV. Auger lines from U*" decay. 


Eexp. 
(kev) 


73.41 
74.25 
78.21 
78.95 
82.99 


Transition 


K-—Lyy 
K—LyLy 
K—LyLin 
K~—Lynilu 
K~—Khuhia 
K—LM, 


Etheor.* Visual intensity estimate 


73.41 m 
74.24 ms 
78.26 wm 
79.04 m 


83.06 wm 
90.5 - masked by 207.97 K line 


* I. Bergstrém and R. D. Hill, Arkiv Fysik 8, 2, 21 (1954). 


Shlyagin.'® The intensities of all determinations are 
normalized to 1130 total intensity for Z; plus Ly lines 
of the 208-kev transition. The agreement among the 
various determinations is only moderate and probably 
gives a realistic measure of the absolute accuracy of 
the intensities. For the later sections of this paper where 
electron intensities are needed we use an average of our 
double-focusing and 180° permanent-magnet intensities, 
with subshell ratios as measured in the permanent- 
magnet spectrographs. 

Out of a total of 93 lines observed in the 180° spectro- 
graphs, all but five have been assigned to 14 gamma rays 
and the A-Auger lines. The Auger line energies and 
intensities are given in Table IV. 

A Fermi plot of the beta continuum, obtained with 
the double-focusing spectrometer, yielded an end point 
of 248 kev, in good agreement with the result of 
Wagner ef al.,4 245 kev, and that of Baranov and 
Shlyagin,'® 249 kev. 

A search was made for a spectrum of about 450 kev, 
corresponding to decay to the 60-kev level; such a 
group was not found and an upper limit on its abun- 


™ M. Mladjenovic and H. Slitis, Arkiv Fysik 8, 65 (1954). 
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dance per disintegration was set at 1%. Wagner et al." 
set a much lower limit, <0.1%, in searching for a 
511-kev beta group, a limit which should apply to the 
possible 450-kev group as well. 

Wagner ef al.“ cite evidence for a lower energy 
component in the beta spectrum with abundance 
between 5 and 20%. Baranov and Shlyagin'® interpret 
an excess of electrons in the low-energy portion of the 
Fermi plot as due to an 86-kev spectrum occurring in 
26% abundance. The latter results are inconsistent 
with the present observations, which indicate that the 
low-energy beta components have a total intensity of 
around 4%. Our figure is based not a subtracted beta 
spectrum but rather on a total intensity for all gamma 
rays which originate from levels higher than the heavily 
populated 267.5-kev level. 


GAMMA-RAY SPECTROSCOPY 

Gamma-ray spectroscopic measurements were carried 
out with a scintillation spectrometer employing a 1} in. 
diameter by 1 in. thick sodium iodide (thallium- 
activated) crystal with a Dumont 6292 photomultiplier 
tube, an Oak Ridge-type double-differentiating linear 
amplifier, and a Penco 100-channel pulse-height ana- 
lyzer. The Penco analyzer utilizes pulse-height-to-time 
conversion and a magnetic-core memory-storage unit; 
the analyzer channels have extremely uniform window 
widths. This equipment yielded 8.5% energy resolution 
on the 662-kev gamma ray of Cs!*7, 

Gamma rays of energies 60, 102 (K x-rays), 163, 208, 
~ 266, and 332 kev were clearly present, and by careful 
study of the spectrum transmitted through lead ab- 
sorbers of thicknesses up to 8 g/cm? the existence of 
radiation of about 365-kev energy was shown. Of these, 
the 266- and 365-kev photons have not been reported 
previously from scintillation spectroscopy. 

Table V lists the measured photon energies, the more 
precise corresponding transition energies as determined 
from the electron spectra, and the photon intensities of 
Wagner et al. and of the present work. All photon 
intensities have been normalized to an absolute in- 
tensity of 38 photons per 100 disintegrations for the 
60-kev transition. This figure is based upon the absolute 
abundance of this gamma ray in Am”! decay, 37 photons 
per 100 disintegrations, measured by Magnusson.” 
There are two corrections applying to the normalization 
for U7. One of these results from the fact that approxi- 
mately 4% of the U™’ disintegrations (our result) 
bypass the 59.6-kev state, whereas virtually all (99.3%) 
of the Am™! disintegrations pass through it. The other 
correction arises because about 6% of the 60-key photon 
peak in U*? decay consists of another gamma ray 
(64.9 kev). 

COINCIDENCE STUDIES 

Gamma-gamma coincidence measurements were car- 
ried out by Dr. F. Asaro with apparatus employing two 


#1. B. Magnusson (private communication, March, 1956). 
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TABLE V. Electromagnetic radiation of U®’ from 
scintillation spectra. 


Photons/100 beta 
disintegrations® 


Transition energies 
Wagner ef al, This work 


from electron spectra 


Measured photon 
energy (kev) 


59.57 R 
60 (ay; 38 38 


102* 54 55 
163 164.6 tee 
208 207.9 22 24 
~266 267.4 tee 
332.3 , 
332 335 3 2.7 
368.5 
~305 370.9 


*K x-rays. 

b Relative intensities normalized to 0.38 
per disintegration, 

¢ From coincidence work, discussed later, it can be determined that the 
intensity ratio of 59,6- to 64.8-kev photons is 16:1 

4 From coincidence work, discussed later, it can be determined that the 
intensity ratio of 332.3- to 335,3-kev photons is 7,3:1 


[59.6-kev +64.8-kev] photons 


1 in. thick by 14 in. diameter sodium iodide crystal 
detectors with Dumont 6292 photomultiplier tubes. 
Pulse-amplitude discrimination was made in the “gate” 
channel by a single-channel pulse-height analyzer, and 
the coincidence spectrum from the other channel was 
displayed on a 50-channel pulse-height analyzer. The 
coincidence apparatus was operated at a resolving time 
(2r) of 3K10~ sec. 

The principal results are summarized in Table VI. 
These coincidence results are fully consistent with and 
have helped to establish the decay scheme of Fig. 1. 
In attempting to interpret the changes in relative 
yamma intensities between coincidence and “singles” 
spectra, one should note that the observed photon peaks 
in two cases are composed of two unresolved gamma 
rays. The fact that the coincidence measurements with 
photon gate labeled 60 kev include both the 59.6-kev 
and 64.9-kev £1 gammas explains the presence of weak 
(60-kev) coincidences with the 267.4-kev gamma. In 
the “singles” spectrum the peak at ~332 kev is com 
posed of 332.3- and 335.3-kev photons. The coincidence 
measurements with ZL x-ray gating can be interpreted 
as showing that the more abundant of these gamma rays 
(the 332.3-kev) proceeds directly to ground; the fact 


TABLE VI. Results of gamma-gamma coincidence measurements. 


Photon “gate” Coincident gamma rays* 
(kev) (kev) 


K x-ray 
163 
208 
332» 

K x-ray 
163 
208 
266" 


L x-rays 


* The coincident gamma spectrum was not examined at energies much 
below the K x-ray energy. One would, of course, expect that there would 
be coincidences between L x-rays and 60-kev gammas, but these were not 
looked for, 

» Intensity of each of these gammas relative to the 208 in the coincidence 
spectrum is much less than in the “‘singles’’ spectrum. 
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Fic. 1. Energy-level scheme of Np**’, with decay 
patterns of U7 and Am™, 


that no ~332-kev peak is seen in coincidence with 
60-kev photons further indicates that the gamma (in 
the composite 332-kev peak) which does not go to 
ground probably goes to the 33.2-kev first excited state, 
which in turn decays to ground by a highly L-converted 
transition. The numerical factors by which these 
relative coincidence intensities show reduction from 
“singles” are as follows: In the “singles” spectrum (see 
Table V) the ~267-kev photons have 3.5% the in- 
tensity of 208-kev photons, but in coincidence with 
~60-kev gammas the relative intensity of the ~ 267 is 
reduced by a factor of about 17, to ~0.21%,. In the 
“singles” spectrum (Table V) the ~332-kev photons 
have 6.4% the intensity of 208-kev photons, but in 
coincidence with L x-rays the relative intensity is 
reduced a factor of 7, to 0.90% 

Our postulated decay scheme of Fig. 1 is not con- 
sistent with the existence of coincidences between 
~210-kev and ~165-kev photons as reported by 
Wagner et al. In the work of Dr. Asaro reported here 
a careful search for such coincidences was made, with 
negative results. Indeed, Asaro has set the limit that 
coincidences of any ~165-kev photons with the 208-kev 
are less than 0.1% the coincidence intensity of 208-kev 
with 60-kev photons. In a coincidence arrangement in 
which the two Nal(Tl) detector crystals view the 
sample at a 90° angle and there is lead shielding 
between the detectors no 208-165 coincidences are 
seen, although without shielding between the detectors 
a spurious coincidence peak similar to that reported by 
Wagner ef al. appears. The spurious events probably 
arise from Compton scattering of ~332-kev photons 
from one detector to the other. 

A further result of the coincidence measurements 
here is the observation that little or none of the ~ 370- 
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kev radiation is in coincidence with L x-rays (or 60-kev 
gammas). Numerically the limit is such that no more 
than ~20% of ~370-kev photons observed in the 
“singles” gamma spectrum could be in coincidence 
with LZ x-rays. This result will later be used to support 
the proposal for levels at 368.5 kev and 370.9 kev. 


CONSTRUCTION OF LEVEL SCHEME 


Energy levels of Np”? at 33.2 kev, 59.6 kev, and 
103.0 kev are well known from Am*™! alpha-decay 
studies'~®; these levels are also populated heavily by 
U*? beta decay. However, the next higher level arising 
from Am™ alpha decay, the 158.5-kev state, is not 
detectably populated in U*? decay, as evidenced by the 
failure to observe the transitions of 99.0 and 55.6 kev 
which depopulate it. Also unobserved in the present 
study is the 75.6-kev state which has been found by 
Newton® from Coulomb-excitation studies of Np”’, 

A state is well defined at 267.5+0.2 kev by the 
observation of four transitions whose energies can be 
summed with the accurately known energies of the 
low-lying states in Np*?, These sums are: 


164.6+ 103.0 = 267.6, 
207.9+- 59.6= 267.5 
234.24 33.2=267. 

267.5+ 0 =267:5. 


The energy of this state had been given by Wagner 
et al.4 as 269 kev and by Baranov and Shlyagin!® as 
268 kev. The 165-kev gamma had been observed by 
both groups of investigators, but there had been some 
uncertainty concerning its placement in the scheme; 
this uncertainty is removed by the precision of the 
present energy measurements and by the coincidence 
measurements of the present work. 

The next level observed from U? decay lies at 332.3 
kev. Two transitions which de-excite this level are found 
in the electron spectrum; their measured energies are 
64.9 kev and 332.3 kev. The corresponding photons 
could not be seen unambiguously in the scintillation 
spectrum ; the 64.9-kev photon is unobservable because 
of the presence of the much stronger 59.6-kev photon, 
and the 332.3-kev gamma could not be resolved from 
the 335.2-kev gamma known also to be present in the 
same gamma-ray peak. Our multipolarity data, how- 
ever, indicate that the 332.3-kev transition is £2 and 
the 335.2-kev transition is M1; because of the similarity 
in experimental K-electron intensities of the two 
transitions and because of the smaller conversion 
coefficients of £2 transitions, it seems reasonable to 
conclude that most of the photons in the 332-kev peak 
(Table V) are due to the 332.3-kev transition, hence, 
the observation (mentioned in the section on coinci- 
dence studies) that most of the ~332-kev photons are 
not in coincidence either with 60-kev radiation or with 
L x-rays may be interpreted as evidence that the 
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332.3-kev transition proceeds directly to the ground 
state, an interpretation which is supported by the 
additional observation of coincidences between photons 
of ~60 kev and ~270 kev. The sum of the measured 
energies, 64.9 kev+267.5 kev=332.4 kev, is also in 
good agreement with the measured energy of the 
crossover gamma ray, 332.3 kev. 

Wagner et al.,“ from conversion-line data, proposed 
gamma transitions of 334 and 370 kev in U*? decay. 
These transitions they postulated as arising from a 
level at 431 kev. Baranov and Shlyagin'® measured 
these transitions as 330 and 369 kev, and also placed 
their origin at a 433-kev level. In the present work, 
the energies of these transitions have been measured as 
335.3 and 368.5 kev; and the 33.2-kev difference 
between these values coincides with the energy of the 
33.20-kev transition and strongly suggests that the 
33.2 and 335.3 are cascade gamma rays, with the 368.5 
as crossover. A new level would thus be defined as 
368.5 kev. Some independent evidence for this state is 
provided by the gamma-gamma coincidence result that 
although most of the ~ 335-kev radiation appears to go 
to ground (the 332.3-kev transition as discussed above), 
a small fraction of these photons appears to be in 
coincidence with L x-rays but not with 60-kev radiation. 
Hence the 335.3-kev transition probably goes to the 
33,2-kev level. With this interpretation we may make 
use of the relative-intensity information from coinci- 
dence work to calculate that the 335-kev peak in the 
“singles” gamma spectrum is composed of unresolved 
332.3-kev and 335.3-kev peaks having relative intensi- 
ties 88% and 12%, respectively. No coincidences could 
be found with 370-kev photons, which is additional 
evidence that the 368.5-kev transition goes to ground. 

We observe also a 370.9-kev transition. Because of 
the absence of coincidences of 370-kev photons with 
any other radiation, just discussed, it is also assumed 
that the 370.9-kev photon goes to ground, thus defining 
a new level at that energy. 

Wagner et al. report coincidences between the 208- 
kev photon and a photon of 165 kev, with the interpre- 
tation that there is a level at 430 kev. The present 
results do not confirm this evidence, for two reasons. 
First, we see in the electron spectrum only one gamma 
ray of ~165 kev, the 162.5-kev transition, which has 
been unambiguously placed in the scheme in parallel 
with the 208-kev transition. Second, as mentioned in 
the earlier section on coincidence measurements, Asaro 
could find no true coincidences between 208- and 165- 
kev gammas and was able to set a low limit on their 
possible existence. 

The only gamma ray’ which we have not placed in 
the above scheme is a very weak transition of 113.9 kev, 
observed only in the electron spectrum, 

Although we do not have the detailed evidence by 
which Bunker et al.'* arrive at a level scheme, we wish 
to mention that their postulated level system differs 
from ours only in that they included a level at 335.9 
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TABLE VII. Z and M subshell conversion ratios of 
60-kev gamma ray in Np”. 
Subshell Relative coefficients Source Reference 
This work 
HSR* 


1.6:3.2:1 Us 
1.5:3.3:1 Am™ 
4.7:1 


Li:Lu:Liun 


Baranov and 
Shlyagin® 


\m™ 


2.4:4.7 Am™ Canavan® 
1.0;1,0 Theoretical Rose? 
creened 
relativistic 
point nucleu 


Mi: Mir: Mitr: Mivyy Am™ HSR* 


Theoretical Rose* 
(unscreened, 

relativistic 

point nucleus) 


* See reference 1, 

> See reference 15 

¢F, L. Canavan (unpublished results, 1956 
4 See reference 26. 

eM. E. Rose (privately circulated_tables), 


kev, whereas we assign the transition of that energy to 
proceed from the 368.5-kev level to the 33.2-kev level. 


CONVERSION COEFFICIENTS, MULTIPOLARITIES, 
AND SPINS 


Ground state.-—The spin of Np? has been measured 
as 5/2 by Tomkins.™ We shall assume even parity for 
the ground state as postulated by HSR,' but in this 
section only the relative parities of the states will 
actually be considered. 

33.2-kev slate—The multipolarity of the 33.2-kev 
gamma ray has been determined as mixed M1-E2 by 
measurement of the Z- and M-subshell conversion 
ratios from Am™! decay'; the mixing ratio was reported 
as M1/k2~50. From the large corrections to the 
magnetic-dipole A-conversion coefficients occasioned 
by the finite nuclear-size effects treated by Sliv,”® it 
seems likely that the /y;-subshell conversion coefficients 
will be similarly affected; the M1/£2 photon ratio 
should accordingly be increased to ~90. ‘The present 
data on U? are in agreement with but add nothing to 
our present knowledge of this transition. The spin of 
this state is 7/2+. 

59.6-kev state-—The 59.6-kev electric dipole transi- 
tion from this 5/2 state to ground has been studied 
extensively from Am™! alpha decay; a discussion of 
previous work is given in HSR.! The present studies of 
U*’ confirm the fact, pointed out by HSR, that the 
relative L- and M-subshell internal conversion coefhi- 
cients are in marked disagreement with the theoretical 
values of Rose” for an £1 transition of 60 kev in Z=93, 
Table VII summarizes the experimental and theoretical 
values. It is noted that the My:My: My ratios follow 


“FS. Tomkins, Phys. Rev. 73, 1214 (1948). 

26 1,, A. Sliv, privately circulated tables of relativistic, screened 
K-conversion coeflicients for nuclei of finite size. 

26M. E. Rose, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
App. IV, p. 905, and privately circulated tables. 
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closely the L ratios, and are correspondingly anomalous; 
Miy,4y conversion is weaker by a factor of four relative 
to My, than the theoretical value. 

The 26.4-kev transition is known also to be electric 
dipole from its position in the level scheme.'?;7 Because 
of the anomalous JL-subshell ratios of the 59.6-kev 
transition, it is of interest to examine the subshell 
ratios of this transition. Our M-subshell ratios are 
uncertain because of the accidental coincidence in 
energy of the My and My, lines of the 26.4-kev gamma 
with the Z; and Ly lines of the 43.5-kev gamma. 
However, the Ny, Ny, and Nyy lines are completely 
resolved; their intensity ratios are estimated visually 
to be of the order Ny: Ny: Niy~1.7:3.3:1.0. The 
theoretical L-subshell ratios of Rose” for this gamma 
ray are 0.56:1.1:1.0, and the theoretical M-subshell 
ratios” are 0.6:0.8:1.0:0.47:0.55. Thus, also in this 
case the subshell conversion ratios are somewhat at 
variance with the theoretical values. 

For calculation of the relative intensities of radiation 
depopulating the 60-kev state, we choose to use in- 
tensity data of other workers. Magnusson™ has deter- 
mined by scintillation spectroscopy that there are 0.37 
photons of 60 kev per Am™! alpha disintegration. From 
alpha-ray spectroscopy it is known? that 99.3% of the 
alpha disintegrations cascade through the 60-kev state. 
From the electron-spectroscopic work of Baranov and 


Shlyagin'® on Am™! we have taken the ratio of total 
conversion lines of the 60-kev to the 33.2-kev transition. 
The 33.2-kev transition is almost totally converted. 
From the above information we calculate that the 
depopulation of the 60-kev state occurs 84% by the 
60-kev transition and 16% by the 26-kev, 33-kev 
cascade. One can also calculate a total conversion 


coefficient for the 60-kev transition of 1.3. Using 
Magnusson’s figure of 0.028 for the number of 26-kev 
photons per alpha a total conversion coefficient of 
about 4.7 is calculated for that transition. 

103.0-kev state.—The 43.4-kev gamma ray, which 
de-excites this state, has been determined from Am*™! 
decay! to be an M1-E2 mixture, with M1/E2~6. (We 
estimate that the M1//2 ratio will be increased to ~11 
when the effects of finite nuclear size correction are 
taken into account.) This gamma ray was also seen in 
the present study of U™’, but no new multipolarity 
information has been obtained. The spin of this state 
is thought! to the 7/2 

267.5-kev state—Definite multipolarity assignments 
can be made for the gamma rays which de-excite this 
state. The 207.9-kev transition is shown definitely to 
be magnetic dipole from the following information: 


The L-subshell ratios, Ly: Li: Lin =7.7:1.0: ~ 0.06, 
are consistent only with an interpretation as predomi- 
nantly M1. For an M1 transition of this energy in 
Z=93 the theoretical ratios of Rose®® are Ly: Ly: Lin 
= 10.4:1.0:0.03. A reduction of 26% in the Ly: Lu 


17M. E. Rose (privately circulated tables). 
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ratio from Rose’s theoretical value is indicated by our 
results. Perhaps the agreement between theory and 
experiment will improve with the use of L-shell coeffi- 
cients which are corrected for the effects of finite nuclear 
size, since these corrections would be expected theo- 
retically to lower principally the Ly conversion coeffi- 
cient. However, Sokolowski et al.2* have found, in 
contrast to this expectation, that the L1/Ly ratio of 
the 40-kev M1 transition in ThB is experimentally the 
same as that calculated from Rose’s point-nucleus 
conversion coefficients. It should also be noted that 
this 208-kev M1 transition from U*? decay is highly 
retarded (factor of 10‘), and conceivably the model- 
dependent effects on conversion coefficients discussed 
by Church and Weneser” might not be negligible. 

The very low intensity of the Ly line of this transi- 
tion shows that there is very little £2 admixture. From 
the experimental value of the absolute Ly conversion 
coefficient from Table VIII and Rose’s theoretical 
values we estimate the £2/M1 photon mixing ratio as 
0.005+0.005. 

The absolute K-conversion coefficient of the 207.9- 
kev gamma ray has been measured by Dr. D. Strom- 
inger from the relative K x-ray and 207.9-kev gamma- 
ray intensities in the U*’ photon spectrum. The 
calculation is facilitated by the fact that the K vacancies 
are produced predominantly by conversion of this 
gamma. Small corrections have been applied for K 
vacancies arising from other transitions and for the 
K-fluorescence yield. The experimental value, ex/y 
=2.3, is in good agreement with the theoretical M1 
K-conversion coefficient of Sliv,”> 8; =2.4. 

With the multipolarity of the 207.9-kev transition 
definitely assigned, it becomes possible to use our 
conversion-coefficient information and the electron and 
photon intensities to calculate conversion coefficients 
of the other gamma rays. There are several alternative 
ways to do this. One might use the measured (or 
theoretical) K-conversion coefficient of the 207.9-kev 
yamma as a means to normalize electron intensities 
relative to photon intensities and thereby obtain con- 
version coefficients of the other gamma rays. In the 
present case, this method does not seem attractive 
because there exists a wide discrepancy among the 
various determinations of the K-line intensity of this 
gamma ray (see Table III) relative to all other lines, 
and hence any average we might select would be 
arbitrary. Alternatively, one might utilize our measured 
Ly-line intensity of this gamma (which we feel is more 
reliable experimentally), and normalize this to the Rose 
theoretical Ly-conversion coefficient ; this method is not 
satisfactory either, because of the magnitude of the 
finite-size correction expected for the magnetic-dipole 
L; coefficients. A third method, which we have chosen 
to use, is to assume that Rose’s theoretical K/L, ratio 


#8 Sokolowski, Edvarson, and Siegbahn, Nuclear Phys. 1, 160 
(1956). 
* E. L. Church and J. Weneser, Phys. Rev. 104, 1382 (1956). 
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TABLE VIII. Percentage intensities and experimental conversion coefficients. 


Transition 


energy Conversion electron intensities 


li Lu Lin Total 


0.58 
0.076 
0.08 0.80 
~A.12 
a ~A).05 
~A.03 
~%.06 


0.035 


370.9 


Photon 
intensity4 K Li Lu Lin 


36 0.21 
~2,3¢ 


24 2.38 a 


Total 
estimated 
transition 
intensity 


15 

15 

7 

0.13 y 81 
~).12 g 3 


Experimental conversion coefficients Multi- 


polarity 


0.41 
“4.12 ~0.12 
0.16 " 7 
0.003! &9 


0.35 
0.059 


3.6 ~A13 0.04 


0.19 E ] 1.7 
0.025 4 1.5 


0.86 0.63 
1.4! 0.038 
0.19! 0.2 
>0.24 
0.10 0.44 


® Electron line observed but no reliable numerical intensity available from the present work. See Table I for visual estimate. 
> Electron intensities normalized to L1-conversion coefficient of 0.45, obtained from experimental K-conversion coefficient (2.3) and theoretical K/L1 


ratio (5.16) as explained in the text. 
¢ M-subshell ratios may be found from Table I, 
4 Normalized to 36 60-kev photons per 100 betas. 


* The intensity of 64.8-kev photons is based on coincidence intensities and is subject to perhaps +30% uncertainty. 


! Total intensity of the unresolved 335-kev photon peak has been divided between 332.3 


dence measurements. 
«6 Experimental value, from scintillation spectrometry. 


for an M1 transition will be unaltered by the finite 
nuclear-size correction and apply this ratio to normalize 
the Z; electron intensity, using our experimental 
K-conversion coefficient of 2.3 and the value (Table V) 
of 24 photons (208 kev) per 100 beta disintegrations. 
The beta-spectroscopic work of Sokolowski ef al.?* on 
ThB strongly supports the assumption that the K-to-Zy 
conversion ratio for a pure M1 transition in a heavy 
element is correctly given by Rose’s point-nucleus 
calculations. Interpolating in energy and atomic number 
from Rose’s tables one finds a theoretical K/L ratio 
here of 5.16. 

‘Table VIII is a summary of electron and gamma-ray 
intensities; electron intensities are normalized to 10.8 
Ly (208) electrons per 100 betas and gamma intensities 
are normalized to 36 (59.6-kev) photons per 100 betas. 
The reasons for the choices of normalization have 
already been discussed. The electron intensities in 
Table VIII in most cases are an average of our perma- 
nent-magnet spectrograph intensities and our double- 
focusing spectrometer intensities except that the sub- 
shell ratios determined on the former instruments are 
used to divide the average total intensity of Z- and 
M-shell conversion electrons. 

The electron intensities are divided by the corre- 
sponding photon intensities to give the absolute con- 
version coefficients listed in Table VIII. The figures for 
total transition intensities, given in the last column of 
Table VIII, are for the weaker transitions just the sums 
of electron and photon intensities from this table. For 
the 207.9-kev transition the intensity is based on the 
requirement of intensity balance to and from the 60-kev 
level. Information from studies on Am™', previously 
discussed, was used to establish relative intensities of 
the 26-kev and 33-kev transitions. 


and 345.3-kev transitions in the ratio obtained from the coinci- 


Multipolarities of the other gamma rays de-exciting 
the 267.5-kev state can now be discussed. The 164.6-kev 
gamma seems unambiguously to be electric quadrupole. 
The experimental L- conversion ratios of this transition 
are Ly: Ly: Ly1=0.12:1.0:0.5; values ayree 
closely with the Rose theoretical values for an £2 
transition, which are Jy: Ly: Lip =0.11:1.0: ~ 0.6. The 
agreement of the experimental A-conversion coeflicient, 
0.12-0.15, with the Sliv*®® theoretical value, 0.19, is 
only fair, but probably is within experimental uncer- 
tainty. The absolute values of experimental and theo 
retical Ly, Ly, and Ly coefficients for /:2 fail to agree 
by about a factor of two (experimental values too low) 

The 234.2-kev transition is very weak, and the photon 
could not be resolved in the scintillation spectrum, 
Hence, we have no absolute conversion-coeflicient 
information about it. From the level scheme, however, 
it will be established that this transition must be an M2, 
The observation of only one L-subshell line, the Ly, 
is consistent with the M2 assignment. 

From its position in the level scheme, the 267.5-kev 
transition must be £1, M2, etc., because of the parity 
change involved Fig. 1). The experimental K- 
conversion coefficient (0.63) is intermediate between 
the Sliv value for /1 (0.040) and for M2 (3.6), indi- 
cating a photon mixing ratio M2/E£1<0.16. In like 
manner, from a comparison of the experimental Ly 
coefficient (0.19) with the Rose values for 1 (0.006) 
and M2 (1.2), we obtain a mixing ratio M2//:1=0.15. 
These two experimental values of the mixing ratio are 


these 


(see 


essentially equal. In view of the fact that anomalously 
large L-conversion coefficients for /1 transitions have 


been observed from Am™! decay? and Th” decay,” our 


” Asaro, Stephens, and Perlman (unpublished data, 1956). 
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apparent photon ratio M2/E1~0.16 may be too high. 
This matter will be further discussed in the later 
section on comparisons with theory. 

The small Ly conversion coefficient of the 164.6-kev 
transition indicates very little, if any, M1 mixing in 
this £2 transition. If one is permitted the assumption 
that this transition is pure £2, then the respective M1 
and 1 characters of the 207.9- and 267.5-kev transi- 
tions allow a unique assignment of spin and parity 
3/2—to be made to the 267.5-kev state. If, on the other 
hand, one must admit the possibility of a large retar- 
dation of a hypothetical M1 component of the 164.6-kev 
transition (so that only the £2 component is observed) 
then the 267.5-kev state can only be labeled 3/2, 5/2, 
or 7/2—. There is additional evidence, however, which 
rules out the last two alternatives. This is the fact that 
the 9/2— state’ at 158.5 kev is not populated in U™? 
decay; were the spin of the 267.5-kev state 5/2— (or 
larger), there would be easily detectable #2 (or M1) 
radiation to the 9/2— state. Thus, it seems safe to 
conclude that the spin of the 267.5-kev state is 3/2 

332.3-kev state-—The next higher state is at 332.3 kev. 
De-excitation takes place by a 332.3-kev transition to 
ground and by a 64.8-kev transition to the 3/2— level. 
On the basis of the 332.3-kev gamma’s prominent L 
conversion in the Ly; subshell and its experimental 
K-conversion coefficient we assign it as #2. The agree- 
ment of the experimental K-conversion coefficient 
(ax 0.038) with Sliv’s theoretical #2 (ag =0.059) 
coefficient is not good, but the experimental value is 
perhaps uncertain to this extent. The experimental 
Ly-conversion coefficient (az1;%0.025) is also lower 
than Rose’s theoretical value (a1; = 0.044). 

The 64.8-kev transition, decaying in parallel with the 
332.3-kev transition, can only be an F1 transition on 
the basis of the absolute L-subshell conversion coeffi- 
cients as well as the L-subshell ratios (see Table VIII). 
Rose’s theoretical screened-conversion coefficients for a 
64.8-kev 1 transition (Z=93) should be as follows: 
ap, = ONL, apy, =010, ap ;,=0.092. It is interesting 
that this #1 transition exhibits normal L-conversion 
coefficients, while the 59.6-kev £1 transition exhibits a 
normal Ly; but abnormally large Ly- and Lyy-conversion 
coefficients. We believe the explanation may lie in the 
importance of model-dependent matrix elements for 5; 
and py, electrons in retarded /1 transitions, these matrix 
elements being related in nature to those discussed by 
Church and Weneser® for M1 transitions. 

A few words are in order at this point regarding the 
coincidence determination of relative amounts of 59.6- 
kev and 64.8-kev photons in the unresolved 60-kev 
peak in the “singles” gamma spectrum. As mentioned 
in the earlier section on coincidence measurements, the 
267-kev to 208-kev photon ratio drops to 6% of its 
singles spectrum value when coincidence gating on the 
59.6-kev and 64.8-kev photons is employed. Inspection 
of the decay scheme of Fig. 1 shows that events gated 
by 64.8-kev photons should display the same 267-kev 


CANAVAN, 


AND HOLLANDER 


to 208-kev intensity ratio as “singles,” while events 
gated by 59.6-kev photons should display a 208-kev 
peak but no 267-kev peak at all. Furthermore, the 
decay scheme shows that the fraction of 208-kev photon 
coincidence events per 64.8-kev photon should be very 
nearly the same as the events per 59.6-kev. Therefore, 
it directly follows that 6% of the composite photon 
peak at ~ 60 kev is 64.8-kev photons and the remaining 
94% is 59.6-kev. This result was used in calculating 
photon intensities of Table VIII and in determining 
the proper normalization for intensities of Table V. 

The multipolarity assignments to the 332.3-kev and 
64.8-kev transitions are consistent with the fact that 
the final states of the two transitions are of opposite 
parity. The parity of the 332.3-kev state is even. 

A rigorous spin assignment cannot be made to the 
332.3-kev state on the basis of the above assignments 
alone; the values 1/2, 3/2, or 5/2+ are possible since 
the possibility of small M1 admixture in the 332.3-kev 
#2 transition cannot strictly be ruled out. But 3/2 or 
5/2+- are unlikely choices because a state with either 
of these spins would be expected to undergo appreciable 
£2 branching® to the 33.2-kev 7/2+ rotational state; 
such branching has not been observed. We therefore 
feel that the most reasonable assignment for the 
332.3-kev state is 1/2+. 

368.5-kev state.-—One has next the state of 368.5 kev, 
depopulated to the ground and first rotational states 
by gamma rays of 368.5 kev and 335.3 kev, respectively. 
From Table VIII we have a K-conversion coefficient of 
the 335.3-kev transition of ax~0.2. The theoretical 
conversion coefficients of Sliv are 0.059 for £2 and 0.6 
for M1. The observation of prominent Ly conversion 
and absence of Ly; is not inconsistent with the assign- 
ment of this transition as mixed M1-£2, but the 
uncertainty in the experimental K-conversion coeffi- 
cient leaves the mixing ratio indefinite. 

K-conversion coefficients cannot be calculated in the 
case of the 368.5-kev and 370.9-kev transitions since they 
are unresolvable in the photon spectrum. Both transi- 
tions exhibit similar conversion patterns (K/L ratio 
and prominent 1; conversion) and are probably of the 
same multipole order. Again, the prominence of the L; 
conversion indicates that the transitions are either /1 
or M1. A choice can easily be made from the limits on 
the absolute K-conversion coefficients. In Table VIII 
lower limits are given which definitely rule out £1; 
hence M1 assignments for both transitions seem best. 
The observed photon-intensity sum is consistent with 
the M1 assignments within the rather large uncertainty 
of both the photon and electron intensities of these 
weak transitions. 

With the presence of M1 radiation in both the 335.3- 
and 368.5-kev transitions, the spin and parity of the 
368.5-kev level can be either 5/2 or 7/2+. 

370.9-kev state-—The only transitions not accounted 


= Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 
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for with the levels heretofore postulated are those of 
370.9 kev (M1) and of 113.9 kev (£2). Neither of these 
transitions can be related to a level scheme by energy- 
sum relations. We choose to list the 113.9-kev transition 
as unassigned, but there is evidence from our coinci- 
dence work that neither the 368.5- nor the 370.9-kev 
transitions are in coincidence with LZ x-rays. Hence, 
these transitions presumably go directly to ground. 
The spin of the 370.9-kev level can be 3/2, 5/2, or 
7/2+. It is tempting to postulate that the 1/2+ state 
at 332.3 kev is the fundamental state of a K=1/2 
rotational band and that the 3/2+ state is found at 
370.9 kev, while the 5/24 member lies just below it at 
368.5 kev. This conjecture will be discussed further in 
the section on comparisons with theory. 


BETA GROUP ft VALUES 


As mentioned in the section on the beta spectrum, 
the Fermi plot was essentially straight in the region 
where the continuum was measurable, namely, above 
90 kev (the energy of the strong 207.9 K line). The end 
point for the dominant beta group is about 248 kev. 
Our Fermi plot is not resolvable into the weaker lower 
energy beta branches, although it is consistent with 
their presence. Hence, we have calculated their in- 
tensities from the gamma-transition intensities and the 
proposed decay scheme. The beta-decay information is 
summarized in Table IX. 

The failure to observe a beta group in the 410-510 
kev energy range (spins of final states 5/2 or greater) 
strongly suggests that the spin of U*’ is low, probably 
1/2. 

CORRELATIONS WITH THEORY 
237 


The most applicable nuclear model for Np”? is that 
of Bohr and Mottelson® for nuclei with large spheroidal 
deformation. This section will discuss first the more 
general correlations with the model, considering 
rotational-band spacings and relative-intensity relation- 
ships involving the A-quantum numbers. Later the 
more special considerations depending on details of the 
state of intrinsic motion of the odd nucleon will be 
introduced. These latter considerations involve (1) 
association of observed band with proton eigenstates 
calculated by Nilsson,“ (2) consideration of gamma- 
transition rates in terms of asymptotic quantum- 
number selection rules, and (3) consideration of beta ft 
values. 

General Correlations 


This study of U¥’ decay adds nothing to the knowl- 
edge of level spacings in the rotational bands based on 
ground and first excited states. One may refer to earlier 
publications'?* for such data. We here hypothesize 
that the levels at 332.3, 368.5, and 370.9 kev, assigned 


# A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd 27, No. 16 (1953). ; 

%S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd 29, No. 16 (1955). 
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TaBLe IX. Observed and postulated beta transitions of U*’. 


Final state, 
spin and parity 


Decay 
percent 


Energy 
(kev) 
248 95 2 3/2 
(183) “es 7s 1/2+ 

(144) <S5and >0.1 >6.9 and <8.5 3/2+-(?) 
(410) <1* >8.9 5/2, (7/2) 
(510) <0.1» > 10.1 5/2, (7/2)+ 


Logfi 


* This work. 
> Wagner et al,'4 


1/2+-, 5/2+, and 3/2+, respectively, constitute mem 
bers of a common rotational band. The energies of 
levels in such a A=1/2 band are given by the formula® 


FE, = (h/23) U1 (1+ 1)+4(—)"/2(1+-1/2) ]. 


Solving for the two undetermined parameters, using the 
above energy levels, we obtain h?/2%=6.2 kev and 
a=+1.08. The moment of inertia is about equal to 
that of the band based on the 60-kev state, where 
h?/2%=6.21 kev. 

Thus, the eight levels populated by the beta decay 
of U*? can be grouped into four bands: Band A based 
on the ground state has K=5/2+; Band B based on 
the 59.57-kev level has K=5/2—,; Band C with one 
known level at 267.5 kev has K = 3/2— ; Band D based 
on the 332.3-kev level has K =1/2+-. 

On considering intensity relationships let us_ first 
look for transitions violating the A-selection rule 
(AK<L, the multipolarity). ‘The only ones are the M1 
transitions of 335.3, 368.5, and 370.9 kev. The only 
important competing transitions should be the low 
energy (38.6- and 36.2-kev) intra-band transitions to 
the 1/24 state. A special search was made for lines 
corresponding to these possible transitions. Slight 
evidence was obtained for a 38.6-kev transition, namely 
an Ly; line, but unfortunately the expected positions of 
Lint, My, and My are masked by lines of other transi- 
tions. The Ly line (not masked) is not seen. A 36.2-kev 
transition is not observed, no lines being found in Ly, 
and My, positions (not masked). The beta-continuum 
background on the plates is high in the region where 
the L and M lines of these possible transitions might 
be found, and the efficiency of the emulsion at these 
low energies is poor. Hence, it can only be said that any 
36.2-kev transition must be less than about one-half 
percent of total beta decay, and the 38.6-kev transition 
may occur of the order of one percent of the beta decay 
if the observed Ly, liné does not arise from some other 
source. The very approximate nature of the above 
intensity information introduces a good deal of uncer 
tainty into the question of the proportion of primary 
beta decay to the three levels of band D. The most we 
can say is that the total beta population to the band 
comprises about five percent. Within the uncertainty 
on possible gamma rays competing with the 335.3-, 
368.5-, and 370.9-kev transitions a retardation associ 
ated with K forbiddenness is consisvent. 
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It is of interest to compare the observed gamma-ray 
branching ratios with the relative reduced transition 
probabilities calculated from the Bohr-Mottelson model ; 
such comparisons are in effect tests of the purity of the 
K-quantum numbers of initial and final states. In the 
case of the two EF1 transitions which de-excite the 
59.6-kev state (26.4 and 59.6 kev) such a check has 
been made from Am™ alpha decay by HSR,' who 
found the theoretical and experimental ratios in dis- 
agreement by over a factor of two. 

Consider now the branching of £2 radiation from 
the 3/2— level (267.5 kev) to states of band B. As 
discussed earlier, there is very little £2 admixture in 
the 207.9-kev transition, the value based upon the 
Lyy-conversion coefficient being £2/M1=0,0054-0.005. 
The intensity rules of Alaga et al.” predict 


( Bog(E2)/Bres(E2) |rneor= 0.75, 


but experimentally the ratio is between zero and 0.1. 
This extremely bad disagreement is surprising, and we 
cannot explain it in detail. As we shall show later, this 
E2 transition of the odd proton is hindered, probably 
because of a violation of a selection rule in the asymp- 
totic quantum numbers. One might expect some contri- 
bution to the £2 radiation by virtue of Coriolis (RPC, 
see Kerman)'® admixing of the intrinsic proton wave 


A Wins 


1/24 6,1,5 
N/2~ 12,5 


1/2* 6,31 


W2-143 
| 5/2 + 6,3,3 
9/2- 5,0,5 
P4i/24 61,5 
3/2 + 6,31 
/2- 5,05 
$/2-1,5,2 
3/2-5,1,2 
/2- 51,0 
[5/24 6,42 
472-761 
1/24640 
9/2 +6,2,4 
W2-5,1,4 
2-110 
S/2- 51,2 


11/2465.) 


5/2-$, 2,5 BAND B 
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Fic. 2. Nilsson energy-level diagram for prolate deformation. 


CANAVAN, 


AND HOLLANDER 

functions of bands B and C. Perhaps a destructive 
interference of these contributions has lowered the E2 
component of the 207.9-kev gamma. 

Consider also the M2 branching from the 3/2— level 
to states of band A. The Clebsch-Gordan coefficients 
in the theoretical expressions are the same as fcr the 
£2 branching just considered. That is, 


[ Boer(M2)/Bosg(M2) kebeor™ 0.75. 


The experimental ratio of reduced transition proba- 
bilities appears to be 


[ Boor(M2)/Beosa(M 2) }. xp = 3.3, 


in bad disagreement. Possible explanations might be 
(1) an abnormally high A-conversion coefficient™ for 
the £1 component of y2«; or (2) an unexpectedly large 
contribution from intrinsic states with K#5/2 in the 
final state. The £1 K-conversion coefficient would need 
to be a factor of 12 larger than theoretical to bring the 
M2 branching ratio into agreement with theory. 

Agreement with the relative intensity rules of Alaga 
et al." is not found in the three cases listed above, and 
in the Bohr-Mottelson formalism this means that in 
each case there are important contributions to the 
transition probability resulting from wave-function 
components with A values differing from that of the 
principal component. 


Correlations Dependent on the Odd-Proton 
Wave Function 


We shall now discuss the more special considerations 
involving the state of intrinsic motion of the odd proton 
in Np*?, Considerable success has been achieved in 
correlating ground-state spins and excited-nucleonic- 
state spins of deformed nuclei with the 2 values of 
nucleon eigenfunctions calculated by Nilsson® for the 
anisotropic harmonic-oscillator potential. We wish to 
associate the four bands of Np”? and the ground state 
of U*? with states from Nilsson’s calculations. In 
testing possible assignments we shall examine both the 
selection rules in the asymptotic (large-deformation) 
quantum numbers N, n,, and A and those in the 
spherical limit in 7 and / (and 4). (See papers of 
Nilsson ™ Alaga,®® Hollander,*® Perlman and Rasmus- 
sen*) For convenient reference we show in Fig. 2 a 
diagram of the Nilsson eigenvalues of the heavy region 
for prolate deformation. Calculations from  experi- 
mental quadrupole moments indicate a deformation of 
about ~0.25. In the right-hand margin are the letters 
A, B, C, and D, adjacent to the states we associate 
with the four bands in Np*’, The reasons for these 
choices are the following: 


% Anomalously large L-conversion coefficients have been ob- 
served ry from Am™ decay (reference 2) and Th®! 


decay (reference 30). 
% G. Alaga, Phys. Rev. 100, 432 (1955). 
%6 J. M. Hollander, Phys. Rev. 105, 1518 (1957). 
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From the ground-state spins, rotational-band spacing, 
and the unhindered nature of one alpha-decay group in 
Am“ it was suggested'® that the odd proton is in 
orbitals of Q=5/2 in the states both of band A and 
band B. These orbitals are necessarily of opposite 
parity because of their interconnection by electric 
dipole radiation. It was later suggested by HSR! that 
of the two available 2= 5/2 orbitals in the proper region 
band A is the even-parity orbital, the chief evidence 
being the difference in effective moments of inertia of 
bands A and B. Magnetic-moment calculations of 
Strominger*’ also support the above assignments. 

From the nature of the four transitions depopulating 
the 267.5-kev level only the assignment 3/2— seems 
reasonable, and the level labelled “C” in Fig. 2 is the 
only 3/2— state in this region. 

The 1/2+ band D would not be expected to lie this 
low in energy if one were to take strictly the eigenvalues 
of Nilsson, but taking Nilsson’s diagram as simply a 
good guide to the position of states we shall examine 
in more detail the properties of the two nearest 1/2+ 


TABLE X. Partial] half-lives for photon emission 
from the 267.5-kev state. 


Moszkowski 
single-particle 
estimate 
(sec) 


3.5 1074 
8.3X10™* 
1.5X 10-8 
9.5K 10° 


Multi- Reporisoentel Retardation 


polarity ialf-life 
treated (sec) 


7.7X%1077 
6.0K 10~¢ 
2.0K 10"* 
1.6X 1077 


Energy 


267.5 E1* 
234.2 M2 
207.9 M1* 
164.6 £2 


*® These transitions have some quadrupole admixture, but the experi 
mental partial lifetime applies to the dipole component alone. 


orbitals on the diagram (the notation is Qa{N,n,,A}). 
These are state 1/24 {4,0,0} and state 1/2+ {6,6,0). 
Using Nilsson’s wave functions for the former, we 
calculate at 6=+0.2 a value a= +1.29 and at 6=+0.3 
a value a= —0.67. For the latter, we calculate ayo,» 
=+6.6 and a,03=6.2. Since experimental quadrupole 
moments indicate 6~-+-0.25 in the region of Np”? we 
feel that the ayreement between the experimental 
a=-+1.08 and the theoretical decoupling parameters 
for the 1/2+ {4,0,0} orbital is satisfactory and that 
the 1/2+ {6,6,0} orbital is conclusively ruled out. 

A curious case is provided by the four gamma 
transitions depopulating the 267.5-kev level in that 
F1, M1, £2, and M2 transitions are all observed. The 
lifetime of the parent state has been measured by 
Bunker et al.!* as (5.4+0.5)10~ sec. In Table X we 
have made use of this lifetime measurement and our 
relative intensity data to calculate experimental partial 
half-lives for emission of the various photons. For a 
theoretical comparison we have made calculations also 
with use of the single-proton transition formulas of 


37 T). Strominger, University of California Radiation Laboratory 
Report, UCRL-3374, June 1956 (unpublished). 
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TABLE XI. Asymptotic selection rules for gamma transitions. 


AN An, AA Az AN An, 
El Mi 


+1 +1 0 
—1 - 0, +2 
+1 = 0, +2 


£2 M2 


+-2 
—2 
0, +2 
0, +2 
+2 


ot 
tS 
t 


1 
1 
1 
1 
1 





Moszkowski.*8 None of these transitions is A-forbidden. 
The retardation of the /1 is not too surprising, since 
the low-energy 1 transitions quite generally show 
large retardation. The general question of retardation 
of 1 transitions in deformed nuclei has been discussed 
by Strominger and Rasmussen.” 

The large retardation of the 208-kev M1 transition, 
allowed by A-selection rules, needs explanation, A 
qualitative explanation is readily found with the earlier 
orbital assignments by examining selection rules in the 
asymptotic quantum numbers. Selection rules in the 
quantum numbers JN (total-oscillator quantum num- 
ber), m, (z-axis oscillator quantum number), A (orbital 
angular-momentum component along symmetry axis), 
and Y (projection of intrinsic spin along symmetry 
axis)” have been applied to cases of beta decay by 
Alaga®® and to cases of #1 gamma transitions by 
Strominger and Rasmussen.*® Chasman and Rasmus- 
sen" have derived selection rules for #1, #2, M1, and 
M2 transitions. These selection rules are given in 
Table XI. 

From the asymptotic quantum numbers appropriate 
to orbitals C and B in Fig. 2 and from inspection of 
Table XI it the M1 transition violates 
these rules, since AA= 2. 

Table X shows the 164.6-kev /:2 as retarded, and the 
k2 component of the 207.9-kev transition must be 
even more retarded, It is to be noted that an /:2 single- 
proton transition between the B and C orbitals violates 
the selection rule AY =0. The speed of the /:2 transitions 
between these bands is a more difficult matter to 
consider theoretically since the Coriolis interaction 
(Kerman’s'® RPC interaction) will mix these proton 


is seen that 


states and lead to collective contributions to the /2 


transition probabilities. The single-particle and collec- 


%#S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. XIII. 

* 1). Strominger and J. O. Rasmussen, Nuclear Phys. 3, 197 
(1957). 

“ Y may take only the values +1/2. This is not explicitly given 
in Fig. 2 but is easily determined since Q=A+2Z 

“RR. Chasman and J. O. Rasmussen, University of California 
Radiation Laboratory Chemistry Division Quarterly Report, 
January, 1957 (unpublished). 
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tive contributions could interfere constructively or 
destructively; the latter possibility is attractive for 
explaining the retarded £2 component of the 207.9-kev 


gamma. 

We see from Table X that the M2 radiation is also 
retarded from the single-particle estimate, but it is 
significantly less retarded than the M1. M2 radiation 
between bands C and A is allowed by the asymptotic 
quantum-number selection rules of Table XI. 

Finally, let us consider the beta decay log ft values 
(Table IX) and attempt to assign quantum numbers to 
the ground state of U*’. To account for the non- 
observance of beta decay to the 5/24 and §/2— bands 
a spin assignment of 1/2 seems most attractive. The 
available 2= 1/2 neutron states in the proper region on 
Nilsson’s diagram are 1/2+- {6,3,1} and 1/2— {5,0,1}. 
For the even-parity assignment the principal beta group 
to the 3/2— state would be classified first forbidden 
(Al =1, yes), unhindered. The experimental log ft value 
of 6.2 seems quite consistent with this from comparison 
with Alaga’s study.”® For the odd-parity assignment 
the main beta group would be allowed (AJ=1, no), 
hindered, also consistent with experiment. 

Although there is much uncertainty regarding the 
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relative beta intensities to the uppermost band, a self- 
consistent picture explaining beta decay to this upper 
band is more easily obtained with the assignment of 
1/2— to U*’. The beta decay to the 1/2+ and 3/2+ 
states would then be classified first forbidden, unhin- 
dered, and beta decay to the 5/2+ state would be first 
forbidden (Al =2, yes), unhindered. The 1/2+ assign- 
ment to U*? would not allow sufficient direct (second 
forbidden) beta population of the 5/2+ state at 368.5 
kev, and it would be necessary to postulate a higher 
level decaying to it by an unobserved gamma transition. 
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Inelastic scattering of neutrons has been used to study excited states in Rh! and Nb®. Gamma rays have 
been observed from the 300- and 365-kev levels in Rh. Gamma rays of 736- and 957-kev energy have been 
obtained from Nb. As a result of threshold measurements, these gamma rays are interpreted as representing 


transitions to the 29-kev metastable state from levels at 764 


I. INTRODUCTION 


NELASTIC neutron scattering is a useful tool for 

the determination of nuclear level schemes. Accurate 
measurements of the gamma-ray energies together with 
the thresholds for the production of these gamma rays 
enable one to obtain the level energies and decay 
schemes. For this method to be unambiguous, the 
levels in the compound nucleus must be closely spaced. 
This restricts the validity of this method to medium- 
and heavy-weight elements. 

We have studied the elements Rh'™ and Nb*®. Both 
of these are of 100% isotopic abundance. In the case of 
Rh'®, the level scheme up to 650 kev has been obtained 
from radioactive decay of Ru! and Pd'®.! Also, levels 
at 300 and 363 kev have been observed from Coulomb 
excitation.’ 

In the case of Nb”, the only level definitely estab- 
lished has been the metastable state at 29 kev, with a 
half-life of 3.65 years. Gamma rays of 270-, 530-, 690-, 
and 910-kev energy have been reported from inelastic 
scattering of 3.2-Mev neutrons, but no level scheme has 
been given.? Temmer and Heydenburg report an 
850-kev gamma ray from Coulomb excitation.? In a 
previous report, we have listed a 710-kev gamma ray 
from Coulomb excitation.‘ 


II. EXPERIMENTAL PROCEDURE 


We have adapted the method suggested by Guernsey 
and Wattenberg for observation of low-energy gamma 
rays.® Our apparatus is shown in Fig. 1. The Li’ (p,n) Be? 
reaction is used as a neutron source, the lithium target 
being mounted on a probe cooled with liquid air. A 
lithium furnace is arranged so that targets may be 
evaporated directly in the vacuum system of the Van de 
Graaff generator. Targets 30 kev thick have been used 
for survey work, while 6 to 8 kev thick targets were 
used for the threshold better 
resolution. 


measurements to yet 


t Assisted by the U. S. Atomic Energy Commission 

* On leave of absence from Agra College, Agra, India. 

1B. Saraf, Phys. Rev. 97, 715 (1955). 

2 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 

4 Scherrer, Allison, and Faust, Phys. Rev. 96, 386 (1954). 

‘Van Patter, Rothman, Mandeville, and Swann, J. Franklin 
Inst. 259, 261 (1955). 

* Guernsey and Wattenberg, Phys. Rev. 101, 1516 (1956). 


and 977-kev in Nb 


A lead cap } inch thick serves to attenuate the 478 
kev gamma ray from inelastic proton scattering in the 
lithium. For measurements of gamma-ray spectra, the 
scatterer is placed within the cap, adjacent to the 
crystal can. Background spectra are obtained with the 
scatterer on the outside of the lead, so that the same 
amount of material is always in the neutron beam. 

The size of the sodium iodide erystal is kept small to 
minimize background due to inelastic neutron scattering 
in the iodine. lor the observation of gamma rays from 
rhodium in the region between 300 and 400 kev, a 
crystal 3 mm thick and 35 mm in diameter was used. 
In the case of niobium, where gamma rays between 700 
and 1000 kev were studied, a crystal 1 cm thick and 2 
cm in diameter was found suitable. 


III. RHODIUM 


The rhodium scatterer was 15 inch square, 4 inch 
thick, weighing 55 grams. Figure 2 shows the spectrum 
obtained from the rhodium at a neutron energy of 900 
kev, using the 3-mm crystal. The peak at 200 kev is due 
to inelastic neutron scattering in iodine. From rhodium, 
gamma rays of 300- and 365-kev energy are seen. Using 
2-Mev neutrons and the 1 cm crystal, a search was made 
for higher energy gamma rays. The results of this are 
seen in Fig. 3. A peak is seen at about 600 kev, but 
nothing definite can be seen elsewhere. 

Figure 4 shows the yield of the 300- and 365-kev 
yamma rays as a function of neutron energy. ‘The cross 
section was estimated by making a comparison with the 
yield of the 137-kev gamma ray from tantalum. The cross 
section for the production of this 137-kev gamma ray 
was taken as 0.7 barn at a neutron energy of 600 key 
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Fic. 1. Apparatus for detection of gamma rays from inelastic 
neutron scattering. The source of the proton beam is the Bartol 
ONR Van de Graaff generator. 


155 





ROTHMAN, VAN PATTER, 


2000 





1600 


1600 


(x 167") 


1400 200 hew (From iodine) 


1200 


1000 


With rhodium 
600 


COUNTS PER CHANWEL 


365 hev 


4 


Without rhodium 








4 4 


4 4 4. 
400 500 600 700 600 





200 300 900 


PULSE HEIGHT 


Fic, 2. Gamma-ray spectrum from inelastic neutron scattering in 
rhodium. L,=900 kev. 


The error on this estimate is about +20%, in addition 
to possible error in the tantalum reference cross section. 

The theoretical cross section shown in Fig. 4 was cal- 
culated by the Hauser-Feshbach method, using the level 
scheme obtained by Saraf,' and illustrated in Fig. 5. All 
theoretical cross sections in tihs paper have been calcu- 
lated on the basis of a square potential well, with 
parameters indicated in the figures. Where no imaginary 
part of the potential is given, the black nuclear model 
has been used. In Fig. 4 it is seen that the theoretical 
cross section is considerably smaller than that obtained 
experimentally. 

The 300- and 365-kev gamma rays may be identified 
with those obtained from the decay of Pd'®, shown in 
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Fic. 3. Gamma-ray spectrum from inelastic neutron scattering in 


rhodium (l-cm crystal). Background has been subtracted, 
E.=2 Mev. 
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Fic. 4. Yield of gamma rays from rhodium. 


Fig. 5. Since the threshold has not as yet been obtained 
for the 600-kev gamma ray, it is not possible to say 
definitely that this is the same as the 610-kev transition 
shown in the decay of Ru’. After corrections are made 
for relative detection efficiency in the sodium iodide 
crystal, the intensity of the 600-kev gamma ray ap- 
pears to be approximately the same as that of the 365- 
kev gamma ray, at an incident neutron energy of 2 Mev. 

According to the Hauser-Feshbach theory, the 
amount of excitation of a given level depends to a large 
degree upon the spin difference between the ground 
state and the given level. If the 600-kev gamma ray 
originated in the gz/2 level, then we should expect to see 
the 495-kev gamma ray from the dsy2 level with at least 
equal intensity. This is not observed. Similarly, one 
would expect the intensity of the 495-kev gamma ray 
to have the same order of magnitude as the 365-kev 
gamma ray. Since this is not observed, it appears that 
the 300- and 365-kev levels, which are considered to be 
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Fic. 5. Energy levels of Rh. 
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rotational states, are excited by inelastic neutron 
scattering to a greater degree than might be expected 
by the straightforward application of the theory. 


IV. NIOBIUM 


The niobium scatterer was 2 inches square, } inch 
thick, and weighed 127 grams. Figure 6 shows the 
gamma-ray spectrum obtained with a neutron energy 
of 1.2 Mev. The first peak is the 632-kev gamma ray 
from inelastic neutron scattering in iodine. Gamma 
rays from niobium are seen at 736 and 957 kev. Figure 7 
shows the cross section for excitation of these gamma 
rays as a function of energy. 

The cross sections were estimated by comparison with 
the yield of the 845-kev gamma ray from Fe**. The 
cross section for excitation of the 845-kev gamma ray 
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Fic. 6. Gamma-ray spectrum from inelastic neutron scattering in 
niobium, Z=,1.2 Mev. 


was obtained from the Brookhaven compilation of 
cross sections. However, the cross sections given in 
this compilation were reduced by 27% to make an agree- 
ment with the value given by Day’ at E,=2.56 Mev. 

The cross sections used for reference were: 0.57 barn 
at E,=1.65 Mev, and 0.23 barn at E,=0.870 Mev. The 
latter energy is at the peak of the first resonance above 
the threshold for the production of the 845-kev 
gamma ray. 

It was of interest to make an accurate determination 
of the thresholds for the production of the two gamma 
rays from niobium. For this purpose lithium targets 6 
kev thick were used, and the neutron energy corrected 

*D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Super- 
intendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955). 

7R. B. Day, Phys. Rev. 102, 767 (1956). 
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Fic. 7. Yield of gamma rays from niobium as a 
function of neutron energy. 


for target thickness. Fresh targets were made frequently 
to minimize the effect of target thickening due to aging. 

The Van de Graaff generator was calibrated by using 
the threshold of the Li’(p,n) Be’ reaction at E,= 1.881 
Mev. By means of this calibration we were able to 
reproduce the threshold for the production of the 
845-kev gamma ray from Fe®® to within +5 kev on 
repeated occasions. 

The results of the threshold measurements on niobium 
are shown in Fig. 8 and in Table I. It is seen that the 
level energy for both excited states is higher than the 
photon energy by approximately 30 kev, within the 
limits of error. This fact indicates that in both cases the 
gamma-ray transition is to the 29-kev metastable state, 
rather than to the ground state. 

The nature of this transition, together with the 
magnitude of the cross section for production of the 
gamma rays enables one to make some arguments 
concerning the spin and parities of the 764- and 977-kev 
levels. 

The ground state of Nb” is known to have a spin of 
9/2+-, while the metastable state has a spin of 1/2 
The spins of the two higher states must be such that 
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Fic. 8. Yield of gamma rays from niobium, near threshold. 
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Fic. 9. Energy levels of Nb” and Nb”. 


electromagnetic transitions go preferentially to the 
metastable state rather than to the ground state. The 
highest value of spin which meets this requirement is 
5/2—. The use of this spin value for the 764- and 977- 
kev level results in an /2 transition to the metastable 
state, and an M2 transition to the ground state, which 
meets the requirement. Using 5/2+-, on the other hand, 
would give an £2 transition to the ground state, and an 
M2 transition to the metastable state, which would be 
an undesirable condition in this case. 

Examination of the measured cross sections shown in 
Figs. 7 and 8 indicates that the spin of the excited states 
should not be lower than 5/2. A number of theoretical 
calculations have been made of the cross sections, 
using various potential parameters and spins. The 
theoretical curves shown in Figs. 7 and 8 were calculated 
using a spin of 5/2— and the strong interaction model. 
In addition, a calculation was made with a complex 
potential, using R=6.58X10~" cm, Vo=42 Mev, and 
¢{=0.2. This gave a result which was practically identical 
with that of the strong-interaction model, using the 
same well depth and radius. 

It is seen that variation of the model parameters may 
make a difference of a factor of two in the calculated 
cross section. Variation of the spin of the excited state 
makes a greater difference. Using a spin of 3/2 rather 
than 5/2 reduces the cross section by a factor which 
varies from 9 near the threshold to 3 at 880 kev neutron 
energy. 

For this reason, 5/2— remains the most probable 
assignment for the spin and parity of the two excited 
states, even though there exists a large discrepancy 
between the calculated and experimental cross sections. 

Figure 9 gives a comparison between the level scheme 
proposed for Nb® and the scheme for Nb” which has 
been given by Smith et al.* from the decay of Mo". 
These nuclei differ only by two neutrons, and there 
may be seen a similarity between the level positions and 
the gamma-ray transitions. 

From the point of view of the shell model, there is 


* Smith, Gove, Henry, and Becker, Phys. Rev. 104, 706 (1956). 
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Taste I. Niobium-inelastic neutron scattering. 
All energies are given in kilovolts. 


First gamma ray 


717248 
1644-8 


Second gamma ray 
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977410 
957410 
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Threshold energy 
Level energy 
Gamma-ray energy 73648 
Difference 28+11 
Level energy = —Q=Ey[1—(1/A +1) ] 


some justification in giving a spin of 5/2— to the 
764-kev level. The pi/2 state is obtained by moving a 
proton from the p12 shell up to the gg/2 shell, so that the 
spin of the nucleus is determined by the hole left in the 
piy2 shell. Similarly, the next state may be obtained by 
moving a proton up from the fs/2 shell, which is adjacent 
to the piy2 shell. 


V. GAMMA RAYS FROM PROTONS ON NIOBIUM 


In an earlier investigation‘ at this laboratory of the 
gamma rays produced from the bombardment of a thick 
niobium target by 2.75-4.0 Mev protons, two gamma 
rays of energies 0.71 and 0.87 Mev were observed. The 
excitation curve of the 0.87-Mev gamma ray did not 
rise rapidly enough to agree with Coulomb excitation, 
and hence this gamma ray was assigned to the excitation 
of the 0.874-Mev level of Mo”, from the Nb"(p,7) Mo™ 
reaction. The excitation curve of the 0.71-Mev gamma 
ray did agree with the theoretical curve for electric 
excitation of a 0.71-Mev level in Nb”, within the 
experimental error of about +5%. Following the first 
preliminary report of these results,‘ gamma-gamma coin- 
cidence measurements were made and both the 0.71- 
and 0.87-Mev gamma rays were found to be in coin- 
cidence with gamma radiation of energy greater than 
1.8 Mev. Since these gamma rays were observed at 
2.75-Mev bombarding energy, they cannot be assigned 
to levels of Nb®. Similarly, because of the Q value of 
—1.27+0.04 Mev’® of the Nb®(p,n)Mo™ reaction, and 
the known levels! of Mo ®, these gamma rays cannot 
be ascribed to the Nb"(p,2)Mo® reaction. Hence the 
only reasonable assignment is to the Nb”(p,y)Mo™ 
reaction, and the earlier assignment of the 0.71-Mev 
gamma ray to the Coulomb excitation of Nb® must 
now be withdrawn. 
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Note added in proof.—Using a magnetic proton spec- 
trometer, an attempt has been made to observe inelastic 
proton scattering from Nb®, with Ep=4.4 Mev. How- 
ever, the cross section was too small to observe. 

*R. Patterson, Phys. Rev. 95, 303 (1954). 
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Reaction F'*(d,p)F” and the Spin of F*°t 
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(Received March 21, 1957) 


New measurements of the angular distribution of the protons from the reaction F8(d,p)F® made with 
deuterons in the range 3.5< E4<4.1 Mev show that the reaction proceeds mainly by compound-nucleus 
formation, and that stripping makes at most a small contribution. It follows that the interpretation of the 
results of an earlier experiment in terms of stripping is unjustified, hence that the spin of F” is not necessarily 
1. At all energies the angular distribution of protons leaving F” in its first excited state shows a clear stripping 


curve corresponding to /, = 2. 


HE angular distributions of proton groups from 

the reaction F'(d,p)F*® have previously been 
measured by a number of investigators using deuterons 
of different energies. The distribution of the ground- 
state group is the most interesting because of its possible 
use to shed light upon the question of the spin of the 
ground state of F. Bromley, Bruner, and Fulbright! 
investigated the distribution in the angular range 
5°<d<95°, using deuterons of energy approximately 
3.6 Mev. Their results for the ground-state group 
showed a maximum at small angles and another at 
about 50° in the center-of-mass system. They attributed 
the two small peaks to a mixture of /,=0 and 1,=2 
stripping. This interpretation implies that the spin of 
the ground state of F* is 1. Takemoto et al.,? working 
with deuterons of only 1.45 Mev, found little evidence 
for stripping in the ground-state distribution. El 
Bedewi,’ using 8.9-Mev deuterons and magnetic analysis 
of the proton groups, found stripping curves for 21 
excited states of F”, but did not quote a result for the 
ground state because of low intensity. Additional in- 
formation relative to the spin of F* comes from the 
beta decay, which goes almost entirely to the first 
excited state of Ne” (1.63 Mev, 2+4-). Less than 1% goes 
to the ground state (0+-/).4° This would be consistent 
with a spin of 2 or 3 for F”. It would not exclude spin 1, 
but in that case an explanation of the weakness of the 
ground-state transition would be required. 

Because of the importance of the result, and because 
the earlier experimental evidence was not completely 
convincing (no points for 6>95°, cross section rather 
low for stripping reaction, and statistics not very good, 
especially at small angles) the measurements in the 
vicinity of 4 Mev have recently been repeated. The 
deuteron source was the variable-energy cyclotron at 
the University of Rochester,® which is equipped with a 

t This work was supported in part by the U. S. Atomic Energy 
Commission and by a grant from the Research Corporation. 

*On leave from the Institut Ruder BoSkovi¢, Zagreb, Yugo 
slavia. 

1 Bromley, Bruner, and Fulbright, Phys. Rev. 89, 396 (1953). 

2 Takemoto, Dazai, Chiba, Suganomata, and Ito, Phys. Rev. 
101, 772 (1956). 

*F. A. El Bedewi, Proc. Phys. Soc. (London) A69, 221 (1956). 

‘D. Alburger, Phys. Rev. 88, 1257 (1952). 

5, Wong, Phys. Rev. 95, 761 (1954). 


* Fulbright, Bromley, Bruner, Hawrylak, and Hamann, Atomic 
Energy Commission Report NYO-6541, 1954 (unpublished). 


magnetic-beam analyzer having a measured energy 
resolution of 0.2%) and an energy calibration accurate 
to within +0.7%, or better. Results are quoted below 
for Eyg=4.13, 3.82, and 3.53 Mev. The target was a 
Teflon (CF) foil, 1.4 mg/cm? thick, set at an angle of 
of +60° with respect to the direction of the beam. The 
protons were detected by means of an argon-filled 
ionization chamber. The spectra of pulses were analyzed 
by use of a 30-channel pulse-height discriminator. The 
beam current was monitored by means of a Faraday cup 
arrangement. In addition, the yield of protons at 
6= 35° was monitored by use of a CsI(Tl) scintillation 
counter covered with sufficient aluminum to 
scattered deuterons, and protons from C!(d,p)C™ 
Counts from this monitor were used for the internal 
normalizing of data of angular-distribution measure 
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Fic. 1. Pulse-height spectra for 24= 3.82 Mev. The ground-state 
group is well resolved at all angles. 
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Fic. 2. Angular distributions of protons leaving F™ in 
its ground state from F(d,p)k™. 


In preliminary runs an aluminum window sufficiently 
thick to stop 4-Mev deuterons (it was about 70 mg/cm? 
thick) was used in the ionization chamber, but difficulty 
was encountered at small angles, where the number of 
deuterons striking the window after being scattered by 
the target foil was so great that pulses due to the 
reaction Al*"(d,p)Al’* occurring in the window were 
observed. Since such pulses would have interfered some- 
what with the experiment, it was considered best to 
remove the aluminum window. The Mylar [Ce(H20)s | 
window which was substituted proved very satisfactory. 
Protons generated in (d,p) reactions occurring in the 
window were too low in energy to interfere with the 
experiment. The window was always sufficiently thick 
to stop both the scattered deuterons and the protons 
from the C*(d,p)C™ reaction in the target. 

Figure 1 shows pulse-height spectra obtained at three 
different angles using deuterons of energy 3.82 Mev. In 
every case the ground-state group was clearly resolved. 
Two other peaks are evident, the higher-energy one 
720 5 


being due to the formation of F” in its first excited state 


at 0.65 Mev, the lower-energy one being due to a 


mixture of two proton groups corresponding to the third 
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Fic. 3. Angular distribution of protons leaving F® in its first 
excited state from F(d,p)F*®. The solid curve was calculated 
from Butler’s theory using |, =2 and ro=5.5X10~" cm. 


and fourth excited states at 0.99 and 1.06 Mev. No 
peak due to the second excited state at 0.83 Mev is 
observed. This is consistent with the low intensity 
(about 10% of the intensity of the first excited-state 
group) reported by others*:’ for the second excited state. 

Angular distributions for the ground-state group are 
shown in Fig. 2. Statistical-error bars are shown for 
each point. The absolute cross section values have 
accuracy limits estimated at + 20%. The three curves 
bear no resemblance to the usual stripping curves. 
Furthermore their shape is strongly dependent upon the 
energy. One can therefore conclude that the predomi- 
nant mechanism by which the reaction proceeds is 
compound-nucleus formation, and that stripping plays 
at best a minor role. It follows that the interpretation 
of the earlier experiment, mentioned above, in terms of 
stripping cannot be justified, hence that the spin of F” 
is not necessarily 1. 

A broad backward maximum in the ground-state 
angular distribution similar to ours has been observed 
by Ono et al. using 2.03-Mev deuterons.® 

In conclusion it should be mentioned that 
protons corresponding to the first excited state of I 
showed typical stripping distributions at all energies. 
See Fig. 3. The Butler-theory curve shown for com- 
parison was computed for r9>=5.5X10~"% cm. The re- 
duced width, (2J7+1)@, was found to be 0.10. @ is the 
fraction of the first sum-rule limit. 

We wish to thank Professor W. P. Alford, Professor 
J. B. French, and Mr. C. A. Preskitt for many helpful 
discussions. One of us (I.S.) would like to thank the 
Institut Ruder BoSkovié for a grant received during 
his stay at Rochester. 
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Intensities of X-Rays and y Rays in Am”! Alpha Decay* 


L. B. MAGNUSSON 
Argonne National Laboratory, Lemont, Illinois 


(Received March 6, 1957) 


Electromagnetic radiation intensities from levels of Np*’ were remeasured with Nal scintillation de 
tectors and an argon proportional chamber. By absolute and coincidence counting the photon intensities 
per alpha particle are 0.376, 0.025, 0.00073, and 0.359 for the L x-rays and the 26.4-, 43.4-, and 59.6-kev 
gamma rays, respectively. Gamma rays with 99- and 103-kev energy were found by a-y coincidence. The 
99-kev y ray is emitted from the 159-kev level with an intensity of 2.3 10~*. The 103-kev y ray, of intensity 
1.9 10~ per alpha particle, is a de-excitation of the 103-kev level. The intensity of L x-rays from levels 
above 59.6 kev is 0.064. Coincidence intensities of 26-kev 7 rays with L x-rays from conversion of the 33.2 
kev y ray and of L x-rays from these transitions are 0.01 and 0.031 per alpha particle, respectively. 


N association with calibrations of the counting 

efficiencies of some sodium iodide scintillation crys- 
tals, Engelkemeir and the author have essayed absolute 
measurements of electromagnetic radiation intensities 
from the levels of Np*’.! The observed L x-ray intensi- 
ties following Am™ alpha decay did not fit expectations 
derived from the decay scheme? and recent measure- 
ments of the conversion-electron spectrum.‘ Disagree- 
ment was also noted with prior direct measurements.® 
Extension of the measurements to alpha-particle, 
gamma-ray, and L x-ray coincidence and improved 
measurements of absolute photon intensities are re- 
ported in this paper. 


PROCEDURES AND RESULTS 

Preliminary values for the intensities of L x-rays, 
26.4-kev and 59.6-kev gamma rays have been published.! 
Since the final results for the total L x-rays and 59.6-kev 
gamma ray are believed to be reliable to within about 
2%, the experimental procedure will be given in detail 
sufficient for evaluation. Relative intensities of the /, a, 
B, and y groups of L x-rays were measured with an 
argon proportional chamber. Absolute intensities were 
determined in beams collimated to enter only the 
central portion of the face of a scintillation crystal to 
avoid uncertainties in the counting efficiency and 
geometry introduced by the crystal edge and the dis- 
tance from sample to crystal. 


A. Samples 


Isotopically pure Am! was deposited on a 1-mil 
X j-in. aluminum disk over an area of }-in. diameter by 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1L. B. Magnusson and D. W. Engelkemeir, Bull. Am. Phys. 
Soc. Ser. IT, 1, 171 (1956). 

2 F. Asaro and I. Perlman, Phys. Rev. 93, 1423 (1954). 

3 Jaffe, Passell, Browne, and Perlman, Phys. Rev. 97, 142 (1955). 

4S. A. Baranov and K. N. Shlyagin, Conference of the Academy 
of Sciences of the U.S.S.R. on the Peaceful Uses of Atomic Energy, 
July 1-5, 1955, Session of the Division of Physical and Mathe 
matical Sciences (Akademiia Nauk S.S.S.R., Moscow, 1955), 
translated by Consultants Bureau, New York, 1955, Vol. 1, p. 183. 

5 Beling, Newton, and Rose, Phys. Rev. 86, 797 (1952). 

*P. P. Day, Phys. Rev. 97, 689 (1955); and private com- 
munication. 


evaporation in vacuum from a hot filament. The de- 
posit was nearly invisible, the weight of americium 
alone being about 0.04 yg. By precise low-geometry 
measurement the alpha-disintegration rate was found 
to be 2.80 10° per minute. From less precise alpha-59.6 
kev gamma coincidence measurements the disintegra 
tion rate was found to be 2.78 10°. A further check on 
the disintegration rate was obtained by 2m counting. 
The 27-counting rate corrected for resolution loss 
would yield a disintegration rate agreeing with that 
from the low-geometry measurement if one assumed a 
counting yield of 51%. 

For analysis of photon pulses, the sample disk was 
clamped in a set of aluminum rings similar to that 
described elsewhere.’ Three rings were punched from 
22-mil aluminum sheet with outer diameters of 1], }3, 
and 1} and inner diameters of 4, ;%, and 1 in., respec- 
tively. The rings, sample disk and an 0.8 mg/cm? 
aluminum cover foil of 1{ inch diameter were stacked 
on centers in the order: 14 in. x } in. ring, 4% in. 9% in. 
ring, sample disk with active deposit facing up, cover 
foil, and 1} in.X1 in. ring. The stack is held together 
with six No. 2 brass screws spaced near the peripheries 
of the large rings. 

The purity with respect to other alpha and gamma 
emitters was confirmed by alpha-gamma coincidence 
and alpha-pulse analysis. For resolution of the alpha 
particle spectrum the cover foil in the ring clamp 
described above was replaced by a 2-mil-thick electro- 
formed screen.’ ‘There was no loss of sample by contact 
with the screen. 

A larger sample (1.18 10" disintegrations/min) was 
required for some of the proportional chamber counting. 
This sample, previously used for conversion-electron 
measurements,® was also deposited in vacuum over an 
area of about }-inch diameter on a 0.1-milX 4-inch 
aluminum foil. The foil was cemented to a 14-inch 
aluminum ring of g-inch cross section. 


7D. W. Engelkemeir and L. B. Magnusson, Kev. Sci. Instr. 26, 
295 (1955). 
* Freedman, Porter, and Wagner (unpublished work). 
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B. Collimator 


‘The solid angle for admitting photons to the detecting 
crystal or proportional-counter chamber was defined by 
a drilled, cylindrical aperture (0.3563-inch diameter) in 
a lead plate of thickness 3.0 g/cm’ sufficient to be 
opaque to the 59.6-kev gamma ray (Fig. 1). The 
aperture-to-sample distance was fixed by a simple 
aluminum box, open on two sides, which supported 
both collimator and sample. The removable base of the 
box was machined with a 1j-inch diameter inset to 
center the rings holding the small sample foil. Varia- 
tions of the sample mounting will be described in follow- 
ing sections. The active side of the small sample foil 
either faced away from the detector or was covered 
with 0.8-mg/cm? Al foil to permit depth gauge measure- 
ments through the collimator hole without contacting 
the active deposit. 


C. Proportional Spectrometry 


The proportional chamber is a conventional brass 
cylinder of 3-inch inside diameter. Radiations are 
admitted through a 1-inch hole covered by a 40 mg/cm? 
beryllium window sealed in with an O ring. Transmis- 
sion by the beryllium was measured with beams of 
x-rays from Fe (5.9 kev) and Se” (10.5 kev). The 
mass absorption coefficients found for these rays were 
2.8 and 0.82 cm*/g, respectively. The chamber gas is 
90% argon, 10% methane vented through a glass frit 
dipping into the mercury in one arm of a U tube. The 
other arm of the tube terminates in a closed glass bulb 
which was filled with air to give a pressure of 762 mm 
Hg at 23° at the frit with gas flowing. The U tube 
maintains constant density in the chamber gas. The 
sample collimator is held in a shelf support below the 
beryllium window. For measurements of the large 
sample the aluminum base of the collimator was re- 
replaced by a yg-inch thick copper sheet having a }-inch 
hole coaxial with the collimator hole. The sample ring 
was centered over the }-inch hole. 

A typical pulse spectrum for the sample of 1.18 107 
disintegrations/min as recorded by a 20-channel ana- 
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Fic. 1. Section of the photon collimator. The beam-hole 
diameter is 0.3563 inch. 


lyzer is shown in Fig. 2. No Pb fluorescent radiation 
appears in the spectrum indicating that the scattered 
contribution from the wall of the collimator hole is 
negligible. The detection of Np M x-rays (about 3 kev) 
is supporting evidence for a relatively small amount of 
absorption in the system. The LZ x-ray spectrum is 
resolved as a, 8, and 7 groups with the / line contributing 
to a shoulder on the low-energy side of the a group. 
The L x-ray region was counted repeatedly for both Am 
samples to obtain the relative intensities of the groups. 
The results for the L x-ray groups agreed well for the 
two samples. The M intensity from the larger sample, 
however, was about half that from the other, indicating 
self absorption. From the appearance of the large 
sample it seemed likely that a small amount of an 
impurity was present, perhaps tantalum from the 
evaporation filament. Intensities relative to background 
were not sufficient from the smaller sample to give good 
accuracy for the Ly, 26.4-kev, and 59.6-kev rays. The 
peak intensities are summarized in Table I. Over- 


TABLE I. Intensities of the Np L x-rays and gamma rays from the 
argon proportional chamber. 


Corrected 
intensity 
photons/a 


0.0082 
0.1375 
0.1454 0.1878 
0.0882 0.0507 
Total =0.384 
0.0460 0.025 
0.00370 0.33 


Counting 
efficiency® 
0.392 
0.272 


Intensity*® Trans- 
counts/min/a mission” 


Ll x-rays 0.0031 0.959 
a 0.0363 0.970 
Bp 0.0268 0.982 
y 0.00441 0.986 


Group 


0.995 
1.00 


0.00112 
0.00121 


26.4-kev 4 
59.6 kev 


* The tabulated intensities are the observed peak intensities corrected 
for 5% argon escape and divided by the geometry and alpha emission rate. 
The 59.6-kev full-energy peak was corrected for 17.5% loss by the wall 
effect [see West, Dawson, and Mandleberg, Phil. Mag. 43, 875 (1952),] 

+ The transmission is that over-all for 0.8-mg/cm? Al cover foil, air, and 
window, 

* See text. 


lapping portions of the peaks were unfolded by fitting 
normal frequency distributions. The observed intensities 
were corrected for 5% loss by escape of argon K x-rays 
as measured with a beam of Mo Ka fluorescent x-rays. 
The error in the observed intensities of the peaks with 
energies greater than the / line is estimated to be less 
than 5%. 

The counting efficiencies in column 4 of ‘Fable I were 
derived from a plot of mass absorption coefficients in 
argon given by Colvert,* Allen,” Victoreen," and White” 
and the relative intensities for individual L lines from 
the data of Day.® Photoelectric events in argon only 
were assumed to contribute to the observed peaks. 
Scattering corrections to the total absorption coeffi- 
cients were interpolated from the data of White.” 


*W. W. Colvert, Phys. Rev. 36, 1619 (1930). 

A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., New York, 1935). 

J. A. Victoreen, J. Appl. Phys. 20, 1141 (1949). 

2G. R. White, National Bureau of Standards Report 1003, 
May, 1952 (unpublished). 





X-RAYS AND y 


Day has reported relative intensities of the Np L 
x-rays at high resolution with a bent-topaz crystal 
spectrometer. Recently Day has determined the topaz 
reflectivity more accurately and has recalculated the 
relative intensities of the Np ZL x-rays. The newer 
values are given in column 4 of Table II. In estimating 
the sample self-absorption, Day used the theoretical 
absorption coefficients for lead, thorium, and uranium 
given by White.” These theoretical values are about 
30% smaller than older experimental values. A few 
measurements of the attenuation of the neptunium 
x-ray groups by lead absorbers indicated that the older 
data is more accurate in the region of energy less than 
the americium Ly edge. Absorption coefficients for 
americium were accordingly extrapolated from data 
given by Allen" for tungsten, platinum, gold, and lead 
and by Stephenson for uranium.'* The absorption co- 
efficients increase approximately as Z*’. Column 5 of 
Table II gives the relative intensities calculated from 
Day’s data by the author. For energies greater than the 
americium Ly, edge, the use of Allen’s data may give 
absorption coefficients which are too large. Lead ab- 
sorption coefficients measured for 22 kev (Ag') and 
32 kev (Ba'*’) K x-rays were about 15% smaller than 
interpolated from Allen’s values. The relative intensities 
of the Ly x-rays and the gamma rays in column 5 of 
Table II are expected to be too high. ‘The self-absorption 
correction is obviously a large source of error in the 
absolute intensities which may be derived from Day’s 
data but the relative intensities of lines within the 
narrow energy range included in a group peak in the 
proportional spectrum are little effected by change in 
the correction. The group counting efficiencies in column 
4 of Table I were calculated by summing the products 
of the counting efficiencies and relative intensities of 
the individual lines within each group. The 9 and 75 
lines were assumed from the method of resolution to 
contribute equally to adjacent groups as indicated in 
Table II. The total intensity of L x-rays, 0.384 per dis- 
integration, agrees well with the more accurate value of 
0.376 from scintillation pulse spectra (Sec. D). The 
agreement supports the belief that the relative in- 
tensities of the a, 6, and y groups are known to within 
about 5%. The intensity of the 59.6-kev gamma ray 
from the proportional data (‘Table I) is about 10% 
lower than that from the scintillation data. The error 
is probably in the argon cross section and the escape 
effect,!® i.e., the number of photoelectrons which enter 
the counter wall with more than about 3-kev residual 
energy. The 26.4-kev gamma-ray intensity from the 


proportional data should be reliable to better than 10%. 
The exact agreement between the recalculated value of 


3S. J. M. Allen, Phys. Rev. 24, 1 (1924); 27, 266 (1926); 28, 
907 (1926); Handbook of Chemistry and Physics (Chemical 
Rubber Publishing Company, Cleveland, 1956) thirty-eighth 
edition. 

4 R, J. Stephenson, Phys. Rev. 43, 527 (1933). 

16 West, Dawson, and Mandleberg, Phil. Mag. 43, 875 (1952). 
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Fic. 2. A scan of the pulse spectrum from the argon propor 
tional chamber. The sample was 1.18 10? disintegrations/min of 
Am™! mounted in the collimator. The distance from the top of 
the collimator hole to the sample was 0.686 inch. 


’ 


Day and that of Beling et al.,° (Table IT) for the in 
tensity of the 26.4-kev gamma’ ray is fortuitous. ‘The 
extrapolated value of the americium absorption co 
efficient, 73 cm?/g at 26.4 kev, could be as much as 
15% too large. The self-absorption correction factor 
for Day’s sample was 2.3 for the 26.4-kev gamma ray. 
The values of Beling ef al. are consistently about 12% 
larger than those of the present work. 


D. Scintillation Spectrometry 


The collimator and detector were aligned on a hori 
zontal axis with a fixed mount for the collimator and a 
roller track for the detector unit. The detecting appara 
tus was shielded by 6 inches of steel. No scattering 
around the collimator could be detected with the beam 
hole closed by a {-inch diameter lead shutter. To insure 
that the apparent photon intensities were not dependent 
on the detector, three types of crystals were used. One 
was a commercial model (National Radiac) of 2.2-mm 
thickness and 14-inch diameter with a 0.5-mil aluminum 
window. ‘The expected transmission of the window was 
confirmed approximately by comparing the intensities 
of the neptunium LZ x-rays in beams directed at the 
crystal face at angles of 40 and 90 degrees. Another, 
assembled in this laboratory, was }-inch thick and 
14-inch in diameter with an 18-mil beryllium window. 
The third, assembled by D. W. Engelkemeir of this 
laboratory, was a cleaved rectangular section of crystal, 
-inch thick with 0.84-inch and 0.86-inch sides. The 
aluminum window, 3.5 mg/cm’, was weighed Sand 
measured for transmission before assembly with K 
x-rays from Fe" and Se”. 
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Taste II. Summary of the intensities of the Np L x-rays and gamma rays. 


Energy* 
Group y kev 


hi 11.49 
j 13.78 
13.96 

15.88 


15.88 
16.14 
16.86 
17.08 
17.52 
17.76 
18.00 
20.12 


20.12 
20.80 
21.11 
21.34 
21.48 
22.20 


26.36 
33.20 
43.46 
59.56 
99.0) 
103.0/ 


® Reference 6 
» Photons per 100 59.6-kev photons 


Bent crystal spect. 


Day* 


0.83 

1.89 
17.2 

0.39 
19.5 


0.39 
0.38 
4.60 
3.04 
0.74 
26.1 
2.41 
0.11 
37.8 


0.10 
642 
0.71 
0.81 
1.73 
0.78 
10.6 


5.93 
0.40 
0.22 
100 
0.10" 


Relative intensity” 
Proportional spect. 
Day4 Beling et aie Present! 


1.32 see 2.24 
2.61 
24.41 

049 
27.5 


0.49 
0.50 
6.03 
3.90 
0.99 
34.2 
3.17 
0.15 
49.5 


0.13 
7.92 
0.86 
0.96 
2.01 
0.92 
12.8 : 13.8 


7.5 oa 7.0 
0.40 oe ose 
0.26 tee 0,20» 

100 100° 

oa 0.064" 
0.053» 


* Relative intensities of reference 6 recalculated by Day with the topaz reflectivity dependence equal to 1/E' 44, 
4 Relative intensities of column 4 recalculated with mass absorption coefficients for the sample self-absorption extrapolated from the data in references 


13 and 14 
* Relerence 5. 


Absolute intensitys 


photon/alpha 


0.008 


0.050 


0.025 
0.0011 
0.0007 
0.359 
0.00023 
0.00019 


0.008 
0.013 
0.119 
0.0024 


0.0018 
0.0018 
0.022 
0.015 
0.0037 
0.127 
0.012 
0.0006 


0.0005 
0.031 

0.0033 
0.0037 
0.0078 
0.0036 


! The preliminary intensities for the L x-ray groups in colume s, Table I, were normalized to the absolute intensities of 0.376 L x-ray/a and 0.359 §9.6-kev 
gamma-ray/a determined by Nal crystal spectrometry (Sec 
© The relative gr up intensities of cc uma 7 were Gherieauted by the relative line intensities within each group as given by column 5 and normalized to 


give the absolute total of 0.576 L x-ray, 


* These values were measured by « intiilation spectrometry, 


The principal neptunium 


radiations produce pulse 


absorber (130 mg/cm*) and multiplying the escape- 


spectra with two peaks which are roughly equal in 
intensity. 
L x-rays with the 26.4-kev gamma ray and escape peak 
from the 59.6-kev gamma ray appearing as a prominent 
shoulder. The full width at half-height of the 59.6-kev 
peak was typically about 11 kev in the present work. 
The ratio of the peak height to the valley on the low- 
energy side was 100, The intensity ratio of escape peak 
to full-energy peak for each of the detectors was meas- 
ured in the pulse spectra from 59,6-kev radiation trans- 
mitted by a lead absorber (130 mg/cm?) placed between 
the collimator and detector. Of the total pulses, 
(11.040.2)% appeared in the escape peak. About 
11.5% would be expected from an interpolation of the 
data calculated by Axel.'® 

From the spectrum transmitted by a tantalum ab- 
sorber (17 mg/cm’) the intensity of the 26.4-kev 
gamma ray was estimated to be 0.025+0.002 per 
alpha particle. The escape-peak contribution from the 
59.6-kev radiation was determined by adding the lead 


© P. Axel, Rev. Sci. Instr. 25, 391 (1954). 


The lower energy peak is a composite of the 


peak intensity by the intensity ratio of the 59.6-kev 
peak without and with the lead absorber. 

The peak intensity producing the shoulder at 26 kev 
in the difference spectrum was obtained by trial fitting 
with a normal frequency distribution. The full width 
at half-height (7.1 kev) of the trial peak was interpo- 
lated from widths of other low-energy peaks (22-kev 
Ag and 32-kev Ba™’ x-rays). The interpolated value” 
for the absorption of 26-kev radiation by tantalum 
and the absorber thickness were substantiated by 
measuring the absorption of 22-kev Ag’ x-rays with a 
series of tantalum absorbers. 

Results of intensity measurements of the L x-rays 
and 59.6-kev gamma ray are given in Table III. Some 
variations in the method of measurement were intro- 
duced to assess the contribution of scattered radiation 
to the direct beam. The small diameter of the sample 
disk, {-inch, required that the active deposit be rela- 
tively close to scattering material, namely the aluminum 


supporting rings. The wall of the collimator hole was 
also considered to be a possible source of detectable 
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scattered radiation. The ratio of photons entering the 
wall to those traversing the hole was about 0.3. In the 
first five measurements in Table III the detector-to- 
collimator distance was increased stepwise close to the 
maximum permitted by the diameter of the crystal. 
No significant changes in the numbers of photons inter- 
cepted by the crystal were observed. It was concluded 
that the detection of scattered and fluorescent radia- 
tion from the wall of the collimator hole was negligible. 
The conclusion was confirmed by later measurements 
with the proportional chamber reported above in Sec. 
C. This fortunate circumstance probably resulted from 
the microscale roughness of the wall which shades the 
detector. The scattered contribution from material in 
the plane of the sample disk and more than about 
#-inch away from the active deposit was evidently also 
negligible. The scattering from the aluminum near the 
sample was estimated from the cross sections tabulated 
by White.” For the 59.6-kev radiation, the scattered 
contribution to the direct beam was of the order of 2%, 
of which 0.5% came from the sample disk. For the L 
x-rays the total scattered contribution of only 0.1% 
came from the sample disk. 

That the scattered contributions are relatively small 
is supported by the last ten measurements in Table III 
in which the mass of scattering material near the 
sample was substantially reduced. The sample disk was 
centered on an aluminum ring, 40 mg/cm? thick, and 
secured with a small amount of Apiezon wax. The sup- 
porting ring was 1{-inch in diameter with a ,%s-inch 
hole. With the detector-to-collimator distance in the 
range of 4- to 1}-inch the counting rate of 59.6-kev 
photons was essentially constant within the reliable 
(0.9) error of 0.6%. The apparent intensity of 59.6-kev 
photons was about 1% less than calculated from the 
measurements using the heavier supporting rings 
(fourth column, Table II1). With the detector-to- 
collimator distance increased to 14-inch, the intensities 
decrease as the fringe of the beam misses the crystal. 

The two measurements with detector C were similar 
except that the active side of the sample foil was re- 
versed between the two and not covered for the second 
measurement. The purpose of the experiment was to 
see if the recoil following alpha emission was altering 
the measured geometry. ‘The effect was not detectable. 

To calculate the apparent L x-ray intensities given 
in the last column of ‘Table III the observed intensities 
of low energy pulses were corrected for the contribu- 
tions from the 26.4-kev gamma ray and the escape 
peak from the 59.6-kev gamma ray, the sample spread,'” 
and the transmission by the detector window, air, and 
aluminum foil. For the transmission corrections, the L 
X-ray spectrum was assumed to consist of radiations in 
the relative abundances determined by the propor- 
tional spectrometer measurements of Sec. C. The 
apparent ZL x-ray intensity with detector B was about 


117A, H. Jaffey, Rev. Sci. Instr. 25, 349 (1954). 
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TABLE ITI. Intensities of the Np L x-rays and the 59.6 kev gamma 
ray measured with sodium iodide detectors. 


Detector-to- 
collimator 
distance 
(in,) 


Sample-to 
collimator 
distance» 
(in.) 


Apparent Apparent 
59.6-kev i x-ray 
intensity? 
(photons /a) 


intensity® 


Detector® (photons/a) 


Active side of sample foil mounted on 22-mil Al rings, covered by 
0.8 mg/cm? Al and facing detector. ; 
A 1s 0.748 0.367 0.377 
H 0.365 0.379 
0.366 0.376 
0.364 0.379 
0.365 0.377 
0.366 0.374 
0.367 0.376 
0.365 0.368 
0.366 0.367 

1 0.363 0.367 

C } 0.752 0.362 0.372 
Active side of sample foil, with no cover, facing away from detector. 

C } 0.748 0,366 0.373 


Active side of sample foil, mounted on 6-mil Al ring, facing away 
from detector. 


B i 0.776 0.365 
5, 0.363 

0.362 

0.362 

0.361 

0.360 

0.360 

0.359 

0.356 

0.338 


0.720 
0.741 
0.748 


0.366 


0.365 
0.366 
0.355 


® The Nal detectors were as follows: A, 2.2 mm thick X1§ in. diam 
crystal with 0.5 mil Al window; B, $ in. thick ¥1} in. diam crystal with 18 
mil Be window; C, § in, thick X0.84 in, X0.86 in. cleaved crystal with 
3.5 mg/cm? Al window, 

+ The sample-to-collimator distance and the collimator hole diameter 
(0.3563 inch) define the solid angle of the beam from a point source, 

¢ The 59.6-kev photon intensity was calculated from the observed count 
ing rate of the full-energy peak, the disintegration rate of the sample 
(2.80 %10° disintegrations/min) and the measured geometry with correc 
tions for the escape peak, sample spread, transmission by the edge of the 
collimator hole, and transmissions by the detector window and Al foil 
The measured escape peak intensities for detectors A, B, and C were 11.2, 
10.9, and 11.1%, respectively, of the total 59.6-kev gamma-ray pulses 

4 The L x-ray intensity was calculated from the total counting rate of 
low-energy pulses and the measured geometry with corrections for the con 
tributions from the 59.6-kev escape peak and 26.4-kev pulses (0,025 per 
alpha), sample spread, and transmissions by the detector window, air, and 


A! foil 


3% lower than obtained with the other two detectors. 
The window transmission for detector B was not tested 
so the results indicate that the beryllium is not pure 
which agrees with some earlier rough transmission 
measurements. From the indicated transmission of 95% 
for the L x-rays it may be safely assumed that the 
impurity is not important in the transmission of the 
59.6-kev gamma ray. The average of the nine results 
for the L x-ray intensity with detectors A and C is 
0.376 photon per alpha particle. The absolute intensities 
of individual lines given in column 9 of Table IT were 
calculated from this value combined with the relative 


group intensities from the proportional spectrometer 
and the relative line intensities (columns 7 and 5, 
Table II). 

The upper edge of the collimator hole (Fig. 1) is not 
an infinitely sharp cutoff for 59.6-kev photons, The 
transmission, [/Jo, of the edge for a point source on the 
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axis of the hole is 
I/To= exp|(R/sind— D/cos6) |, (1) 


where y is the linear absorption coefficient, R is the 
hole radius, @ is the angle from the axis to the photon 
path, and D is the distance along the axis from source 
to the top of the collimator. The effective geometry, g, 
for the detection of photons passing through the edge is 


1 
g= f (1/1) sindd9. (2) 
2 


‘The detection of scattered photons is neglected in 
Eq. (2); however, about 80% of the attenuation in lead 
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Fic. 3. Alpha-particle pulse spectra recorded by 20-channel 
analyzer from 2.80 10° disintegrations/min of Am*' collimated 
with 2-mil Lektromesh screen, The single alpha pulse spectrum 
in the upper section of the figure is a composite from 5-minute runs. 
Ihe counting time for the a—59.6-kev y coincidence was 23 
minutes, the single-channel rate of the 59.6-kev y being 14 740 
counts/min. The counting times for the solid points and the 
crosses of the lower section of the figure were 1000 and 961 min- 
utes, respectively. 
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is photoelectric. To compensate for what would be a 
relatively small error, an empirical », 138 inch, was 
determined by measuring the intensity of the ca 59-kev 
radiation as a function of the amount of lead absorber 
placed between collimator and detector. The geometry 
for detecting scattered radiation from the absorber was 
similar to that for radiation scattered in the edge of the 
hole. 

Equation (2) must be summed numerically. For the 
conditions of the present measurements an approximate 
solution proved to be sufficiently accurate. The trans- 
mission decreases exponentially with 6 by virtue of the 
fact that the photon path length, the factor in paren- 
theses of Eq. (1), is very nearly a linear function of 6. 
Since sind is essentially constant, the geometry is given 
approximately by 

g=} sin’6/uD0. (3) 


The magnitude of the edge correction in the data of 
Table III is 2%. 

From the work of Bell ef al.!* and McGowan” on the 
relative intensities of full-energy peaks and total pulse 
spectra, it appears that all the pulses from 59.6-kev 
radiation, except those resulting from the escape of 
iodine K x-rays, should be included in the full-energy 
peak under the conditions of the present measurements. 
‘The range of summation of full energy pulses included 
about half of the pulses from the 43.5-kev gamma first 
observed by Day ;° however this error is less than 0.1% 
(see Sec. E). The sum of escape and full-energy intensi- 
ties for the 59.6-kev gamma ray with the appropriate 
transmission corrections yields the apparent photon 
intensities in column 4, ‘Table III. The value indicated 
by the last series of measurements in the table cor- 
rected for 0.5% scattered contribution from the sample 
disk gives the final result of 0.359 photon per alpha 
particle. 

E. Coincidence Spectrometry 


Further information on the neptunium transition 
intensities was secured from double-coincidence meas- 
urements with sodium iodide crystals, the proportional 
chamber, and an ion chamber as detectors. Pulses were 
sorted with single- and 20-channel instruments. When 
two scintillation detectors were being used, the Am”! 
sample proved to be a convenient source of triggering 
pulses for the measurement of resolving time. With 
both detectors close to the sample, the iodine K x-ray, 
which may escape after the photoelectric absorption of 
a 59.6-kev gamma ray in either crystal, can be caught 
by the other crystal. If the discriminators of both 
analyzers are adjusted to accept pulses in a broad 
band about 30 kev, the coincident events are detected 
with high efficiency. 

'8 Bell, Heath, and Davis, Oak Ridge National Laboratory 


Report ORNL-1415, September 20, 1952 (unpublished). 
” F. K. McGowan, Phys. Rev. 93, 163 (1954). 
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1. 43.4-Kev Gamma Ray 


The intensity was determined from the spectrum 
coincident with the 59.6-kev gamma ray by using so- 
dium iodide detectors. The 69-musec half-life” of the 
59.6-kev level presents a minor experimental difficulty. 
As the resolving time is lengthened to catch most of the 
pulses following the delayed state, the chance rates 
of 59.6-kev full-energy and escape-peak pulses increase 
in the spectrum of radiations preceding the delayed 
state. With a resolving time of 140 musec and a delay 
of 30 mysec for the 43.4-kev pulses, the full-energy 
peak of the latter was resolved in a 16-hour measure- 
ment. With corrections for resolving time, escape peak 
loss,!® and geometry as determined from the 59.6-kev 
peak intensity in each detector, the intensity of the 
43.4-kev gamma ray is (7.3+0.7)X10~“ per alpha 
particle. 


2. 99- and 103-kev Gamma Rays 


Radiations with energies of 99 (or 103), 113, 128, 159 
(or 168) 210, 270, 328, and 370 kev have been reported 
by Jaffe et al and by Day.® A more detailed investiga- 
tion of the 100-kev region by a-y coincidence appeared 
feasible. ‘The alpha-pulse analyzer has been described 
elsewhere.’ For detection of the gamma rays the }-inch 
thick NaI crystal with associated photomultiplier cir- 
cuits was mounted below a beryllium window in the 
base of the ion chamber. Other than the ion chamber, 
there was no shielding for the gamma detector and the 
background was relatively high. The pulse rate in the 
range 92-114 kev in one of the measurements, for 
example, was 13 counts/min over a background of 61 
counts/min. The singles rate so determined was in- 
tended only to be a rough confirmation of rates calcu- 
lated from the coincidence data. 

Alpha-particle pulse spectra are shown at the top of 
Fig. 3. That the resolution was not quite so good as 
obtained with a smaller sample (30-kev width at half- 
height) was caused by the high counting rate (12 400 
counts/min with screen collimator). The alpha particles 
emitted in low intensity in decay to the 33-kev and 
ground states are not resolved. The particles emitted 
in decays to the 59.6-, 103.0-, and 158.6-kev levels are 
clearly evident. A ‘low-energy group is suggested at 
about 5.31 Mev in agreement with a recent result from 
magnetic spectrometry.”) Approximate group intensities 
from fitting normal frequency distributions to the 
pulse spectrum from a smaller sample are listed in 
Table IV showing reasonable agreement with magnetic 
spectrometer values. Analyzer performance for coin- 
cident events, a— 59.6 kev ¥, is indicated by the solid 
points of Fig. 3. The incidence rate in each channel has 


” TD. W. Engelkemeir (unpublished data). 

41 Goldin, Tretyakov, and Novikova, Conference of the Academy 
of Sciences of the U.S.S.R. on the Peaceful Uses of Atomic Energy 
July 1-5, 1955, Session of the Division of Physical and Mathe 
matical Sciences (Akademiia Nauk S.S.S.R., Moscow, 1955), 
translated by Consultants Bureau, New York, 1955, Vol. 1, p. 249 
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been multiplied by the disintegration rate and the 
fraction (0.994) of the decays populating the 59.6-kev 
and higher levels and divided by the gamma rate, The 
rates derived in this manner should match the single 
rates if there is no cross-over of the 59.6-kev level. 
Actually the derived rates are generally slightly higher 
than the singles rates. The effect is caused by a small 
distortion of the alpha-pulse spectrum by the addition 
of conversion-electron ionization.’ The approximate 
constancy of the relative heights of the groups in the 
singles and coincidence spectra verifies that there is 
little cross-over of the 59.6-kev level. 

Alpha-pulse spectra coincident with selected gamma 
energy bands in the region of 100 kev are given at the 
bottom of Fig. 3. The bias scale and band width of the 
single-channel gamma analyzer were calibrated with 
the 59.6-kev peak with small corrections for the non- 
linear pulse height of the $-inch crystal. The possibility 
of simultaneous detection of lower energy radiation and 
59.6-kev gamma was eliminated by covering the gamma 
detector with copper and silver absorbers. ‘To maintain 
reasonable counting rates in the 100-kev region, the 
amount of absorber was relatively small; the pulse- 
height discrimination being sufficiently good to prevent 
interference from the 59.6-kev gamma rays. ‘The sub 
tracter bias of the alpha-pulse amplifier and the analyzer 
channels were calibrated by the position of the main 
alpha peak, 5.480 Mev minus an estimated pulse-height 
loss in the collimator screen of 10 kev.’ Calibrations 
were run before and after each coincidence run, No 
detectable drift, i.e., less than 4 kev, occurred through 
the series of measurements which extended over a 
period of 40 hours. Slightly different segments of the 
coincident alpha-pulse spectrum were presented to the 
twenty-channel analyzer in the two runs. The con 
tribution from chance coincidence and a—59.6-kev ¥ 
coincidence is shown by the last three points of the 
dashed line spectrum of Fig. 3. The chance and 59.6 
kev y coincidences for the solid line spectrum were 
recorded in an overcount register. ‘The chance and 
59.6-kev y contribution is clearly negligible in the 
region below 5.45 Mev. The alpha groups which popu- 
late the 158.6- and 103.0-kev levels are prominent in 
both coincidence spectra. The approximately equal in 
tensities of the two groups compared to the relative 
intensities of these groups in the singles spectrum shows 
that photons of about 100 kev are emitted from each 


TABLE IV. Alpha-particle intensities (percent) 


Pulse 


analysis 


Goldin 
etal” 


Np’ level Asaro and 
ev Perlman* 
0.39 
0.24 
85.0 
12.44 
1.66 


0 0.3 
33.2 0.2 
59.6 84.0 
103.0 14.0 
158.6 1.4 


* See reference 2. 
» See reference 21. 
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Tasie V. Efficiency factors for detection of 99- and 103-kev gamma rays and Ka; and Kaz 
x-rays with 4-inch thick, 1.2-inch diam Nal crystal. 


104-122 
12 400 


Detector band (kev) 

a singles, Neg (counts/min) 
Coincident a 

Coincidence, counts/min X 10? 


10a 


1341 


Coincident photons (kev) 103 99 97 
0.97 
0.89 
0.171 
0.96 
0.92 
0.159 


0.97 
0.91 
0.170 
0.96 
0.86 


0.97 
0.90 
0.171 
0.96 
0.90 


Copper transmission* 
Silver transmission* 
Keffective geometry” 
1-I escape peak® 
Counting efficiency*:4 
Fraction of peak in band 0,447 0.250 
Net efficiency 0.0554 0.0323 
(y/a)X 10° 1.9 2.3 


169 


10+1 





92.4-117 
12 400 


103 


159 
26.44+1.6 28.8+1.6 


103 99 97 
0.97 0.97 0.97 
0.83 0.81 0.80 
0.170 0.171 0.171 
0.96 0.96 0.96 
0.86 0.90 0.92 
0.998 0.807 0.712 

0.0358 0.113 0.0937 0.0930 

2.0 1.9 2.3 2.3 


101 
0.97 
0,82 
0.171 
0.96 
0.88 
0.862 


* Actual absorber or crystal thickness multiplied by 1.2 to correct for poor geometry. 


+» Apparent solid angle calculated from 59.6-kev gamma-ray intensity. 
* See reference 16 


4 Calculated from photoelectric absorption coefficients of Nal from reference 12. 


of the two levels. Previous measurements of conversion 
electrons have led to the assignment of a 99-kev transi- 
tion from the 158.6-kev level.? Measurements of the 
unconverted gamma radiation have consistently yielded 
energies somewhat greater than 99 kev. Day was 
prompted to assign the gamma radiation to a transition 
from the 103.0-kev level to ground.® In apparent con- 
tradiction to Day’s assignment is the reported coin- 
cidence of about 100-kev radiation with the 59.6-kev 
photon.’ These interpretations are reconciled by the 
recognition of at least two transitions. One is certainly 
the emission of 103 kev in decay to the ground stat: 
(K conversion of the 103-kev level cannot occur). 
Possibilities for the other are emission of a 99-kev 
gamma ray from the 158.6-kev level and K x-rays 
(ay, 101 kev; a2, 97 kev) following conversion of energy 
between the 158.6 and 33.2 kev or ground levels. 
Knowing the energy, one can calculate the absolute 
intensity of the 103-kev gamma ray from the equation 


G NY €y€a; (4) 


where G is the coincidence rate, N is the disintegration 
rate, y is the number of photons per disintegration, and 
¢ subscript is the net counting efficiency. The factors of 
«, and the counting rates are detailed in Table V. The 
least reliable is that in the third row from the bottom 
which is the fraction of the full-energy pulses included 
in the bias band of the single-channel analyzer. To 
calculate the fraction, the pulse heights of the 103-kev 
gamma ray were assumed to give a normal frequency 
distribution with a standard deviation of 7.4 kev. The 
peak width for photons of about 100 kev was ex- 
trapolated from widths observed for the 59.6-kev 
gamma ray and the 88-kev gamma ray from Ag™. 
Both coincidence runs yielded 1.9X10~ for the in- 
tensity of the 103-kev gamma ray. 

Treatment of the data for transitions from the 158.6- 
kev level is less straightforward. The coincidence rate 


is given by 
G= Nea(babsvevg+ babssbsos€103), (5) 


where b, is the alpha intensity (0.014) populating the 
158.6-kev level, byy is the fraction emitting 99-kev 
gamma rays or K x-rays, bss is the fraction which 
decays to the 103-kev level, bi03 is the fraction of the 
103-kev level emitting 103-kev gamma rays, and e is 
the counting efficiency. From conversion-electron data‘ :® 
the factor bss is estimated to be about 0.8. The data for 
the two runs (Table V) are in good agreement for the 
absolute intensity of the 99-kev gamma ray, babyy from 
Eq. (4). 

The third, fourth, seventh, and eighth columns of 
numbers in ‘Table V give the factors for computing 
the net counting efficiency for K x-rays. The efficiency 
was derived by assuming an intensity ratio of 2 for the 
a, and ay lines. The two runs do not agree well for K 
conversion. Further evidence indicating that the K 
x-ray intensity must be less than about 10~° per dis- 
integration was obtained by measuring the radiation 
of about 100-kev energy coincident with the 59.6-kev 
gamma ray. The absolute intensity calculated from the 
observed peak was 2.4 10~ per alpha particle in good 
agreement with the intensity derived above for the 
99-kev gamma ray. Radiation of this energy and in- 
tensity cannot be emitted from any level above the 
158.6-kev level for it would have been revealed by the 
coincident alpha spectrum. The energy difference be- 
tween the 59.6- and 158.6-kev levels is not enough for 
K conversion so the radiation coincident with the 
59.6-kev gamma ray must be the 99.0-kev gamma ray. 

The radiation of about 128-kev energy reported 
previously** with an intensity of 5X10~° is not coin- 
cident with the 59.6-kev gamma ray, supporting the 
previous assignment to a transition from the 158.6-kev 
level to the 33.2-kev level. The limit on the K x-ray 
intensity characterizes this 125.4-kev gamma ray as 
Fl, the assignment being consistent with level spins 
and parities as discussed by Jaffe et al. 





X-RAYS AND vy RAYS 


TABLE VI. Intensities of the Np L x-rays coincident 
with the 59.6-kev gamma ray. 
Intensity photon/alpha 


Scintil- 
lation 


Coinci- 
Singles*® dence*.> 
Group counts/min counts/min 


l 


Counting Propor- 
efficiency tional 


(0.0015) 


1277 14.6 0.0338 0.0261 
939 8.83 0.0182 0.0294 
153 1.13 0.0109 0.0063 


Zz 0.063 0.064 


* Corrected for 5% argon escape peak. 

> The intensity of 59.6-kev gamma rays in the single-channel gate was 
16 500 counts/min. The coincidence rate was corrected for chance 
coincidence. 


3. L X-Rays 


The LZ x-rays coincident with the 59.6-kev gamma 
ray were measured with both the proportional chamber 
and a scintillation detector. The resolving time, 7, with 
the gas detector was 4 wsec and the geometry for L 
x-rays was about 10%. Counting efficiencies for the L 
x-ray groups were calculated from the observed peak 
intensities in the singles spectrum and the absolute 
intensities from the collimated-beam measurements 


(Table II). The graphical resolution of the / line was 
not repeated in these measurements but the shoulder 
on the low-energy side of the La group appeared and 
was assumed to have the same intensity relative to the 
a group as in the collimator measurements. The data 


for the coincidence spectrum are given in Table VI. The 
ratio of the La to L8 groups was clearly larger than in 
the singles spectrum. The ratio of L8 to Ly appeared 
somewhat larger although the difference is not beyond 
experimental error. 

The absolute intensity of 1 x-rays was measured with 
the sample in the collimator (Sec. B), the detectors 
being the 2-mm sodium iodide crystal for x-rays and 
the }4-inch crystal for the 59.6-kev gamma rays. That 
no radiations of energy greater than about 3 kev are 
in prompt coincidence with the 59.6-kev gamma ray 
was evident from delay-line curves. There appears to 
be no published report of this evidence supporting the 
accepted decay scheme. The resolving time, 27, was 
400 musec with 180 mysec delay of the L x-ray pulse to 
maximize the coincidence rate. Transmission corrections 
were derived from the relative intensities from the pro- 
portional chamber (Table VI). With corrections for the 
loss of delayed coincidences (2.2%) and the counting 
efficiency, the number of L x-rays preceding the 59.6-kev 
level is 0.064 per alpha particle. Several confirmatory 
measurements with different resolving and delay times 
agreed within 3%. Beling et al. have reported that 
(6+0.8)% of the total L x-rays are coincident with the 
59.6-kev gamma ray in agreement with the present 
value of (6.1+0.2)%. The coincidence rate of 26.4-kev 
gamma rays with L x-rays is the sum of the prompt and 
delayed rates, 

Gp=Ny2els€a€n (6) 
and 
Ga=NyxLpecen(l—e), (7) 
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Fic. 4. Coincidence-counting rates as functions of pulse delay 
times. Detector A was a 4-inch thick X1.15-inch diameter sodium 
iodide crystal with a 9-mil aluminum window. Detector B was a 
4-inch thick X 1.22-inch diameter crystal with an 18-mil beryllium 
window. 


where 729 is the 26-kev gamma intensity per disintegra- 
tion, 133 is the fraction of the 33-kev transitions which 
emit L x-rays, L, is the intensity of L x-rays preceding 
the 59.6-kev level, « is the counting efficiency, and 
1—e~' is the fraction of the delayed coincidences de 
tected. The 26.4-kev gamma ray was detected by the 
proportional counter or by scintillation counter, the 
sample being covered by absorber to discriminate 
against x-rays. Neither type of detector gave good 
accuracy for the low-intensity gamma ray, the pro- 
portional counter having relatively high backgrounds 
of extraneous activity and chance coincidence and the 
scintillation counter having inadequate resolution. 
What appeared to be the best measurement yielded a 
value of 0.40 for the fraction, 133, of the 33-kev transi- 
tion which is L converted with the emission of L x-rays. 
From the scatter in the values from other measurements 
the uncertainty is estimated to be about 15%. 

The prompt coincidence rate of L x-rays with L 
x-rays is a measure of the number of L-shell vacancies 
following conversion of the 26.4- and 33.2-kev transi- 
tions. From consideration of the decay scheme and 
conversion-electron data, the contribution to the prompt 
rate from other transitions is negligible. The magnitude 
of the contribution of delayed events to the coincidence 
rate of L x-rays is indicated by the delay-line data of 
Fig. 4. The coincidence rates are the sums of prompt 
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and delayed rates, G, and Ga, with 
Gyp=2NbLiaseren, (8) 
and the delayed rates having the form 
Ga=NL,Ljs(1-—e™ )eaen, (9) 


where b is the branching from the 59.6-kev level leading 
through the 26.4-kev transition, L is the fraction of the 
transition which emits L x-rays with the subscripts 
p and f designating transitions preceding and following 
the delayed state, respectively, and / is the decay time 
for the delayed state. The counting efficiencies are 
assumed equal for all transitions and are calculated 
from the singles rates of L x-rays in the two detectors. 
Corrected for the 26.4-kev gamma ray, escape peak and 
delayed coincidence contributions, the data of Fig. 4 
give a value of 0.032 for the factor, bLogLss, in Eq. 
(8). In better measurements the sample was mounted 
in the collimator box with a 4-inch collimator hole. 
The detector for the beam transmitted by the hole was 
the 2-mm thick crystal with 0.5-mil aluminum window. 
The other detector, facing the sample disk and the base 
of the box at a distance of about $-inch, was the }-inch 
crystal with 18-mil beryllium window. Measurements 
taken with resolving times of 98, 123, and 400 mysec 
all gave the value 0.031 for the factor, bLogLss. 


CONCLUSION 


The absolute electromagnetic radiation intensities 
may be correlated with relative conversion-electron 
intensities to derive absolute electron intensities for 


the major transitions in the Np”? levels, None of the 


MAGNUSSON 


absolute electron intensities are reliably known at 
present by reason of the complexity of the spectrum 
and the usual difficulties in calibrating the spectrometer 
transmission. A derivation of absolute electron in- 
tensities which is independent of spectrometer trans- 
mission and the absorption of low-energy lines will be 
presented in a subsequent paper. 

Preliminary values for two total /-shell conversion 
coefficients are implicit in the photon intensities. From 
the conversion-electron spectrum*® it is clear that 
more than 90% of the L x-rays preceding the 59.6 kev 
level are from conversion of the 43.4-kev transition. 
Since the fluorescence yield for neptunium is expected 
to be about 0.5,” the total Z conversion coefficient is 
near 180. Comparison with theoretical values* of 660 
for an E2 transition and 80 for an M1 transition indi- 
cates mixing in qualitative agreement with observations 
of L-subshell conversion.” Similarly, the ratio of L 
x-rays from the prompt-coincidence measurement and 
the gamma-ray intensity is a measure of the conversion 
of the 26.4-kev transition. With the approximate cor- 
rection for fluorescence yield, the L conversion coeffi- 
cient is about 6 in agreement with previous estimates.*® 
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Inelastic proton spectra from targets containing phosphorus and zinc have been studied at bombarding 
energies of 3.72 and 4.66 Mev using a double-focusing spectrometer. Proton groups have been observed 
corresponding to levels in P* at 1.264+-0,004, 2.230+-0.005, 3.134+-0.006, and 3.292+-0.005 Mev. Excitation 
curves for these four inelastic groups measured in the region of E,=4.55 to 4.70 Mev show the same general 
resonant structure, although differing in detail. At E,=4.66 Mev, no additional groups from P™ were 
observed for the excitation region 0 to 1.26 Mev with an intensity greater than 2% of the intensity of the 


first excited state group. 


Four inelastic proton groups were observed from zinc. From a comparison with the known level schemes 
of the zinc isotopes, three of these groups were assigned to the following isotopes: Zn™, 0.991 4-0,005 Mev; 


Zn", 1.038+0.005 Mev; and Zn", 1.078+0.005 Mev. The remaining group with O= 


remains unassigned. 


I. INTRODUCTION 


N a previous publication,’ an investigation of the 

levels of P* from 0 to 1.43-Mev excitation by 
magnetic analysis of the P*'(p,p’)P* reaction at a 
bombarding energy of 3.055 Mev was reported. Re- 
cently, there have been investigations of the Si®°(p,y) P® 
reaction,’? whose interpretation would be aided by a 
more complete knowledge of the level scheme of P®. 
Accordingly, a survey for P*® levels from the P*'(p,p’) 
reaction has been extended to 3.55-Mev excitation, by 
the use of higher bombarding energies of 3.72 and 4.66 
Mev. In order to detect inelastic proton groups of low 
intensity, the continuous proton background for the 
magnetic spectrometer has been considerably reduced. 
Preliminary reports of these measurements have been 
presented.’ 


II. EXPERIMENTAL PROCEDURE 


For the present investigation, protons of energies 
3.69 to 4.71 Mev were provided by the Office of Naval 
Research-Bartol Van de Graaff accelerator. Charged 
particles emitted from the target at a median angle of 
91.36+0.15° were analyzed by a 180° double-focusing 
magnetic spectrometer, and detected by a Nal crystal 
1 mm thick. A more complete description of the 
experimental arrangement has been given elsewhere.' 

The primary energy calibration of the magnetic 
spectrometer was provided by Po-alpha particles, for 
which Wapstra’s momentum value of 331.65+0.06 
kilogauss-cm® was assumed, Additional calibrations 


* This research was supported by the U. S. Air Force, through 
the Office of Scientific Research of the Air Research and Develop- 
ment Command, 

1 Van Patter, Swann, Porter, and Mandeville, Phys. Rev. 103, 
656 (1956). 

? Paul, Bartholomew, Gove, and Litherland, Bull. Am. Phys. 
Soc. Ser. II, 1, 39 (1956); Broude, Green, Willmott, and Singh, 
Physica 22, 1139 (1956). 

3 Van Patter, Swann, Rothman, Porter, and Mandeville, 
Physica 22, 1125 (1956); Van Patter, Rothman, Porter, and 
Mandeville, Bull. Am. Phys. Soc. Ser. II, 2, 60 (1957). 

*Van Patter, Porter, and Rothman, Phys. Rev. 106, 1016 
(1957). 

5 A. H. Wapstra, Physica 21, 367 (1955). 


1.802 +0,005 Mev 


were obtained from the analysis of proton groups 
elastically scattered from targets of gold or zinc phos- 
phide at bombarding energies corresponding to the 
Li’(p,n) Be? and F'%(p,n)Ne™ thresholds, and to the 
3.246-Mev resonance for the production of 1.26-Mev 
y radiation from the P"(p,p’) reaction.® Further checks 
have been provided from determinations of several 
groups from the Al?’(pa)My™ and Al?"(p,p’)Al*’ re- 
actions,* which compared favorably with the results of 
other workers. 

The resolution used for most of the investigation 
corresponded to 0.14% in momentum. However, most 
of the observed groups had half-widths which exceeded 
0.2%, because of the contributions due to target thick- 
ness and the 2° acceptance angle of the spectrometer. 
The method of analysis used to translate the observed 
momentum profiles of reaction groups into energy 
determinations has been outlined elsewhere.’ In this 
experiment, some additional procedures were necessary. 
First, in the case of protons elastically scattered from 
zinc, the elastic groups from the various zinc isotopes 
were not resolved. In order to obtain accurate energy 
determinations, the observed momentum profiles were 
compared to composite curves. These curves were com 
posed from momentum profiles for protons elastically 
scattered from each isotope, with the proper half-widths 
and energy spacings, assuming that their maxima were 
in the ratios of the isotopic abundances. Second, in order 
to observe weak inelastic groups with energies below 
1.5 Mev, it was necessary to increase the aperture of the 
detector slit from 1.9 to 3.8 mm, which changed the 
resolution from 0.14 to 0.27%, 
the momentum profiles of Po-alpha groups for the two 


From observations of 


apertures of the detector slits, it was possible to deter- 
mine the corrections to be applied to the momentum 
profiles of the inelastic proton groups observed using 
the larger aperture. 


6 J. W. Olness and H. W. Lewis, Phys. Rev. 99, 654 (1955) and 
private communication. 
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Fic. 1, Excitation curves for the P®™(p,p’) P®™ groups correspond- 
ing to the first two levels of P®, obtained by using an 11-kev 
ZnyP, target, at 0= 914°. 


Ill. RESULTS AND DISCUSSION 
P*'(p,p’)P" Reaction 


In the previous investigation,’ the yield of the 
inelastic proton group corresponding to the first excited 
state of P® [designated as P“(1) ] was found to exhibit 
pronounced resonances, in particular at bombarding 
energies of 3.58, 3.73, and 3.78 Mev. Because of this 
resonant behavior, it was necessary to choose judiciously 
the bombarding energy for a survey of inelastic proton 
groups. In order to arrive at a reasonable choice, the 
yields of the inelastic groups corresponding to excited 
states of P® at 1.264 and 2.230 Mev were measured for 
bombarding energies from 3.69 to 3.81 Mev, as shown in 
Fig. 1. For these measurements, an 11-kev target of 
zinc phosphide evaporated onto Formvar strengthened 
by gold was used. The energy scale shown in Fig. 1 has 
been corrected for target thickness, and is considered to 
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be accurate to +5 kev. In this region, the yield of the 
P*(2) groups is markedly different from that of the 
P#(1) group, having a pronounced resonance at 3.714 
Mev (I'<10 kev), 14 kev lower than the 3.73-Mev 
resonance for the P“(1) group. As indicated by the 
arrows in Fig. 1, a bombarding energy of 3.720 Mev 
corresponding to the maximum of the 3.714-Mev ° 
resonance, was chosen for a survey. The results of this 
survey are shown in Fig. 2, covering a region of excita- 
tion of P® from 0 to 2.3 Mev. The small rise at a proton 
energy of 2.6 Mev was attributed to the presence of 
inelastic groups from zinc, as indicated. In addition to 
the P*(1) and P*(2) groups, no other inelastic groups 
from P* were observed with an intensity greater than 
7% of the intensity of the P®(1) group at this bombard- 
ing energy. As compared with the previous investiga- 
tion,’ the continuous background has been reduced by 
a factor of about 5, which has been attributed to the 
use of an improved collimating system for the bombard- 
ing beam.‘ 

In order to extend the search for P® levels above 
2.3-Mev excitation, it was necessary to increase the 
bombarding energy. Again, in order to select a favorable 
bombarding energy for surveying, the yields of the 
P*(1) and P*(2) groups were measured over a limited 
region, £,=4.53 to 4.71 Mev, as indicated in Fig. 3, 
using a 10-kev target. The energy scale shown in Fig. 3 
has also been corrected for target thickness, and is 
considered to be accurate to +6 kev. In this region, the 
excitation curves for the P*(1) and P®(2) groups are 
similar, although the relative intensities and positions 
of the resonances differ to some extent. Since the yield 
of both groups was a maximum in the vicinity of 
4.655 Mev, a bombarding energy of 4.660 Mev, corre- 
sponding to this maximum, was chosen for a survey. 
The results of this survey are shown in Fig. 4, covering 
a region of excitation of 0 to 3.55 Mev. For proton 
energies below 1.5 Mev, the aperture of the detector slit 
was increased by a factor of two. A corresponding 
decrease of the continuous background in this region by 





Fic. 2. Proton groups 
from an 11-kev Zn;P; target 
at E,=3.720 Mev, 0=91.4°. 
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a factor of two was achieved by shielding the Nal 
detector from neutrons, produced mainly in the beam 
collector. 

As indicated in the survey of Fig. 4, two additional] 
groups, (3) and (4), attributed to the P#(p,p’) reaction 
were clearly observed. These groups did not appear 
when targets of zinc or gold on Formvar were sub- 
stituted for the zinc phosphide target. ‘To obtain a more 
definite identification, the yields of the P(3) and 
P*(4) groups were measured in the same region of 
bombarding energy, as shown in Fig. 3. The choice of 
bombarding energy proved to be a fortunate one, since 
there are resonances for both groups near this energy. 
The general similarity of the excitation curves of the 
four inelastic groups indicates that the identification of 
the P*(3) and P*(4) groups is correct. An independent 
identification has been made recently by Endt and 
Paris,’:* by observing their energy shift with angle at 
tp=7.04 Mev. They also observed two additional 
groups, corresponding to levels in P* at 3.414 and 
3.508 Mev, which are included in the region of excitation 
covered by this present survey. In Fig. 4, a dashed 
curve indicates the expected position for their P*(5) 
groups, showing that this group was not of sufficient 
intensity to permit a positive identification or energy de- 
termination in this present survey. Similarly, the group 
corresponding to the 3.508-Mev level should appear at a 
proton energy of 0.95 Mev, but is too low in intensity to 
be observed. 

In Table I are listed the excitation energies for the 
first four levels of P* obtained from this investigation, 
from a weighted average of from 3 to 11 determinations. 
Comparison with the results of Endt and Paris’ indi- 
cates excellent agreement. From the survey of Fig. 4 
at E,=4.66 Mev, no inelastic groups which could be 
assigned to P*! were observed in the excitation region of 
0 to 1.26 Mev, with an intensity greater than 2% of the 
intensity of the P*(1) group. This result is in agreement 
with all recent work?:®7* concerning the level scheme 
of P*'; i.e., that there has been no confirmation of earlier 
reports’® of the levels at 0.4 and 0.9 Mev, and that they 
most probably do not exist. In Fig. 5 are shown the 
levels of P® known at present up to 7 Mev. A level 
at 3.4-Mev excitation reported from the Si*°(d,n)P® 
reaction" would appear to represent an unresolved 
combination of the four levels now known in the region 
of 3.1- to 3.5-Mev excitation. In addition to these levels, 
two higher levels have been found at 3.76 and 4.04 Mev 
from a study of the Si®°(p,7)P® reaction.” The spin and 


7P. M. Endt and C. H. Paris, Massachusetts Institute of 
Technology Annual Progress Report, 1956 (unpublished), p. 105, 
and private communication. 

*P. M. Endt, Physica 22, 1062 (1956). 

9 J. J. Van Loef and D. A. Lind, Phys. Rev. 101, 103 (1956). 

Pp, M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 

Mandeville, Swann, Chatterjee, and Van Patter, Phys. Rev. 
$5, 193 (1952). 

2 Broude, Green, Willmott, and Singh, as quoted by P. M. 
Endt, Physica 22, 1062 (1956). 
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Fic, 3. Excitation curves for the P"(p,p’)P® groups correspond 
ing to the first four levels of P™, using a 10-kev ZngP target, at 
9=91.4°, 


parity assignments indicated in Fig. 5 originate from 
investigations of the Si*(p,7)P™ reaction.?* 

In Fig. 5, the presently known level scheme for P® 
(up to 7-Mev excitation) is compared to that of S®, 
obtained from a recent investigation of the P®(p,n)S" 
reaction. Again, because of the low resolution inherent 
in the photographic detection of neutron groups, a 
structure corresponding to six levels in P® from 3.1- to 
4.0-Mev excitation could not be completely resolved in 
their experiment, although the authors did indicate the 
possible presence of a neutron group corresponding to a 
level at about 3.6 Mev, in addition to the level at 
3.35+0.20 Mev. Hence, within the limitations of our 


Taste I. Energy levels of P™ (in kev) from P®(p,p)P™. 
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® See reference 7, 


4 Rubin, Johnson, and Reynolds, Phys. Rev. 104, 1444 (1956). 
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Fic, 4. Proton groups from a 10-kev Zn,P2 target at Ep =4.66 Mev, 0=91.4°, 


present knowledge, the level schemes of the mirror contained in the zinc phosphide target. In order to 
nuclei P* and S*" appear to be identical. identify these groups, a similar survey was made at the 
, same bombarding energy of 4.66 Mev, using a target of 

Zn(p,p’)Zn Reaction me : ‘ e ; 
zinc on Formvar, 11 kev thick for the Zn(p,p) group. 
In the survey of Fig. 3, three inelastic proton groups The results of this survey covering a region from 0 to 
were observed, which have been attributed to the zinc 4 .91-Mey excitation, are shown in Fig. 6. The three 
groups appear with increased intensity as expected, and 
in addition, a fourth group of low intensity is observed 
at a proton energy of 3.45 Mev. None of these groups 
were observed from a target of gold on Formvar, 
eliminating possible contaminants in the Formvar 
backing. From a comparison with the known levels of 
the Zn isotopes, three of the groups have been assigned 
to the first excited states of Zn™, Zn®, and Zn, as 
indicated. By observing these three groups at a bom- 
barding energy of 3.72 Mev, the assignment of these 














groups to zinc was verified. 

In the survey of Fig. 6, two weak groups which occur 
between the intense C"(p,p) and O'"(p,p) elastic groups 
are attributed to C™ and N™. At energies above the 
Zn(p,p) group, two elastic groups are observed, which 
are attributed to traces of contaminants with masses 
close to those of Ag and Pb. Finally, a weak group 
assigned to S**(p,p) is observed, which evidently arises 
from a small amount of sulfur in the Formvar backing, 
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Fic. 5. Energy levels of P® and S* up to 7-Mev excitation since the same group has appeared in several Massa- 
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TABLE II. Energy levels of the zinc isotopes(in kev). 


Present 
results 
Zn(p,p’) 


Reactions 
Cu(p,y)® = Zn(a,a’y)* 


Radioactivity 
Ga(st,y)* Cu(@,y)* 


970+10 1000+10 
1040410 1040+10 


99145 970 
1050+ 20 


1100+ 20 


Zn™(1) 
Zn*(1) 103845 
Zn*(1) 107845 
Zn 1802454 


1044+ 10 


* See reference 16. 
» See reference 17, 
¢ See reference 18. 
4 For this value, the average atomic weight of zinc of 65.39 was used, 


chusetts Institute of Technology surveys." The identi- 
fication of this group was checked by decreasing the 
bombarding energy to 3.72 Mev. When similar surveys 
at E,=4.125 and 4.66 Mev were made using a target 
of gold on Formvar, two weak proton groups appeared, 
assigned to elastic scattering from Si®* and S*. The 
presence of these groups prohibited the observation of 
Coulomb excitation of the 279-kev level in Au’, 
recently accomplished by Elbek and Bockelman" using 
6-Mev protons. 

In Table IT are listed the values for the energy levels 
obtained in this investigation from a weighted average 
of four to six determinations. Comparison is made with 
the level energies obtained by other workers from the 
following investigations: radioactivity of Ga™, Ga®, 
Ga®, and Cu®,'® the Cu®(p,y)Zn™ and Cu®(p,y)Zn® 
reactions'?; and the Coulomb excitation of Zn™ (en- 


“ Endt, Paris, Sperduto, and Buechner, Phys. Rev. 103, 961 
(1956); Bockelman, Leveque, and Buechner, Phys. Rev. 104, 456 
(1956). 

16 B. Elbek and C. K. Bockelman, Massachusetts Institute of 
Technology Annual Progress Report, 1956 (unpublished), p. 116; 
Phys. Rev. 105, 657 (1957). 

1K. Way ef al., Nuclear Level Schemes A=40—A =92, Atomic 
Energy Commission Report TID-5300 (U, S. Government Print- 
ing Office, Washington, D. C., 1955). 

17C, E, Weller and J. C. Grosskreutz, Phys. Rev. 102, 1149 
(1956). 
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Fic. 6. Proton groups from an 11-kev Zn target 
at E,=4.06 Mev, 0=91.4°, 


riched) and Zn*® by alpha particles.'* The assignment 
of three of the inelastic proton groups observed from 
natural zinc to the first levels of Zn™, Zn", and Zn® is 
based solely on the good agreement of the energy values 
with the established levels of these zinc isotopes. 
However, the fourth inelastic group, with O= — 1.802 
+0.005 Mev, cannot be associated with any level of 
zinc isotope known at present; hence its assignment 
must await the use of enriched targets. This O value is 
based on the use of the average atomic weight of 65.39 
for zinc; and would change to 1.811 Mev if the mass of 
Zn” were used. 

Since the primary purpose of the present experiment 
was the investigation of the level scheme of P", the 
survey of inelastic groups from zinc was extended only 
to 1.91-Mev excitation. However, it did serve to indicate 
that inelastic proton scattering from nuclei with masses 
at least up to A = 66 can be investigated by using a 180° 
double-focusing spectrometer. 


‘8G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 
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Angular Distribution of Protons from the Ca‘*(d,p)Ca** Reaction* 


C. K. Bocxetman,t C. M. Braams,t C. P. Browne,§ W. W. Buecuner, R. R. Suarp,|| anp A. SpERDUTO 
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(Received March 26, 1957) 


The broad-range magnetic spectrograph was employed in conjunction with a 7-Mev deuteron beam from 
the MIT-ONR electrostatic generator to obtain angular distributions and relative cross sections for the 
twelve most intense proton groups corresponding to Ca® levels up to 3.6-Mev excitation. The angular 
momenta of the captured neutrons were determined by application of deuteron stripping theory. 


I. INTRODUCTION 


HE energy-level structure of the calcium isotopes 
is of particular interest with regard to the shell 
model, Here the unique situation exists that a single 
shell, the fz level, is filled by successive additions of 
neutrons to a doubly magic core. With this feature in 
mind, this laboratory has undertaken in the last two 
years a series of experiments designed to obtain in- 
formation on the energy-level structure of these nuclei. 
The work published'* on those calcium isotopes that 
may be reached by (d,p) reactions or inelastic scattering 
provides identification and precise measurement of the 
level energies. The present work is built directly on the 
work of Braams’ on Ca“, and was undertaken to provide 
information on the spins and parities of the Ca® levels 
as afforded by an interpretation of the angular distribu- 
tion of the proton groups from the Ca*(d,p)Ca® 
reaction in terms of deuteron stripping. A brief report 
of this work has been published.‘ Other papers will 
discuss similar measurements on the Ca“(d,p)Ca* and 
Ca”(d,p)Ca" reactions. 


II. METHOD 


Deuterons were accelerated to 7.01 Mev by the 
MIT-ONR electrostatic generator. This choice of 
incident energy was a compromise between the desire 
to minimize the complications caused by Coulomb 
effects in the stripping process and the desirability of 
keeping the energy low enough to insure trouble-free 
generator operation. The generator and its associated 
analyzing magnet have been described in an earlier 
publication.® For the present experiment, the analyzing 
magnet slit system was adjusted to give an energy 


* This work was supported in part by the joint programs of the 
Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t Now at Yale University, New Haven, Connecticut. 

t Now at Physisch Laboratorium, Utrecht, Netherlands. 

§ Now at the University of Notre Dame, Notre Dame, Indiana. 

Now at Lockheed Research Laboratories, Palo Alto, 
California. 

'C. M. Braams, Phys. Rev. 101, 1764 (1956). 

*C. M. Braams, Phys. Rev. 103, 1310 (1956). 

*C. M. Braams, Phys. Rev. 105, 1023 (1957). 

‘ Bockelman, Braams, Buechner, and Guthe, Phys. Rev. 99, 
655(A) (1955). 

® Buechner, Sperduto, Browne, and Bockelman, Phys. Rev. 91, 
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spread of about 12 kev; the beam current averaged 
0.1 microampere. 

The proton groups emerging from the target were 
analyzed in momentum by the broad-range spectro- 
graph, which is described in detail elsewhere.* Align- 
ment procedures mentioned in reference 6 insured that 
the angle between the incident beam and the median 
plane of the spectrograph was measured with an 
accuracy better than 10 minutes of arc, and that the 
solid angle associated with any position in the focal 
plane was independent of the spectrograph angle. 

The solid angle associated with a fixed position on 
the focal surface varies with position on the photo- 
graphic plate. As the observation angle is changed, the 
energy of the proton groups changes slightly. The 
magnetic field was adjusted accordingly so as to keep 
the ground-state group at the same position in the focal 
surface. This adjustment also sufficed to limit the 
variation in the position on the plates of the other 
groups arising from calcium to less than 1 cm. As a 
result, the angular distribution of any single group 
does not require any correction for variation in solid 
angle. To obtain a comparison of the intensities of 
different groups, it was necessary to use the experi- 
mentally measured solid angle variation as given in 
reference 6. This correction was less than 14% for all 
groups measured in this work. The error in this correc- 
tion introduces less than a 3%, error in the relative 
intensities. 

The spread in the reaction angle of the particles 
accepted varies with the angular position of the 
spectrograph. The spectrograph aperture half-angle 
(measured in the vertical plane) was used at its normal 
value of 24 degrees. The corresponding spread in the 
reaction angle becomes a maximum if the spectrograph 
is set at zero degrees and vanishes at 90 degrees. At 
10 degrees, the lowest spectrograph angle used in this 
work, the spread in the angle is 0.3 degree. Another 
contribution to the spread in the reaction angle that 
depends on the angular position of the spectrograph 
is the angle under which the horizontal width of the 
illuminated part of the target is seen from the spectro- 
graph. This contribution becomes a maximum if the 
spectrograph is set perpendicular to the target plane, 


*C. P. Browne and W. W. Buechner, Rev. Sci. Instr, 27, 899 
(1956). 
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which is at about 45 degrees; by collimation of the 
incoming beam it was made less than 0.2 degree at all 
angles and at all positions in the focal surface. The 
spectrograph aperture angle in the horizontal direction 
is 0.35 degree at the low-energy end of the recorded 
spectrum and 0.21 degree at the high-energy end. 
Finally, the directional spread in the incoming beam is 
limited by collimators to 0.4 degree but actually appears 
to be less than 0.2 degree. It follows that the largest 
spread under the conditions of the present experiment 
was 1 degree. 

The targets used were prepared by vacuum evapora- 
tion of CaO enriched in Ca furnished by the Stable 
Isotopes Division of the Oak Ridge National Labora- 
tory. The-isotopic distribution of the calcium in these 
targets was stated to be: Ca*, 35.4%; Ca, 64.2%; 
Ca“, 0.3%; and less than 0.1% of Ca*, Ca*®, and Ca‘8, 
The targets were from the same set used in the work 
of reference 3. As noted therein, the difficulties in manu- 
facture were severe, and the targets appear to contain 
some impurities that are difficult to identify. 


Ca**(d,p)Ca*® 
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The nuclear emulsions were counted in $-mm strips 
across the exposed zones. In order to simplify the task 
of counting the large number of plates necessary to 
obtain the angular distribution, the emulsions were 
covered with aluminum foil sufficient to stop deuteron 
and alpha particles, but thin enough to allow protons 
to pass through. Thus, all tracks of the proper orienta- 
tion observed on the plates were counted as protons. At 
small angles the instrumental scattering is severe, and 
large numbers of deuterons fell on the foil covering the 
plates. At angles less than 7} degrees, protons from the 
(d,p) reaction in aluminum were sufficient to obscure 
the plate. 

Targets were positioned in the center of an insulated 
chamber provided with small apertures for the entrance 
of the beam and the exit of the reaction particles. In 
order to prevent secondary electrons emitted from the 
nearby energy-analyzing slits from entering the cham- 
ber, the entrance aperture was insulated from the target 
chamber and biased at — 300 volts. The charge collected 
in the chamber was monitored by an integrator,’ in 
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Fic. 1. Graphs of number of protons versus position on the photographic plate. Peaks attributed to calcium isotopes 
are denoted by the mass number of the residual nucleus followed in parentheses by a number assigned in reference 3 de 


noting the specific level with which the groups are associated. 


7H. A. Enge, Rev. Sci. Instr. 23, 599 (1952). 
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routine use in the laboratory, which has an accuracy 
better than 1°, over the range of beam currents used. 
Frequent checks with a megohmmeter insured that the 
error in current integration from leakage currents was 
less than 5%, 

Because of the marked differences in intensity ob- 
served for the different proton groups, it was necessary 
to obtain at each angle a short exposure of 100 to 200 
microcoulombs which produced countable peaks for 
the intense groups, followed by an exposure of 10 times 
the length for the weaker groups. The data were 
obtained in several three-day runs. Three targets were 
used, Each run was taken without disturbing the target. 
I.very run was started and ended with an exposure at 
50 degrees which was used to normalize the runs and 
insured that no significant amounts of calcium were lost 
from the target during the long bombardments. 


III. RESULTS 


Data were obtained in 5-degree intervals from 10 to 
60 degrees and in 10-degree intervals from 60 to 100 
degrees. The region of the photographic plates corre- 
sponding to excitations from 0 to 3.6 Mev in Ca* were 
counted in 4-mm_ strips across the exposed zones. 
Typical momentum analyses are shown in Fig. 1. 

The identification of the groups, as well as the 
excitation energies to which they correspond, was 
obtained directly from the work of Braams.’ The 
numbers used to identify the calcium peaks are those 
used in references 2 and 3. In addition to the data 
shown, angular distributions were obtained under 
identical conditions from a natural calcium target. This 
work will be reported in detail in a subsequent publica- 
tion. A comparison of the yields from the calcium 
reactions on both targets served as a further check on 
the identifications. 

A number of weak groups are clearly evident in Fig. 1 
on the 10-degree exposure. The peak at d=73 cm has 
the position expected for a strong deuteron group 
elastically scattered from the gold-foil backing on the 
target. Evidently, there was sufficient intensity to 
produce an appreciable number of protons from a (d,p) 


BUECHNER, SHARP, AND SPERDUTO 
reaction in the aluminum foil covering the plate at 
this position, a conclusion supported by observation in 
the peak of an unusually large number of tracks in- 
correctly oriented. The group at d=69 cm on the same 
exposure was observed at several forward angles and is 
identified as the ground-state group from the C¥(d,p)C"* 
reaction. The ground-state group from the Ca**(d,p)Ca® 
reaction is clearly evident, followed, in the 10-degree 
exposure, by a series of weaker peaks between 62 and 
65 cm distance on the plate. From the previous work,’ 
one of these has the position expected for the group 
corresponding to the first excited state in Ca“, The 
other peaks in this neighborhood were also present on 
the Ca* plates with about the same intensity. Since 
their intensities did not change as the calcium isotopic 
composition of the target was changed, the latter peaks 
are presumed to be due to unspecified impurities in the 
target. 

At lower momenta on Fig. 1, the prominent peaks are 
identified as arising from the calcium isotopes, C", or 
©'*, The background increases appreciably below d= 50 
cm and may be due for the most part to a superposition 
of weak peaks. Many are expected from the Ca 
reaction,? and others may be produced by target 
contaminants whose spectra have not been studied in 
detail. It is evident that peaks as weak as that which 
appears to correspond to the first excited state in Ca® 
would not be discerned in the data presented. Many of 
the known levels are not strongly excited in the (d,p) 
reaction and are not observed here. The calculated 
positions for groups corresponding to the first, fourth, 
and fifth excited states’ in Ca“ are indicated by arrows 
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Fic. 3. Angular distributions of proton groups from the 
Ca®(d,p)Ca® reaction. The stripping curves are calculated using a 
radius of 6.0K 10™" cm. 
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in Fig. 1. The intense C(d,p) ground-state group 
obliterated a region of width corresponding to about 
70-kev excitation in Ca. The location of the area of 
interference, which might have masked strong groups, 
is shown as a function of angle in Fig. 2. 

Angular distributions were obtained by summing 
the counts under each peak, subtracting a small back- 
ground where appropriate, and normalizing to 1000- 
microcoulomb exposure, using the current integrator. 
The 50-degree exposure taken at the beginning and end 
of each run permitted normalization of these results 
in terms of a particular target, arbitrarily chosen. 
As may be seen in Fig. 1, in several cases peaks from 
the Ca*(d,p)Ca* reaction overlapped those from 
Ca**(d,p)Ca". In these cases, the results of the pre- 
viously mentioned angular distribution from natural 
calcium targets (which contain only 0.69% Ca**) were 
subtracted from the combined peaks to obtain the 
contribution assignable to Ca* levels. One level, 
number 17’, in the present experiment, obtained by 
subtraction from the peak at the position expected for 
the Ca* 2.967-Mev level has a measurable intensity 


TaBLe I. Relative intensities of proton groups 
associated with levels in Ca®. 
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Fic. 4. Angular distributions of proton groups from the 
Ca®(d,p)Ca® reaction. The stripping curves are calculated using 
a radius of 6.0% 10~" cm. 


only in the forward direction and for this reason appears 
to have been missed in the previous work.’ However, 
since it was not possible to obtain an accurate energy 
shift on this group, it is not possible to state with 
confidence that it is associated with a level in Ca“. At 
several angles, the peak marked 41(10) in Fig. 1 was 
somewhat more intense than that obtained from the 
natural calcium target, suggesting that it masks a 
group associated with Ca. Unfortunately, the two 
angular distributions involve too few counts to permit 
a meaningful subtraction. 

The results for the eleven prominent groups are 
plotted in Figs. 3 and 4 and are listed in Table I. Also 
listed are upper limits on the relative intensity, at any 
angle studied, for groups corresponding to those levels 
in Ca® measured in previous work,* but not seen in this 
experiment. The quoted limits do not apply ‘to the 
masked regions of Fig. 2. 


IV. DISCUSSION 


It is immediately evident that most of the angular 
distributions show the strong forward maximum char- 
acteristic of the stripping process. In attempting to fit 
the data with appropriate curves, a choice must be 
made of the interaction radius. In the present experi- 
ment, guidance in this choice is offered by the fact that 
the values of the orbital momentum of the captured 
neutron, /,, appropriate to two of the levels are fixed by 
the results of previous experiments. The ground-state 
spin® of Ca® and the value of the magnetic moment*® 


5C. D. Jeffries, Phys. Rev. 90, 1130 (1953) 
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hic. 5. Angular distribution of proton group associated with 
formation of the ground state of Ca“, with stripping curve calcu- 
lated for R=7.5K10™" cm. 


are consistent with the shell-model prediction of a 
single-particle {7/2 state. Since the ground state of Ca™ 
must be 0+, the angular distribution should be fitted by 
l,=3. The data for the Ca“ ground state from Fig. 3 
are reproduced in Fig. 5, The stripping curves in Figs. 5 
through 8 were drawn with the aid of the nomograms of 
Lubitz and Parkinson.® Although a recommended 
value” of R, given by R= (1.22A'+1.7)X10-% cm 
yields a value of 6.0% 10~" cm for Ca®, it is seen that a 
large value of R=7.5X10~" cm is needed to fit the 
theoretical maximum of Fig. 5 to the experimental 
maximum from #-decay evidence." Using the radius 
7.5X10°" cm, Fig. 6 shows that the data lie halfway 
between curves for 1,=2 and 1,=3. Figures 7 and 8 
indicate that the rather small value of R=5.7K10~" cm, 
required to fit the 1,=2 curve to the second excited 
state, gives no satisfactory fit to the ground state. It is 
concluded that the simple theory does not allow the 
choice of a single radius to fit al! the data, 

The difficulty in obtaining an appropriate interaction 
radius may arise from several causes. Examination of 
the ground-state data shows a relatively large back- 
ground on which the stripping peak is superposed. If 
this background is produced by a nonstripping process 
and if significant interference occurs, the angular 
distribution predicted by the simple theory may be 
distorted. Tobocman" and ‘Tobocman and Kalos™ have 
shown that neglect of the Coulomb forces between the 
particles involved may lead to serious error. In the 


present experiment, the proton energies range from 9 
°C. R. Lubitz and W. C. Parkinson, Rev. Sci. Instr. 26, 400 
(1955). 
” R, Huby, Progress in Nuclear Physics, edited by O. R. Frisch 
(Pergamon Press, London, 1953), Vol. 3 
" T, Lindqvist and A. C. G. Mitchell, Phys. Rev. 95, 444 (1954), 
” W. Tobocman, Phys. Rev. 94, 1655 (1954) 
 W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 
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Fic. 6. Angular distribution of proton group corresponding to 
Ca® level at 0.991 Mev, with stripping curves calculated for 
1,=2 and 3, R=7.5X10™ cm. 


to 13 Mev, while the deuteron energy is not much 
greater than the barrier height of 5.6 Mev. However, 
the computation of such effects is difficult, and no 
attempt to take them into account was made here. 
Although it is realized that the simple theory is in- 
adequate to account fully for the present data, it is felt 
that it may be used to obtain J, values. Accordingly, 
the data in Figs. 3 and 4 have been fitted with stripping 
curves appropriate to a compromise value of R=6.0 
<10~-" cm. These curves were computed with the aid 
of the numerical tables prepared by Enge and Graue," 
which are based on the stripping treatment given by 
Friedman and Tobocman.'® An examination of the 
computations of Tobocman and Kalos'* shows that the 
usual effect of a relatively small Coulomb distortion of 
the incoming and outgoing waves is to move the peak to 
larger angles and fill in the minima. An /, assignment 
corresponding to a theoretical maximum at smaller 
angles than the data show is therefore preferred to the 
case where the theoretical maximum is at larger 
angles than the experimental peak. The preferred 1, 
assignments are listed in Table I, together with the 
angle of maximum experimental yield and the relative 
yield at the maximum corrected for variation in solid 
angle from group to group. 

It may be noted that groups corresponding to the 
ground states of both Ca“ and Ca“ are observed with 
the targets used. Using the relative yield at 35 degrees 
and the isotopic composition of the enriched calcium as 
given by Oak Ridge, the ratio of the cross section for 
formation of the ground state of Ca“ to that for forma- 
tion of the ground state of Ca*! is found to be 0.69+0.05. 
Since the Ca® and Ca“ ground-state groups show angular 
distributions that are identical between the angles of 10 
and 60 degrees, a cross-section comparison can also be 
obtained from the data integrated over this angular 
range. The ratio obtained in this way is 0.68+0.05. 


4H A. Enge and A. Graue, Univ. i Bergen, Arbok, Natur- 
vitenskap. Rekke No. 13 (1955). 
16 F. L. Friedman and W. Tobocman, Phys. Rev. 92, 93 (1953). 
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Fic. 7, Angular distribution of proton group corresponding to 
Ca® level at 0.991 Mev, with stripping curve calculated for 1, = 2, 
R=5.7X10™" cm. 


The relation of this work to the B-decay studies" has 
been discussed in detail by Braams.’ A_ theoretical 
interpretatign of the angular distributions and relative 
intensities of the odd-parity levels below 2.1-Mev 
excitation has been offered by French and Raz.'® The 
results of this and other experiments are shown to be 
consistent with a shell-model picture. Strict j-j cou- 
pling predicts 

a(Ca* ground state): (Ca ground state) = 0.75, 
compared to 0.69 observed. That even-parity states 
exist as low as 1 Mev emphasizes the fact that the Ca* 


18 J. B. French and B. J. Raz, Phys. Rev. 104, 1411 (1956). 
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core is rather easily disarranged. One of the five 
1,=1 levels above 2.6 Mev is probably the “‘single- 
particle” py state, that is, [(fz2)* |y-0p4, split by 0.5 to 
1.5 Mev from the [ (f1/2)* ]s-opy level at 2.05 Mev. No 
evidence is found for a [(f1/2)? |yeof, level. 

To Wilton Tripp, Sylvia Darrow, Janet Rose, and 
Estelle Freedman, we wish to express our gratitude for 
their patient and accurate plate counting. Thanks are 
also due to Lt. Douglas B. Guthe, USN, and to 
Salvatore Buccino for their help in the computations, 
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Angular Distribution of Protons from the Ca‘‘(d,p)Ca*® Reaction*} 


W. R. Cossft anp D. B. Gutuet 
Physics Department and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received March 26, 1957) 


The broad-range magnetic spectrograph has been used to study proton groups produced from thin Ca 
targets bombarded by 7-Mev deuterons. The angular distributions and relative intensities of groups corre 
sponding to levels in Ca” were measured. Stripping theory was employed to determine the angular momenta 


of the captured neutrons. 


I. INTRODUCTION 


HE present work reports one of a series of experi- 
ments on the calcium isotopes undertaken at this 
laboratory over the past three years. The work of 


* This work has been supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 

t Much of the work reported here is from a joint thesis sub 
mitted by the authors to Massachusetts Institute of Technology 
in partial fulfillment of the requirements for the degree of Master 
of Science in Physics under the Naval Postgraduate Training 
Program. 

t Lieutenant, U. S. Navy. 


Braams! is here extended to obtain angular distributions 
of the proton groups associated with the previously 
observed levels in Ca*® in the range from 0 to 3.5-Mev 
excitation. 

Ca*® decays by B~ emission to stable Sc*’. The values? 
of spin § and magnetic moment 4.75 nuclear magnetons® 


1C. M. Braams, Ph.D. thesis, University of Utrecht, Utrecht, 
Netherlands, July, 1956 (unpublished). 

7H. Schuler and T. Schmidt, Naturwissenschaften 22, 758 
(1934); and H. Kopfermann and E. Rasmussen, Z. Physik 92, 82 
(1934). 

3 W. G. Proctor and F. C. Yu, Phys. Rev. 81, 20 (1951). 





COBB 


AND 





T 
| | 


45114) 


00) 45119) 
c'(0) 
+ 


45(22) | 45116), 


| 
4 
{i 
‘ 


lasu7):| || 
+ i 

421) 

! 


45(9) 


aii | 
fi | | ascey 





Target Ca**0 
E,*7.0l Mev 


Lob Angle « 50° 
B= 9193 Gouss 
3000 wc 


Le ae a : 
Mas ea 





| 


30 


46 47 





| 
60 70 Distance (cm) 


53 55 Picm) 


Fic. 1. Momentum spectrum of protons emitted from a Ca“ target bombarded by 7-Mev deuterons. The peaks assigned to calcium 
isotopes are labeled by the mass number of the residual nucleus, followed in parentheses by a number denoting the particular state 
involved, starting with zero for the ground state; the number is that assigned in reference 1. 


measured for Sc*® indicate a ground state in agreement 
with the shell-model prediction of an f7/2 orbit for the 
odd proton. The beta decay has a half-life of 163.5 days* 
and an allowed shape.® This leads to logft=5.9. If the 
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Fic. 2. Angular distribution of proton group corresponding 
to the ground state of Ca“, 
‘Cc. F, G. Delaney and J. H. J. Poole, Phys. Rev. 89, 529 
(1953). 
® Macklin 
(1950) 


Feldman, Lidofsky, and Wu, Phys. Rev. 77, 137 


beta decay is presumed to be allowed, it is consistent 
with the prediction that the ground state of Ca*® is 
characterized by an f orbit for the odd neutron. Since 
I =0 for the ground state of Ca“, the angular distribu- 
tion of protons forming the ground state of Ca*® in the 
(d,p) reaction is expected to display the stripping shape 
characteristic of the capture of a neutron with three 
units of orbital angular momentum; that is, /, = 3. 


II. EXPERIMENTAL PROCEDURE 


The experimental arrangements at the MIT-ONR 
electrostatic generator,® the broad-range spectrograph,’ 
and the techniques adopted in using these facilities for 
an angular-distribution measurement® are described in 
detail in the cited references. Briefly, charged particles 
emerging from the bombarded target were deflected in 
the magnetic field of the spectrograph and then de- 
tected on Eastman NTA 25-micron photographic plates. 
The positions of the tracks along the plates determine 
the radii of curvature of the particles. Calibration of the 


® Buechner, Sperduto, Browne, and Bockelman, Phys. Rev. 91, 
1502 (1953). 

7C, P. Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 
(1956). 

* Bockelman, Braams, Browne, Buechner, Sharp, and Sperduto, 
Phys. Rev. 106, 176 (1957), preceding paper 
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distance along the plate was made previously by com- 
parison with the position of polonium alpha particles 
deflected in the instrument. The plates were read by 
counting the number of tracks within each half-milli- 
meter section along the plate. To facilitate plate reading, 
the emulsions were covered with aluminum foil during 
exposure to prevent charged particles heavier than 
protons from reaching the plates. 

The target used was prepared by Braams! by 
evaporation of CaO enriched in Ca“ onto a thin film of 
Formvar backed by gold leaf. The target material was 
received in the form of CaCO, from the Stable Isotopes 
Division, Oak Ridge, Tennessee. The calcium content 
was 97.99% Ca“; the rest was mainly Ca“ of abundance 
1.87%. 

Normalization of the runs at each angle was accom- 
plished by current integration. To insure that there was 
no change in the target that might have affected the 
intensities of the observed proton groups during the 
successive runs at the various angles, standardizing 
runs were periodically made at an angle of 60 degrees. 
The sum of the number of tracks corresponding to the 
ground state and to the 1.43- and 2.25-Mev levels was 
used for comparison. The results indicated that there 

yas no loss of Ca“ from the target. An experimental 
check was made to insure that the several antiscattering 
diaphragms in the spectrograph were not collimating 
the beam and thereby to guarantee that the spectro- 


graph solid angle was independent of the angle of 
observation. 


III. RESULTS 

Experimental data for the angular distribution were 
obtained with two bombardment exposures at each 
angle up to 60 degrees because of the differences in the 
intensities of the proton groups associated with the 
formation of the various levels. A 3000-microcoulomb 
exposure was used to secure data for the groups corre- 
sponding to the ground state and to the levels at 0.176, 
1.971, 2.356, 2.394, 2.681, 2.970, and 3.319 Mev. A 500- 
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Angular distribution of the proton group corresponding 
to the 1.902-Mev level of Ca*. 


microcoulomb exposure was used to obtain data for the 
groups corresponding to the levels at 1.432, 1.902, 2.249, 
2.844, 3.244, and 3.419 Mev. All data acquired at angles 
between 70 and 120 degrees were obtained with a 
500-microcoulomb exposure. 
1 Figure 1 shows representative data obtained with a 
3000-microcoulomb exposure. The half-widths of the 
peaks observed in the experiment varied from 1.8 to 
3.0 millimeters, corresponding to energy spreads of 16 
to 23 kev. The peak width was caused by a combination 
of target thickness and slit opening. The identification 
of the groups, as well as the excitation energies to 
which they correspond, was obtained directly from the 
work of Braams,' The numbers used to label the peaks 
are those assigned in that work. Unlabeled weak groups, 
such as those in Fig. 1, at distances of 45 and 48 cm 
appear to arise from impurities in the target. 

The angular distributions were obtained by adding 
at each angle the number of tracks in the appropriate 
peak. Figures 2 through 12 show the experimental 
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hic. 6, Angular distribution of the proton group corresponding 
to the 2.394-Mev level of Ca“. 


angular distributions. The errors shown are standard 
statistical counting errors only. Because of the presence 
of carbon and oxygen in the target, some levels of Ca* 
could not be observed at certain angles, since they were 
masked by intense proton groups from the C!*(d,p)C™ 
and O'*(d,p)O" reactions. This situation is demon- 
strated in Fig. 1 at a plate distance of 36 cm. 

The stripping curves shown in the results were con- 
structed from the nomograms prepared by Lubitz and 
Parkinson.® The curves, as plotted, are not corrected 
for the difference between 6, , and @,.,,., or for the 
difference between the solid angle in the laboratory 
and in the center-of-mass coordinates. These corrections 
for the excited level at 3.419 Mev are: 

um int BY] 
10) 9° 43’ 17’ 
50° 48° 48’ iy 


Abe m./ dine 
0.944 
0.967 


The corrections for this state are largest, since it has 
the lowest ( value. Where the maxima occur, both 
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°C. R. Lubitz and W. C. Parkinson, Rev. Sci. Instr. 26, 400 
(1955). 
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Fic. 8. Angular distribution of the proton group corresponding 
to the 2.970-Mev level of Ca**. 


corrections are smaller than the error introduced by the 
nomograms from which the stripping curves were 
calculated. 

The interaction radius, R, is an adjustable parameter 
in the calculation of the theoretical angular distributions. 
Huby” has stated that the formula R= (1.22A'+1.7) 
x 10~" cm gives a radius that will normally support 
unique determinations of /,. This formula gives R=6.0 
«10~" cm for Ca*®, The results of the present experi- 
ment, together with angular distributions for (d,p) 
reactions on other calcium isotopes,*:!! indicate that no 
single value of R will lead to unambiguous values of 1,, 
for all the calcium levels investigated. However, 6.0 
<10~" cm appears to be a reasonable compromise ; this 
value was used in the calculations of the graphs dis- 
played in Figs. 2 through 11. Further discussion of the 
difficulties in assigning R may be found in reference 8. 

Table I lists the values of the orbital angular mo- 
mentum quantum number that gives the best fit to the 
data, using R=6.0X10~" cm. The intensity of the 
peaks from the various levels at their angle of maximum 
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 R, Huby, Progress in Nuclear Physics, edited by O. R. Frisch 
(Pergamon Press, London, 1953), Vol. 3. 
" C. K. Bockelman, Bull. Am. Phys. Soc. Ser. IT, 1, 223 (1956). 
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yield was compared with the intensity of the ground 
state at 6=40 degrees in order to calculate the relative 
differential cross sections. These relative cross sections 
and the angle at which they were compared are listed 
in Table I. In these calculations, solid-angle corrections’ 
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to the 3.319-Mev level of Ca*, 


were used to account for the different locations on the 
focal surface of the proton groups. The excitation 
energies given in Table I are taken from Braams’s 
experiment.’ Also listed are levels observed by Braams 
which were not seen in sufficient intensity to measure 
an angular distribution. The upper limit on intensity 
for these groups was derived from the 3000-micro- 
coulomb exposures at 20 and 50 degrees. 

Although the target contained only 1.87% Ca, the 
group corresponding to the first excited state in Ca*! was 


TABLE I. Relative intensities of proton groups 
associated with levels in Ca". 


Relative 
yield at 
Maximum 
1.00 
0.030 

<O11 
2.00 
<0.07 
<0.06 
11.5 
0.031 
1.90 
0.017 
1.90(74°) 
<0.04 
0.039 
<0.08 
2.12 
<0.05 
0.195 
<0.10 
<0.05 
1.04 
<0.04 
0.189 
4.30 


Angle of 
maximum 
yield 


Level Excitation 


0 40° 
0.176 50 
(1.036) 
1.432 20 
(1.475) 
(1.557) 
1.902 20 
1.971 50 
2.249 15 
2.356 30 
2.394 <7h 
(2.597) 
2.681 20 
(2.763) 
2.844 20 
2.950 
2.970 10 
(3.032) 
3.148 
3.244 20 
3.296 
3.319 40 
3.419 15 


~ 
=> 


SNA POH 


1 or 2 
1 or 2 


sufficiently intense at the forward angles to obtain the 
cross section for the formation of this state at its angle 
of maximum yield (20 degrees) relative to the cross 
section for the formation of the Ca*® ground state at its 
angle of maximum yield (40 degrees). The ratio ob- 
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tained is 14.2+0.8, assuming the isotopic abundances 
given by Oak Ridge for the sample used are correct. 

. ° ° ; ° ° zi : 
8 Tn-conclusion, agreement with the stripping theory 
seems adequate to assign values of J, with assurance 
from the distributions for the first five entries in 
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column 5, Table I. The next three assignments of J, are 
ambiguous. No attempt has been made to include in the 
stripping curves any effect of Coulomb forces, Since the 
results of Tobocman and Kalos!* indicate that this 
effect tends to displace the maxima of the curves to 
higher angles, some preference is expressed here for the 
choice of the smaller of the two values of /,. 
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ACKNOWLEDGMENTS 
The authors wish to express their appreciation to 
Dr. Charles K. Bockelman for his guidance during the 
course of this work and to the other members of the 
staff of the High Voltage Laboratory for their assistance 
in many ways. 


1 W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955) 





PHYSICAL REVIEW VOLUME 107, NUMBER 1 JULY 1, 1957 


Algebraic Table of Vector-Addition Coefficients for j, =5/2* 


M. A. MEtvint AND N. V. V. J. Swamy 
Florida State University, Tallahassee, Florida 
(Received May 31, 1956) 


Vector-addition coefficients are given by a terminating hypergeometric sum of the 3/; type, which is 
easily converted to a simplified form. This form is equivalent to those found independently by Gaunt, 
van der Waerden, and Racah. It is used to fill the gap for j.= 4 in the literature of published algebraic tables. 


HE Clebsch-Gordan or vector-addition coefficients,' which occur in the irreducible-tensor combinations of 
products of angular momentum eigenfunctions, are explicitly given by the expression? 
—J—-mM; —jt+fi— je; fi—m +1 
C(jijoj; mim) = 7 zz ), (1) 
-J—~Ja-— M1; Ji— Jao—m+1 
where 


| (j+ jotm,)! (fA ji— ja) (frt jo— fp) (j—m)!(jr—my) (25 +1) } 
( jiatme A 


(Jim Jam) 'U( J Jit Ja) Git Jot I+)! GAM)! jit my) !(jo— me) !(jo+-me)! 


; ~il, My a ign . ; . ’ 
Here 4/*, B, B" represents the familiar’ generalized hypergeometric series 3/2, evaluated at argument 
’ 
unity. Since —a j~m is always a negative integer, the series terminates after at most a+1 (i.¢e., 7-+m+1) 
terms. By means of one of Thomae’s identities® this series is readily converted‘ to a form with a fewer number of 
terms, and the vector addition coefficient takes the form 


jyghm, (—1)* 


C(jijaj; mums) =(—1)ittmy YO - 


: woes non, (2) 
a0 $!(Jo+my—s)!(7+-m—)!(J— jitjo—s)!(—j+fi— mets) !(ji— jo—m+s)! 


where 
(J—Jit jo) (G+ jim jo) '(— f+ jit je)! 


4 =] (Ji—my)!(fitm)!(jo— mea) !(fot+my)!(j—m)!(j+m)! aie 
(G+jitjet1)! 


} 
(2j+ | 


This expression is essentially equivalent to the expressions arrived at independently by Gaunt,* van der Waerden,® 
and Racah.’ It goes over into the symmetrical expression given by Racah, 


jatme (—1)? 


C(jijeji; mim) =F7 LX a Po nar eee ; ’ 
oO (Jotmy—2)!2!(f— Jatmit+2)!(J—jfi—met+2)!(— j+jit je—2)!(ji—m—2)! 


by the substitution j2+-m,—2 for the summation index s. 
If we examine the factorials in the denominator of the general term in the summation over s in Eq. (2), we notice 
that one has to carry out the summation at most only for 


max(j— jitme, 0) < s Smin(j— jit jo, mot jr). 
Irom this it follows that the number of nonvanishing terms in the sum is at most 


N=min(jo+1—|me|, jot+1—| j—jil). (3) 


* Supported by the U, S. Atomic Energy Commission. 

t On leave at the University of Uppsala, Uppsala, Sweden. 

'E. Wigner, Gruppentheorie und ihre Anwendung auf die Quantenmechanik der Atomspektren (Edwards Brothers, Inc., Ann Arbor, 
1944), p. 200; E. U. Condon, and G. H, Shortley, Theory of Atomic Spectra (Cambridge University Press, New York, 1935), pp. 73-77. 

2M. E. Rose, Multipole Fields (John Wiley and Sons, Inc., New York, 1955), p. 92. 

*W.N. Bailey, Generalized Hypergeometric Series (Cambridge University Press, New York, 1935). 

*M. A. Melvin and N. V. V. J. Swamy, J. Math. Phys. (to be published). 

* J. A. Gaunt, Trans. Roy. Soc. (London) A228, 151 (1929). Gaunt was not concerned with the vector addition coefficients but with 
solid-angle integrals of products of three spherical harmonics which of course, except for a factor, come to the same thing. 

*B. L. van der Waerden, Die Gruppentheoretische Methode in der Quantenmechanik (Verlag Julius Springer, Berlin, 1932), p. 69; see 
also J. M. Keller, Phys. Rev. 55, 508 (1939) 

7G. Racah, Phys. Rev. 62, 438 (1942). 
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VECTOR-ADDITION COEFFICIENTS FOR j;=#5/2 189 
Comparison with the expression for C(j1 727; mym2) given in Condon and Shortley [reference 1, p. 75, Eq. (5) ] 
shows that the number of terms in the summation there is j:+1+ j—/;. This is as small as the number of terms 
in Eq. (2) only in special cases. This fact, and the greater simplicity of its structure, gives Eq. (2) a considerable 
advantage for computation over the equation of reference 1. 

Table I, which was calculated by Eq. (2), gives explicit algebraic forms of the vector addition coefficients for 
jo= }. In accord with Eq. (3), the maximum number of terms encounted in the summation for any entry in the 
table was three. Most entries involved only one or two terms. Table I fills the gap between the algebraic tables 
for j2=4, 1, 3, 2 given by Condon and Shortley! and the algebraic table for j.=3 given by Falkoff et al.8 It may 
be noted that numerical, in contrast to algebraic, tables of some vector addition coefficients for various values of 
j have been given by Alder® and, more completely, for all 7<9/2 by Simon.” 

We are grateful to Mr. John M. Boardman for checking Table I by independent calculation. 

§ Falkoff, Colladay, and Sells, Can. J. Phys. 30, 253 (1952). 


*K. Alder, Helv. Phys. Acta 25, 235 (1952). 
A. Simon, Oak Ridge National Laboratory Report ORNL-1718, 1954 (unpublished). 
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Spins of Thallium-197, -198m, -199, and -204,* and the Hyperfine-Structure 
Splitting of Thallium-2047 


G. O. Brink, J. C. Husps, W. A. NIERENBERG, AND J. L. WoRCESTER 
Radiation Laboratory and Department of Physics, University of California, Berkeley, California 
(Received March 25, 1957) 


The nuclear angular momenta of four isotopes of thallium and the hyperfine-structure splitting of ‘Tl 
in the *Py state have been measured by the atomic-beam magnetic resonance method. The results are: 
for 2.7-hr Tl, J =4; for 1.8-hr Tl", J =7; for 7.2-hr T!™, J = 4; for 4.1-yr TP, J = 2 and Av(?Py)= 73245 
Mc/sec. The neutron-deficient isotopes are produced by alpha-particle bombardment of gold in the Berkeley 
60-inch cyclotron; Tl is produced by neutron activation of metallic thallium samples. 


INTRODUCTION dealing with an element near magic numbers 82 and 
126, is part of a general program of the Berkeley 
atomic-beam group to determine as far as possible the 
unknown spins and nuclear moments of one or more 
elements in regions of special significance from the 
point of view of nuclear theory. In this frame of 


HE atomic-beam method, as adapted to meas- 
urements on radioisotopes, has been used to 
determine some of the presently available unmeasured 
spins and moments in the thallium series. This research, 
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hic. 2. Evaporation unit used to separate 
Fic. 1. Typical resonance in natural thallium. radiothallium from gold targets. 


* These measurements, previously reported by G. O. Brink At this conference others reported negative results on attempts 
et al., Bull. Am. Phys. Soc. Ser. IT, 1, 343 (1956), were announced to measure the spin of T1™, 
at the Brookhaven Conference on Molecular Beams, October 5 + This research was supported by the U. S. Atomic Energy 
and 6, 1956, and are reported in the proceedings of that meeting. | Commission. 
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hic. 3. Decay and decay analysis of direct beam from 10-mil gold target. 


reference the question asked in this research is whether 
deformabilities or spheroidal effects are important for a 
proton system different by one from magic, as in Tl; 


f 


Thallium 








Fic. 4. Results of one spin search with products of 10-mil target. 


the not entirely unexpected answer obtained is that at 
least where ground-state spins are concerned the 
effects in question are not important for neutron 
numbers as far as ten from magic. Measurements of 
the nuclear magnetic dipole and electric quadrupole 
moments, which are far more sensitive to such phenom- 
ena, will have to await improvements in the experi- 
mental technique that will permit determinations in 
the excited *P, state. 


APPARATUS AND EXPERIMENTAL DETAILS 


The research has been conducted with a new atomic- 
beam apparatus. The principal changes in the new 
machine are in the direction of increased flexibility and 
protection against radiation hazards. Under the first 
heading the A magnet has rotatable pole tips so that 
changes between parallel and antiparallel A- and B- 
magnet field gradients can be made externally. A and 
B fields are obtained from high-impedance coils 
fed by an electronic regulated-current power supply. 
Radiation hazard is minimized by so designing 
the unit that the vacuum envelope need never be 
opened save for rare mechanical failures, and by 
providing a glove box at the side of the can for loading 
sources. 

Aside from the aspects discussed above, the apparatus 
is, like that used by Hobson et al.,' a tapered system 


1 Hobson, Hubbs, Nierenberg, Silsbee, and Sunderland, Phys. 
Rev. 104, 101 (1956). 
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tion and upon the source and can conditions, while a 
resonance in the */, state of thallium is on the order of 
1% of the full beam for a single component. 

Under production conditions that hold for the TI! 
isotopes, there is no clear-cut separation of the activities 
because of the more or less monotonic ordering of half- 
apparatus background is 


lives; nevertheless, the 
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sufficiently low that a resonance is clearly discernible 
above background. 

C-field homogeneity is good (Fig. 1), even for the 
narrow resonance in thallium caused by apparatus 
velocity selection as a result of the small gy value 
relative to the beam aperture. The maintenance of a 
constant C field to a small fraction of this line width for 
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SPINS OF 


several hours is difficult. Fortunately the reliability of 
the regulated-current power supply is such that this 
condition is met in most runs. In case a serious shift in 
C field is found, all data taken from the preceding 
field measurement on are ignored. 


ISOTOPE PRODUCTION AND SEPARATION 


The neutron-deficient isotopes are produced by 
alpha-particle bombardment of gold with the evapora- 
tion of four, three, or two neutrons from the compound 
nucleus. Typically a bombardment is made for a period 
of 2 hours at an average current of 35 wa. Tl is made 
by neutron activation of metallic thallium samples; 
the ratio of thermal-activation cross sections’ for 
TI and Tl” is 80/1, and the half lives of Tl and 
TI” are 4.1 yr and 4.3 min, respectively. The sample 
so formed is therefore pure by activity soon after 
bombardment. 

The first method for separation of thallium from gold 
targets is chemical. The gold target is dissolved in 
aqua regia to which has been added carrier thallium. 
Gold is precipitated as the metal by the addition of 
sodium bisulfite, and thallium is then precipitated 
as the iodide by subsequent addition of potassium 
iodide. ‘Thallous iodide is dried and put in the oven 
with a large excess of potassium metal that serves to 
reduce the product to thallium at several hundred 


° 


degrees centigrade. The oven is then heated to 700 
— 800°C to produce a beam of thallium. This chemistry 
gives yields of 50%, and can be performed in less than 
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2 hr, but it was discarded after several run failures 
because potassium hydroxide from partially reacted 
potassium metal sometimes causes rapid deterioration 
of source slits. 
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*—. J. Hughes and J. A. Harvey, Neutron Cross Sections, Brookhaven National Laboratory Report BNL-325 (Superintendent of 
Documents, U. S. Government Printing Office, Washington, D. C., 1955). 
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Fic. 11. Thallium-204 hyperfine structure determination at 
four values of C field. At the top is indicated a hyperfine structure 
scale which ignores the nuclear magnetic moment term. The 
effect of this term is in all cases considerably less than a resonance 
half-width. 


A successful and very rapid procedure is to separate 
thallium from the target by evaporation, for the ratio 
of thallium and gold vapor pressures at the melting 
point of gold is approximately 10°/1. The evaporator 


NIERENBERG, 


AND WORCESTER 

system illustrated in Fig. 2 is a water-cooled collector 
cup and a nearby evaporation crucible containing the 
target and carrier thallium. The target is cut into 
small pieces and placed in the crucible, the unit pumped 
down to a pressure of 10~' mm Hg, and the crucible 
temperature rapidly raised to the melting point of gold 
as determined by the sag of a gold sample on the 
cool side of the crucible. Transfer takes place almost 
instantaneously. The collector is then removed from 
the evaporator and placed in the oven. Typical separa- 
tion time is 30 to 45 minutes and typical yield is 75%. 


PROCEDURE AND IDENTIFICATION 


C-field measurements and apparatus adjustments are 
made from a cesium beam coming from the thallium 
oven. ‘This cesium is the product of decomposition of 
cesium oxide, which in turn is the product of decomposi- 
tion of cesium nitrate at a lower temperature. The 
decomposition vapor pressure of cesium over the melt 
is approximately 10 w at 800°C. This procedure is 
used because of the well-known difficulties in the 
surface-ionization detection of thallium, and because 
the quantity of carrier may then be adjusted to a value 
convenient with respect to chemistry and oven 
temperature. 

Spin measurements are typically made at a C field 
of 20 gauss. All measurements are, however, checked 
at lower fields to insure that decoupling is small. A 
spin search is made by collecting on a sulfur surface! 
samples of the beam taken at values of radio-frequency 
calculated from the magnetic field as determined by 
the frequency of the cesium resonance. Exposures are 
counted in scintillation counters identical to those 
described in reference 1. Counter background of K 
x-ray detection of the neutron-deficient isotopes is 
about } count per minute, and for beta detection of 
T!™ is about 5 counts per minute. 

There is a large body of information regarding the 
decay modes and half-lives of the neutron-deficient 
thallium isotopes,*" including mass-spectrometric 
assignments® for isotopes 199, 198m, and 198. Tl 
has been assigned a half-life of 1.8 hr, and a decay 
branching of 40% to the ground state and 60% to 
electron"capture. Isotopes 197, 198, 199, and 200 have 
been assigned half-lives of 2.7, 5.3, 7.2, and 27 hr, 


‘J. D. Knight and E. W. Baker, Phys. Rev. 100, 1334 and 99, 
1646A (1955). 

4 Andersson, Arbman, Bergstrom, and Wapstra, Phil. Mag. 
46, 70 (1955). 

’ Passell, Michel, and Bergstrom, Phys. Rev. 95, 999 (1954). 

®M. C. Michel, University of California Radiation Laboratory 
Report UCRL-2267, July, 1953 (unpublished). 

7Orth, Marquey, Heiman, and Templeton, Phys. Rev. 75, 
1100 (1949). 

5 Bergstrom, Hill, and de Pasquali, Phys. Rev. 92, 918, 849(A) 
(1953). 
hb ° P. S. Fisher and V. Knapp, Proc. Phys. Soc. (London) A69, 
541 (1956). 

 H. I. Israel and R. G. Wilkinson, Phys. Rev. 83, 1051 (1951). 

1! H. M. Neumann and I. Perlman, Phys. Rev. 78, 191 (1950). 





SPINS OF 
respectively, and decay principally by electron capture. 
TI™ decays by beta emission with a half-life of approxi- 
mately 4.1 yr."*~!* Isotope identification for the neutron- 
deficient isotopes consists of observing the decay of a 
sample collected at the appropriate spin position. 
Tl™ is, by arguments previously given, pure by activity 
when run. 
EXPERIMENTAL RESULTS 


A. Neutron-Deficient Isotopes 


Thallium-199, -198m, and -198 investigations are 
made from bombardments of a 10-mil gold foil, which 
completely degrades the 48-Mev alpha beam. The 
decay and decay analysis of the full beam from such a 
run is shown in Fig. 3. The prominent activities are 
those of Tl, Tl", and TI. The untreated (i.e., 
non-normalized) results of a spin search are shown in 
Fig. 4. Only spins 4 and 7 show an appreciable net 
effect. It has been shown that the decay of apparatus 
background samples is substantially identical to that 
of the full beam; therefore the decay curves of Figs. 
5 and 6 are the observed decay rate less a quantity 
proportional to the direct beam but equal in magnitude 
at the time of exposure to the nearest (in time and 
frequency) apparatus background. No appreciable 
effect for T]'* is seen in this or any other spin search. 
The reason for our failure to find this nuclide is not 
clear. 

No measurable quantity of Tl'’ is found for the 
bombardment procedure described above, presumably 


127), L. Horrocks and A. F. Voigt, Phys. Rev. 95, 1205 (1954). 

48 Yuasa, Laberrique-Frolow, and Feuvrais, Compt. rend. 238, 
1500 (1954). 

4 Knight, Braid, and Richardson, Proc. Phys. Soc. (London) 
A67, 881 (1954). 

16 Cheng, Ridolfo, Pool, and Kundu, Phys. Rev. 98, 231(A) 
(1955). 

1H. Jaffe, University of California Radiation Laboratory 
Report UCRL-2537, April, 1954 (unpublished). 
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198m, 199, and 204 195 
because of a high alpha-4n threshold or selective loss 
of this material by evaporation from the target. That 
the latter phenomenon does occur has been shown on 
other grounds. Therefore this isotope is produced 
selectively by bombardment of a thin gold foil at a 
lower average current than used for other runs. A full 
beam from such a bombardment is shown in Fig. 7 
most of the activity is indeed due to Tl!*’, The decay of 
an exposure at spin 4 is shown in Fig. 8. 

The */y state hyperfine-structure splittings of the 
neutron-deficient isotopes are probably too large to 
be decoupled by the A and B fields, as shown by 
preliminary high-field measurements on ‘TI, and 
the observed absence of appreciable decoupling at 
lower fields. Therefore measurements of the nuclear 
moments of these isotopes will have to await techniques 


permitting determinations in the ?/’y state. 


B. Thallium-204 


Untreated results of a spin search in ‘TP are shown 
in Fig. 9. Only spin 2 gives a large signal. No attempt 
has been made to obtain the half-life of this material, 
but it has been shown that the half-life is more than 
6 months. 

A resonance curve taken after the initial spin search 
(Fig. 10) and at a field of 14.237 gauss shows an 
inordinate shift in the position of the line and a width 
far in excess of that ordinarily observed. Therefore it 
was immediately suspected that this isotope has (as 
was later shown) an extremely small magnetic moment. 
Resonance curves taken at progressively larger fields 
are shown in Fig. 11, giving a hyperfine-structure 
splitting of 732 Mc/sec with a quoted uncertainty of 
5 Mc/sec. The corresponding nuclear magnetic moment 
is +0.0894+-0.002 nuclear magneton, and is too small 
to permit a reliable sign determination by the method 
of consistenc y. 
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Angular Distribution of Protons and Tritons from the Reactions Be’(d,p)Be”’ 
and Be’(d,t)Be* at Low Bombarding Energies* 


R. K. Smirnert 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut 
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The angular distributions of protons and tritons from the nuclear reactions Be*(d,p) Be™ and Be*(d,t) Be® 
were measured for incident deuteron energies of 100 kev, 170 kev, and 200 kev. A nuclear plate camera was 
used in which the relative cross sections for protons and tritons could be measured at 36 different angles 
between 15° and 165°. The angular distributions of protons exhibit a minimum yield in the forward direction 
which increases to a maximum in the backward direction. The angular distributions of tritons also show a 
minimum cros¢ section in the forward direction, but the maximum occurs between 120° and 150° and is 
quite broad. The maximum in the triton cross section increases in value relative to the cross section at 90° 
and moves toward the backward direction as the incident deuteron energy is decreased. This makes the 
angular distributions of protons and tritons much more alike in the case of 100-kev incident deuteron energy 
than for the 200-kev case. The angular distributions were analyzed in terms of the first three Legendre 
polynomials. Their possible relation to compound nucleus formation is discussed. The total cross section 
for the Be*(d,p) Be” reaction was found to be 4.942, 16.044, and 37.0410 yb for the incident deuteron 
energies of 100, 170, and 200 kev, respectively. The ratio of the total cross section for tritons to the total 
cross section for protons was found to be 1.11, 0.97, and 0.91 for deuteron energies of 100, 170, and 200 kev, 
respectively. 


1. INTRODUCTION by DeJong, Endt, and Simons,? for incident deuteron 
energies between 300 kev and 880 kev. Although the 
curves fitted to their respective data by the two groups 
differ, especially in the case of the 300-kev incident 
deuteron energy, they are in fair agreement when one 
considers the relative magnitude of the errors involved. 
The angular distributions of both groups indicate a 
much larger yield of protons in the backward direction 
than in the forward direction at low incident energies. 
A similar but much less pronounced effect is observed 
for the tritons. The total cross sections for these two 
reactions was found to be approximately equal. Jurié 
also investigated the angular distributions of these 
reactions for incident deuteron energies from 0.6 Mev 
to 1.2 Mev. His work also indicates this increased yield 
for protons in the backward direction. His angular 
distributions show much more fluctuation and variation 
with energy than do the corresponding angular distri- 
butions of DeJong, Endt, and Simons.?* 

In the present investigation, the above-mentioned 
angular distributions were studied at lower energies 
and in more detail. Incident deuteron energies of 100, 
170, and 200 kev were used, and the relative cross 
sections were measured at 36 different angles between 
15° and 165° (lab). 


HE angular distributions of protons and tritons 
from the nuclear reactions Be'(d,p)Be" and 
Be’ (d,t) Be* were measured by Resnick and Hanna! and 


a 


Target 
Shadow 


2. EXPERIMENTAL APPARATUS AND DATA 


The accelerated deuteron beam was obtained from a 
small rf accelerator consisting of a single re-entrant 
cavity. The angular distributions were observed in a 
nuclear plate camera.‘ It consisted of nuclear emulsion 
photographic plates mounted on a plane just below the 
incoming deuteron beam and surrounding the beryllium 





© (degrees) 


Fic, 1. Angular distribution of protons from the reaction 
Be*(d,p) Be” for an incident deuteron energy of 200 kev 


* Part of a dissertation submitted for the degree of Doctor of 


Philosophy at Yale University. 

t Present address: Argonne National Laboratory, Lemont, 
Illinois. 

11, Resnick and S. S. Hanna, Phys. Rev. 82, 463 (1951). 


2 DeJong, Endt, and Simons, Physica 18, 407 (1952). 

3M. K. Jurié, Phys. Rev. 98, 85 (1955). 

‘ The author is indebted to Dr, F. E. Steigert for the loan of the 
nuclear plate camera. 
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ANGULAR DISTRIBUTION 
target on three sides. The protons and tritons produced 
by the nuclear reactions in the target entered the 
nuclear emulsions at angles between 10° and 15° with 
the surface of the emulsion. The angular resolution was 
2° in the forward and backward directions, and 4° at 90° 
with respect to the incoming deuteron beam. The 
density of the nuclear tracks in the emulsions was 
measured with a projection system® which enlarged the 
tracks about a thousand times and projected them on a 
horizontal screen where they could be easily measured 
with a millimeter scale. 

A spectrum of track lengths was taken at each of five 
different angles to insure the separation of the different 
groups from each other. Limits on acceptable track 
lengths were established as a function of angle. The 
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Fic. 2. Angular distribution of protons from the reaction 
Be*(d,p) Be” for an incident deuteron energy of 170 kev. 


protons from the reaction Be'(d,p) Be" resulted in track 
lengths approximately three times as long as the triton 
tracks. The only competing reaction observed which 
gave rise to track lengths of comparable length was the 
H?(d,p)H® reaction resulting from the accumulation of 
deuterium on or in the beryllium target. Fortunately, 
at these low bombarding energies, the spectrum of track 
lengths of the protons resulting from the H?(d,p)H®* 
reaction do not overlap either the proton or triton 
groups from the beryllium reactions, The angular distri- 
bution of the protons from the H?(d,p)H® reaction was 
measured and used as a check of the geometry as well 
as a check of the effective deuteron energy by comparing 
them with the previous work on this reaction.~* The 

°H.S. Plendl and F. E. Steigert, Rev. Sci. Instr. 27, 239 (1956). 

* Huntoon, Ellett, Bayley, and Van Allen, Phys. Rev. 58, 97 
(1940). 

7 Manning, Huntoon, Myers, and Young, Phys. Rev. 61, 371 
(1942). 

* Bretscher, French, and Seid], Phys. Rev. 73, 815 (1948). 
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Fic. 3. Angular distribution of protons from the reaction 
Be*(d,p) Be” for an incident deuteron energy of 100 kev. 


beryllium targets’ used in this investigation were 
approximately 130 micrograms thick which corresponds 
to approximately 80-kev energy loss for both the 200 
kev and 100-kev deuterons.” This plus the 10-kev 
energy spread in the accelerated deuterons results in a 
relatively large spread in the energy of the incident 
deuterons relative to the beryllium target nuclei. Total 
cross-section measurements indicated a decrease in yield 
by a factor of 7 as the beam energy decreased from 200 
to 100 kev. This would weight the yield in favor of the 
high-energy component of the beam. Thus the 200-kev, 
170-kev, and 100-kev incident deuteron beams might be 
considered to have an effective energy of 180 kev, 
150 kev, and 90 kev, respectively. The 200-kev, 170-kev, 
and 100-kev incident deuteron energies mentioned 
above refer to the mean energy of the deuteron beam 
after acceleration and magnetic analysis. 

The angular distribution of protons for incident deu- 
teron energies of 200, 170, and 100 kev are shown in 
Figs. 1, 2, and 3 respectively. The angular distributions 
of tritons from the Be*(d,t)Be* reactions appear in 
Figs. 4, 5, and 6. The ordinate o is a relative cross 
section per unit solid angle and has the same units in 
both the proton and triton data corresponding to the 
same incident deuteron energy. This allows the com- 
parison of relative yields of protons and tritons at 
different angles. 6 is the angle between the direction of 
the incident deuteron beam and the out-going proton 
or triton. Both o and @ are in the center-of-mass system. 
A dip occurs in each of the angular distributions due to 
the interference of the edge of the target with the 


§ The beryllium foil for the targets was obtained from Dr. Hugh 
Bradner of the University of California at Berkeley. 

S. K. Allison and S. D. Warshaw, Revs, Modern Phys. 25, 
779 (1953). 
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Fic. 4. Angular distribution of tritons from the reaction 
Be*(d,t) Be® for an incident deuteron energy of 200 kev. 


protons or tritons emitted in that direction. This dip is 
indicated in the angular distributions by an arrow 
labeled “target shadow.” The beryllium foil used as a 
target was supported on three sides only, the fourth 
side extending in the direction of the nuclear emulsions. 
This type of mounting reduced the width of the shadow. 
The effective width of the shadow is estimated to be 
approximately 5° to 10° wide, and therefore the points 
on the curve adjacent to the target shadow may be in 
considerable error. The vertical lines indicate the 
probable error derived from the square roots of the 
number of tracks observed plus an estimated error in 
the solid angle. The data have been corrected for small 
variations in the actual solid angle observed so that the 
probable error in the solid angle used in calculating @ is 
the order of 1°07. The spectrum of track lengths of the 
tritons resulting from the Be*(d,t)Be*® reaction has a 
low-energy tail, part of which was outside of the 
acceptance limits set for tritons. An estimated 2°; of 
the tritons were lost in this manner and may cause some 
additional error in the triton angular distributions. 


3. DISCUSSION 


The proton angular distributions show a minimum 
yield in the forward direction and a maximum yield in 
the backward direction. The triton angular distributions 
exhibit a similar minimum in the forward direction, 
but the corresponding maximum in the backward 
direction is broader and much less pronounced. The 
three triton distributions show a tendency for the back- 
ward peaking to increase relative to the yield at 90° as 
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the deuteron bombarding energy is lowered. This trend 
is in good agreement with the work at higher energies.!* 

The angular distributions were analyzed in terms of 
the first three Legendre polynomials [ P(cos8), P:(cos@), 
P,(cos@) | to obtain a smooth curve with the best fit to 
the experimental data. In the case of the proton angular 
distributions, less than 5% of the P: polynomial was 
needed, so the proton data were reanalyzed using only 
the Po and P; polynomials. These fitted curves appear 
as solid lines superimposed on the experimental data. 
They are given by the relation: 


a (89) = AoPo(cos8)+ AP (cosé) +A »P2(cos), 


where the A’s are constants obtained in the fitting 
process. The ratios of the A’s to the appropriate A ’s 
and the total cross sections for the two reactions are 
given in Table I. The relative values of the total cross 
sections are considerably more accurate than the 
absolute values. The ratio of the total cross section for 
tritons to the total cross section for protons is 0.91, 0.97, 
and 1.11 for the deuteron bombarding energies of 200, 
170, and 100 kev, respectively. The approximate 
equality in total cross sections for the (d,p) and (d,t) 
reactions is not too surprising in light of their many 
similarities. The Q value for the Be*’(d,p)Be” reaction 
is 4.585+0.008 Mev, and 4.597+-0.013 Mev for the 
Be*(d,t)Be*® reaction."' Both outgoing particle (protons 
and tritons) spins=4 and both final nuclei (Be and 
Be*) have the same spin and parity (J=O0+). The 
equality in cross section and similarity in angular 
distributions strongly suggests that similar processes 
are involved in both reactions. 
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Fic. 5. Angular distribution of tritons from the reaction 
Be*(d,p) Be® for an incident deuteron energy of 170 kev. 


" Strait, Van Patter, Buechner, and Sperduto, Phys. Rev. 81, 
747 (1951); W. W. Buechner and E. N. Strait, Phys. Rev. 76, 
1547 (1949). 





ANGULAR DISTRIBUTION 
It is possible to explain these angular distributions in 
terms of compound nucleus formation. The angular 
dependence resulting from the formation of a single 
state in the compound nucleus will have the form'* 


a(0)=>),Z(W1,Sv) Z(UJI'I,S'v) P,(cosd), (A) 


where the Z coefficients are related to the Racah coeffi- 
cients,'® in which J is the spin of the compound state, / 
and /’ are the orbital angular momentum while S and S’ 
are the channel spins for the incoming particle and out- 
going particle, respectively. The P,(cos@) are Legendre 
polynomials. If two resonances contribute to the cross 
sections at a particular energy, then the angular distri- 
bution will be the sum of the two individual angular 
distributions for the two states. The relative amplitudes 
of the two angular distributions will follow the same 
relation as their total cross sections. If the two reso- 
nances have the same entrance channel spin, then an 
interference term will occur. The angular dependence 
of the interference term is given by 


012(0) Sy ZL JS let o,Sv) Z (Ly! le! Jo,S'v) P,(cos8), (2) 


where the subscripts denote the two resonances in- 
volved. The general form of the angular distribution is 
then given by 


o(0)=W,(E)o,(0)+W2(E)o2(6) 
+ 20 W1(E)W2(E) |* cos¥ o42(0), 


where W,(£) and W2(£) are functions of the deuteron 
energy and contain the Breit-Wigner cross sections for 
the individual resonances, o;(@) and o2(@) are the 
angular dependence of the two resonances [ Eq. (1) ], 
and o;2(@) is the angular dependence of their inter- 
ference term [ Eq. (2) ]. W is given by 


Vv ¢d1- po +E; — Eat £'— fy’, 


where @=tan™'[4$I'/(H—E) |, and & and £’ are the 
phase shifts of the incoming and outgoing channels. 
States with different parity produce odd Legendre 


TABLE I, The total cross section and the ratio of the Legendre 
polynomial coefficients used in the series representation of the 
angular distributions. 


Deuteron Total cross 
energy section 
kev ub 


Ai/Ao A1/Ao 


Be? (d,p) Beo 
100 4.9+ 2 


+0.04 
+0.04 
+0.04 


0.99+4-0.04 
0.89 +-0.04 
0.94+0.04 


170 16 
200 37 


+4 
+10 


Be*(d,t) Be” 
100 0.704+0.04 
170 : 0.58+-0.04 
200 ‘ 0.63+-0.04 


0.19+-0.04 
0.33 4-0.04 
0.31+0.04 


2 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1954). 

48. C. Biedenharn, Oak Ridge National Laboratory Report, 
ORNL-1501, 1953 (unpublished). 
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Fic. 6. Angular distribution of tritons from the reaction 
Be’ (d,t) Be® for an incident deuteron energy of 100 kev. 


polynomials while states with the same parity produce 
even Legendre polynomials in their interference terms. 

The penetrability of 100-kev deuterons with orbital 
angular momentum of zero is 40 times larger than that 
for deuterons with /=1 and 800 times larger than the 
penetrability of 100-kev deuterons with /=2.'* Thus 
the penetrability factor strongly favors the formation 
of compound states resulting from deuterons with small 
orbital angular momentum. This and the fact that the 
two states must be of different parity in order to produce 
a P,(cos#) polynomial in the interference term suggest 
that /=0 and /=1 for the orbital momentum of the 
incoming deuterons. The penetration of a deuteron with 
/=0 into the Be’ nucleus is ten times less probable at 
100 kev and at 200 kev."'® The seven-to-one ratio 
found in the total cross sections is therefore quite 
compatible with the suggestion of compound nucleus 
formation. 

An analysis was made of the angular distributions 
obtained from all possible pairs of compound states 
formed by /=0 and /=1 deuterons. ‘Two pairs were 
found that would fit the requirements, A,/Ay~™1 and 
A»/Ag~0, of the proton angular distributions. They 
were the combination of 4~ state with a 4* state and 
the combination of a }~ state with a 4* state formed 
with /=0 and /=1 deuterons, respectively. 

Only one pair of compound states was found which 
would fulfill the requirements of A,/Ag~¥0.7 and 
A,/Ay™—0.2 for the triton angular distributions. This 
pair was the combination of a §~ state and a 4° state 
formed with /=0 and /=1 deuterons, respectively. If 
one assumes that a small amount of /’,(cos@) is also 


4H. A. Bethe, Revs. Modern Phys. 9, 79 (1937). 





200 We Es 
present in the proton angular, A,/Ag~—0.06, then it 
is possible to explain both reactions in terms of this 
pair of states in the compound nucleus. A similar 
analysis of all pairs of states formed from /=1 and /= 2 
deuterons lead to the same possible combinations of 
states in the compound nucleus. 

Note added in proof. 


mean to preclude processes other than compound 


The above discussion does not 


nucleus formations. It may be possible to explain these 
angular distributions in terms of other processes such as 
the direct interaction mechanism discussed by Owen 
and Madansky'® for the reaction B"(d,n)C”. 

The proton angular distribution at 100 kev suggests 


'G, E. Owen and L. Madansky, Phys. Rev. 105, 1766 (1957) 
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some fine structure superimposed on the smooth curve 
(see dashed curve in Fig. 3). Both the experimental 
data and the solid angle corrections were rechecked but 
no source of systematic error could be found. A similar 
effect is present in the proton angular distribution at 
170 kev but there the amplitude is much smaller and 
not too significant by itself. 
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Deuteron-Proton Scattering at 11.7 Mev*t 


Kk. O. Kerman, Physics Department, Kalamazoo College, Kalamazoo, Michigan 


AND 


Roy Nitson,t Physics Department, University of Illinois, Urbana, Illinois 
(Received September 24, 1956; revised manuscript received April 1, 1957) 


Absolute differential scattering cross sections for deuteron-proton scattering at an incident deuteron 
energy of 11.74+0.15 Mev have been obtained by using Ilford C-2 nuclear plates as detectors, with an 
accuracy of about 1% at a number of angles from 70° to 150° in the center-of-mass system. The results appear 
to be in good agreement with the cross sections obtained by other experiments in this energy range. 


N the low-energy range (0-20 Mev), deuteron-proton 

scattering has been investigated by a number of 
investigators,'~* and a theoretical analysis in this energy 
region has been given by Christian and Gammel.’ The 
present paper adds to the previous low-energy results by 
giving the experimental cross sections obtained from 
deuteron-proton scattering data recorded photographi- 
cally at an incident deuteron energy of 11.7+0.15 Mev. 


* The experimental runs at the University of Illinois Cyclotron 
were supported jointly by the U. S. Atomic Energy Commission 
and the U. S. Office of Naval Research. 

t The analysis of the photographically recorded data at 
Kalamazoo College was supported by a grant from the Research 
Corporation 

} Present address: General Electric Company, Hanford Atomic 
Products Operation, Richland, Washington. 

' Sherr, Blair, Kratz, Bailey, and Taschek, Phys. Rev. 72, 662 
(1947). 

* Rodgers, Leiter, and Kruger, Phys. Rev. 78, 656 (1950). 

* Karr, Bondelid, and Mather, Phys. Rev. 81, 37 (1951). 

*L. Rosen and J. C. Allred, Phys. Rev. 82, 777 (1951). 

® Brown, Freier, Holmgren, Stratton, and Yarnell, Phys. Rev 
88, 253 (1952). 

* Allred, Armstrong, Bondelid, and Rosen, Phys. Rev. 88, 433 
(1952). 

7R. S. Christian and J. L. Gammel, Phys. Rev. 91, 100 (1953). 


APPARATUS AND PROCEDURE 


The photographic scattering chamber, originally con- 
structed by Rodgers,’ Leiter,* and Meagher,’ and modi- 
fied by Kreger and Kerman," was employed. The 
construction and operation of the chamber and its 
vacuum and gas filling system, the details of the three 
annular slits used, and the method of measuring total 
charge are all described by Kreger.” Hydrogen gas was 
admitted to the chamber through a heated palladium 
thimble to a pressure of about five cm of Hg. Liquid 
nitrogen traps were not used on the system, Six 50- 
micron Ilford C-2 nuclear plates (mounted around the 
periphery of the scattering chamber) recorded recoil 
protons and scattered deuterons which were able to 
reach the plates by passing through a narrow annular 
slit. The 30 nuclear plates resulting from five different 
runs were analyzed using a Spencer binocular micro- 

* Leiter, Rodgers, and Kruger, Phys. Rev. 78, 663 (1950). 

*R. E. Meagher, Phys. Rev. 78, 667 (1950). 

” Kreger, Jentschke, and Kruger, Phys. Rev. 93, 837 (1954). 


‘| Zimmerman, Kerman, Singer, Kruger, and Jentschke, Phys. 
Rev. 96, 1322 (1954). 
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Fic. 1. Low-energy deuteron-proton scattering results. The center-of-mass cross sections in millibarns/steradian are“plotted “as ja 
function of the center-of-mass scattering angle with incident laboratory deuteron energy as a parameter. Key; (1) Brown et al.*: Curve 
A=1.46 Mev; B=1.97 Mev. (2) Sherr et al.4: Curve C=3.02 Mev; D=4.16 Mev; E=5.06 Mev; F =6.00 Mev; G=6.98 Mev. (3) Karr 
et al.*: Curve H=10.0 Mev. (4) Rosen and Allred*: Curve /=10.4 Mev. (5) Rodgers et al.?; Curve J=9.94 Mev. (6) Present work: 
Curve K = 11.7 Mev (closed circles = high-angle run; open diamonds = low-angle run). (7) Allred et al.°: Curve L=19.4 Mev. Note: The 
work of Sherr and of Allred was done with incident protons. The energies quoted above for their work (Curves C, D, E, Ff, G, and L) 
are for the equivalent incident laboratory deuteron energies and were obtained by multiplying their incident laboratory proton energies 


by two. 


scope of about 450 magnification. Other details of the 

procedure may be found in Sec. II-A of reference 11. 
It is well known that in the case of a deuteron in- 

cident on a proton at rest, the proton may recoil at any 


angle from 0° to 90°, while the scattered deuteron is 
confined within an angle of 30° with respect to the 
incident beam direction. At angles less than 30°, the 
difficulty of distinguishing deuterons and protons was 
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TABLE I. Scattering cross sections. 


Cross section (c.m.) 
mb/steradian 


No. of 
counts 


Angle (ab) 
deg 


Angle (c.m.) 
deg 


Low-angle run 


150.00 
144.00 
138.00 
130.00 
125.00 
120.00 


135.8 +24 
104.9 +1.0 
81.764+0.82 
58.10+-0.59 
50.31 40.54 
45.0 +0.7 


9363 
12 112 
9924 
11 092 
8262 
2950 


15.00 
18.00 
21.00 
25.00 
27.50 
40.00 


High-angle run 


138.06 
134.00 
130.00 
125.00 
120.00 
114.00 
110.00 
104.46 
100.00 

90.00 

80.00 

70.02 


83.214-0.90 
71.6740.73 
59.85 +4-0.64 
51.09+0.55 
44.3 +09 

43.1240.49 
45.194+-0.52 
47.37+0.53 
50.97 +0.56 
65.61 4.0.68 
$1.62+0.82 
103.0 +1.5 


20.97 
23.00 
25.00 
27.50 
30.00 
34.00 
35.00 
37.77 
40.00 
45.00 
50.00 
54.99 


9933 
8658 
4637 
859 
7228 
8921 
8394 
YOAO 
9178 
9RR3 
O02 
10 848 


largely eliminated (following the method of Rodgers’) 
by covering that region of the nuclear plate by a thin 
(23.9 mg/cm*) sheet of aluminum. This reduced the 
deuteron range in the emulsion to a small fraction of 
the range of the protons at most angles. ‘The minimum 
track length to be counted was determined by a study 
of the range analysis of tracks at a given angle. The 
deuteron and proton track distributions were clearly 
separated at angles greater than 15° (lab). At angles less 
than 15° the overlapping was sufficient to make the 
results too doubtful to report and at 15° there was 
sufficient doubt to require an increase in the probable 
error of the cross section for that angle. 


RESULTS 


At each of 18 angles, approximately 9000 recoil 
proton tracks have been counted. From these raw data, 
the uncorrected cross sections were calculated in the 
same way as described by Leiter.* Corrections for (a) 
penetration, (b) background, and (c) second-order 
geometry were then calculated. These corrections are 
described in some detail in Sec. II-B of reference 11. The 
formula given in the caption for Fig. 6 of reference 10 
was used to calculate the penetration correction, giving 
values varying from 0.4% to 4.9%, The validity of this 
formula was again verified by a run using a closed slit. 
The background correction varied from 0.1% to 0.8% 
except at one angle where it was 1.6%. The second- 
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order geometry correction did not exceed 1% at any 
angle. 

The energy was determined by measuring the length 
of 250 deuteron tracks recorded at 18°. Using the range- 
energy curves of Rotblat,” this gave an energy of 
11.68 Mev. Measurement of 120 proton tracks at 12° 
gave a check result of 11.73 Mev. A final value for the 
energy of 11.7+0.15 Mev was taken since it was 
consistent with these two measurements as well as with 
a value of 11.75 Mev reported by Remley™ for an 
independent measurement of the deuteron energy for a 
different experiment performed at about the same time 
as this one. The error quoted above in the energy is the 
probable error and includes the uncertainty in the 
thickness of the aluminum foil covering the nuclear 
plate as well as uncertainties in the mean range and in 
Rotblat’s range-energy curve. 

The final corrected center-of-mass absolute differ- 
ential scattering cross sections in millibarns per stera- 
dian are listed in Table I and are plotted as curve K in 
Fig. 1. The probable error listed for each cross section 
was calculated in the usual way and includes statistical 
error, human error in counting, uncertainty in measure- 
ment of angles, geometrical dimensions, total charge, 
gas pressure, and temperature, as well as an assumed 
15% error in each correction. The error in the cross 
section at 30° in the high angle run is larger than the 
others because it includes a much greater uncertainty 
in the penetration correction due to considerable 
uncertainty in the thickness of aluminum foil covering 
the plate at 30°. The 55° cross section probable error is 
also large becuase of an increase in the counting un- 
certainty due to the great density of tracks at that 
angle. 

Comparison with other previously reported deuteron- 
proton scattering results'~® in this energy range (see 
Fig. 1) indicate that the present results are in good 
agreement with what would be expected at this energy. 
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The usual perturbation treatment of the many-body problem is modified by eliminating the two-body 
interaction and introducing in its place a ¢ matrix. The Watson, Brueckner, and Bethe (W.B.B.) treatment 
of the many-body problem is shown to be a special case of the modified perturbation treatment. The modified 
perturbation treatment involves no assumption except that of supposing the convergence of the perturbation 
expansion. Thus to each order in the expansion the results must be meaningful and no unphysical “un 
linked cluster” terms can appear. Within the framework of the modified perturbation treatment it is easy to 
interpret the concepts of the Pauli principle for intermediate states and the self-consistent choice of the 
comparison potential which play such an important role in the W.B.B. treatment. This work is similar to 
that of J. Goldstone in that we relate the W.B.B. treatment to a perturbation treatment of the many-body 
problem. We differ from Goldstone in that we use the usual time-independent perturbation theory instead 
of the time-dependent one. The time-independent approach permits a direct comparison with the W.B.B 
treatment and facilitates discussion of the Pauli principle for intermediate states and of the self-consistent 


potential. 


I. INTRODUCTION 


N recent years an approximate method for dealing 
with the many-body problem has been developed 

by Watson, Brueckner, Bethe, and their collaborators.~7 
This method is expected to be valid when the inter- 
actions between the particles of the many-body system 
are strong and short-ranged. For such a system the 
usual perturbation treatment cannot be applied. Never- 
theless it can be shown that this new method for 
treating the man-body system is a simple modification 
of the well-known Rayleigh-Schrédinger perturbation 
theory. 

In this article the usual perturbation expansion for 
the energy of a many-body system is modified by mak- 
ing the expansion in powers of the ¢ matrix rather than 
in powers of the potentials acting between the particles 
making up the system. This treatment is then related 
to the treatment of Watson, Brueckner, and Bethe 
(W.B.B.). We find that the W.B.B. treatment is a 
special case of the modified perturbation method. 

Comparing the two methods, we find that the W.B.B. 
treatment contains an unnecessary approximation 
which causes the appearance of unphysical ‘‘unlinked 
cluster” terms in the expansion. Since the modified 
perturbation method is based on an exact expression 
for the level shift, such unphysical terms cannot appear 
in the expansion. 

The modification of the ¢ matrix suggested by 
Brueckner® and by Bethe® to include some effects due 


to the Pauli principle is discussed. We also describe 


how self-consistent definitions of the comparison po- 
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tential may be introduced and how they improve the 
convergence of the perturbation expansion, 

Our approach is similar to that of Goldstone*® but our 
derivation is based on the usual time-independent form 
of perturbation theory instead of making use of a time- 
dependent formulation. This approach permits a direct 
comparison with W.B.B. theory and facilitates the 
discussion of the Pauli principle for intermediate states 
and of the self-consistent potential. 


II. MANY-BODY PERTURBATION THEORY 


Let the Hamiltonian for the N-body system be 


\ WV 7 
H=> +>, 0(| x; 
i=! 2m i 


DD Titd 1=T+V, 


X;|) 


(1) 


where v is a general two-body potential which may in- 
clude tensor and exchange terms, and let the eigenstates 
and eigenvalues of 7 be represented by VW, and Fa, 
respectively. 

(2) 


(Ha— H)Va=0. 


We also introduce a comparison Hamiltonian, 
Hy=T+U, 

and define its eigenstates and eigenvalues: 

Hy )d,=0. 


(€, (4) 


deter 
made 


The choice of U’ should be such that ¢«, can be 
mined and the evaluation of the level shift 
easier. The level shift is 


(®,|H—Ho| Wa) 
As U)Q.4 ,). (5) 


ia ~ €a 


(P, | Wa) 


The wave matrix 2, which appears in the above ex- 


‘J. Goldstone, Proc, Roy. Soc, (London) A239, 267 (1957). 
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pression is defined by 
Q4P.=Va/(.| Va). (6) 


It follows that Q, is the solution of the following integral 
equation, 


04> | t (€q ~H19) ‘(1 > ?,)(®,|)(V—U—A,)Q, 


= 1 { Gal V = U = Ba)ila. 7) 


This equation for the wave matrix is simply the 
integral form of the Schrédinger equation. The exact 
solution in closed form of this equation is well beyond 
our reach, What we wish to do here is to consider some 
perturbation expansions for the wave matrix and the 
level shift. The customary perturbation expansion is 
the Rayleigh-Schrédinger expansion in powers of V— UV’. 
This expansion, however, does not converge rapidly 
when V is not small, and if V contains a singularity the 
expansion may not even be defined. 

To deal with those cases where V is large or singular, 
we generalize an approach first suggested by Watson.’ 
This generalized approach consists in replacing each 
two-body potential v by an infinite series in powers of a 
quantity that we will call the ¢ matrix ¢. This ¢ matrix 
will be well-behaved so that any singularity in v will 
correspond to a lack of convergence of the series ex- 
pansion of v. We then express the wave matrix and the 
level shift as perturbation expansions in powers of 1. 
The hope then is that these expansions for 2, and A,, 
which are formally exact, will be rapidly converging 
even when the expansion of v in powers of ¢ converges 
poorly or not at all. 

We define the ¢ matrix by the following integral 
equation, 

la=Vat VaSala—Salahata ‘ba, (8) 


where the operator g, and the ¢ number 6, remain to 
be defined.* Solving Eq. (8) for v4 gives 
Va la(1 t Lala) '] + aba) 
(la ~bakata t bakatafata~ ee )( 1 + faba). (9) 
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By means of Eq. (9) we can eliminate v from the level 
shift and wave matrix in favor of t. In this way we get 
an expansion of the level shift in powers of ¢ and U 
instead of one in powers of V—U, 

An alternative method is to eliminate V—U instead 
of just V. This is done by introducing what we shall 
call the 7 matrix: 


Ta™= (va— Ua) + (ve— Ua) al Ta—Sal Va— Ua | ; ‘v.), ( 10) 


where U’ = 3°u,. The r matrix can thus only be defined 
when the comparison potential U’ can be written as a 
sum of two-body operators. The usual choice for U is 
a sum of one-body operators which can easily be re- 
written as a sum of two-body operators: 


N 
U=>) u=)>) uy=>. tte, 
il i<j 


1 
uij= ——(u,+)), 
N-1 


where N is the number of particles in the system. 
Accordingly, Eq. (5) and (7) can be written 


Qo _ 1 +Ga( es Oa Aa)Qa, 
w=! 


Ma=(Pa| ¥ nQna| Pa) = (YX nna), 
where 


¥ 0,=V-U= ».—-U 
n=] 
=P (ta—tafatat:*+)(1+£a5a)—U 


=2 (ta Taftat***)(14+aba)- 


Now in the usual way" we expand Q, and A, in powers 
Q,, assuming that Q, is of order (Q,)" in smallness. The 
result for the level shift is 


ba= (Qi) +H(AiGO1) HOGQA:GO1) +(QaGQ:GAiG01)+ :*: 


+(Q) 
+(Qi1G.02) 
+(OG0) 
+(Qs) 


If we choose (i= (V—U), Qe=Qs= +--+ =0, we get the 
usual Rayleigh-Schrédinger perturbation expansion. 


Ao=((d va—- UD +(E ta UG AE ta—- UV) +++ +} 
(EH re U)U(E va— UG Ga(X va— U)) ++ ++} 
(15) 


* The operator gq will in general be chosen to be some sort of 
propagator. Its definition, of course, will not be complete without 
a prescription describing how gq is to be evaluated near its 
singularities. 


=A RS —Brs. ‘ 


—(O:OiG G1) — (Od) (QiGaGaQ Gas) + ° * : 


—(O.OGOAGGAO)+>: 
(OG ONOGCGO)+>°: 
+(Qi)"QuiGGGa0i)+ °° 


By choosing 
=X ta—U, 
Q2=—L taSalta—Sa), 
QOs=L takataka(ta—5a), 
etc., we get the ¢ matrix expansion for the level shift: 


 P. A.M. Dirac, The Principles of Quantum Mechanics (Oxford 
University Press, New York, 1949), Chap. 7 
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Ae=((X ta— UV) FE ba— U)Ga(E ta— UV) +++} 
—UE ta—U)(E ta—U)GGalE ta—U)) +++: 
(QL takata) +++ *} 

=A,—B,—-C;; 


or finally, by choosing 


Oi => ala 
Qa= — PY aT aka Ta—5a), 
Q3= > aT afaTafa(Ta— 5a); 


etc., we get the r matrix expansion for the level shift: 


A= {> Ta) + CE. Talia, Ta) + e* -) 
-((L ta)(>. Tada >, Ta) + see) (17) 
—{(X tafaTa)t**:} 
=A,—B,—C,. 


Consider first the usual perturbation expansion shown 
in Eq. (15). We see that it is the difference of two sums 
which we have denoted by Ags and Bars. If, at each 
point in a matrix element where the propagator G 
appears, we introduce a complete set of intermediate 
states, and if for this purpose we use the eigenstates of 
Ho, then we get for the level shift a sum of terms, each 
one of which corresponds to a distinct Feynman diagram 
with no external lines. One can then show that Bers 
cancels from Ags all those terms corresponding to 
Feynman diagrams with two or more disconnected 
parts. This can be verified to any given order in the way 
Brueckner* has done or one can prove it in general in 
the way Goldstone® has done. These eliminated terms 
are the so-called unlinked clusters. 

The ¢ matrix expansion shown in Eq. (16) and the 
r-matrix expansion shown in Eq. (17) are similar in 
form to the usual perturbation expansion of Eq. (15) 
except that }°v.—U is replaced by S3ta—U or Sora 
and there appears a third sum denoted by C. By choos- 
ing ga and 6, in an appropriate manner, we can cause C 
to cancel terms which appear in A and B. 

If we choose ga=Ga and ba¢=(la) for Eq. (16) 
[62= ta) for Eq. (17)], then the terms which are 
cancelled from A and B are those which correspond to 
diagrams in which two particles interact with each 
other twice in succession or more. Thus we can say 
that with this choice of g, and 6,4, eliminating vq in 
favor of t, or Tq causes the first term of the expansion 
for the level shift to contain the entire effect arising 
from pure two-body interactions. This last statement 
requires some qualification which will be provided in 
Sec. IV. 

In most of the literature on this topic the ¢ matrix is 
defined by Eq. (8) with 6,=0. But one can verify that 
having 64=(ta) will cause additional cancellations 
among the terms of A, B, and C in Eq. (16). To be 
explicit, this choice for 6, is necessary in order for C 
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to cancel terms in B corresponding to terms cancelled 
by C in A. This is necessary to prevent cancellations 
between C and A from undoing cancellations between 
B and A. In addition, this choice for 5, causes (/,) to 
be the level shift due to the interaction of the ath pair 
of particles so that the first-order term of the ¢ matrix 
expansion of the level shift is just the sum of the exact 
two-body level shifts. 

The advantage of the r matrix expansion is that it is 
an expansion in powers of quantities of one sort, the 
Ta. The ¢ matrix expansion, on the other hand, is an 
expansion in powers of Ll’ as well as powers of fq. 


III. RELATIONSHIP TO THE WATSON, BRUECKNER, 
AND BETHE TREATMENT 


In the W.B.B. treatment of the many-body problem, 


one breaks the ¢ matrix into two parts: 
la=latla. (18) 


The precise definitions of /, and /, will not concern us 
at this point. Then the comparison potential is taken 


U=Qata, 
and the operators F and F, are defined. 
F=14+Ge Dalal’ a, 
Fa=1+Ga d Ik. 


arp 


to be 
(19) 


(20) 


It then follows from simple algebraic manipulation that 
(ea—T—V)F%, WF, (21) 


where 


WF=> a{la— (1—|Ba)(Pal la 


bgG1q—Vala} Fa. (22) 


If W=0, then Eq. (21) would imply that /=Q, and 
ég= E,. The claim is made that W is in fact small, and 
this is made plausible by showing that (®,| WF |\4,) 
=(WF) is small. (WF) is evaluated by expanding in 
powers of t, and Iq. 
From Eqs. (21) and (4) it can be shown easily that 
(WF)=((V—-U)F). (23) 
Thus (WF) is an approximation to the level shift, the 
approximation arising from the substitution of F for 
the wave matrix {2,. Expanding (W/’) gives 


(WF) > (a) } > Uhl p) D tGala) 
a ap a 


$30 aGal Gal y)— YU Gal Gals) 


apy af 


~ Staal bral p) | > (ta ata’ ala) { a oe 


af 


(24) 


Comparing this to Eq. (16) with U set equal to > é,, 
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6,=0, and gq set equal to G,, we find to third order: 


(WF)—ba= QD La) Tho Gal +) 


apy 


-+ YU GallsGals— I Gal s)) + pis (25) 
af 


This difference is such as to cause the appearance of 
“unlinked cluster” terms in (WF). 

We see that the W.B.B. treatment is the special 
case of modified perturbation theory where the com- 
parison potential U/ is chosen to be St, and the wave 
matrix Q, is approximated by F. The W.B.B. choice of 
U is a source of great complication in the theory. Since 
the definition of 1, involves the eigenfunctions of Ho 
and since these eigenfunctions in turn depend on 
U=> t., there is a self-consistency condition to be 
fulfilled. The self-consistent definition of U is used 
because among other things it causes the first-order 
terms in the expansion of the level shift to vanish. This 
may be desirable if we are trying to prove that the level 
shift is negligible, but if we are only trying to make the 
first few terms of the expansion a good approximation 
to the sum, then the self-consistent definition of U may 
not have any great advantage. If our purpose is to 
evaluate the level shift, any convenient choice for the 
comparison potential can be used subject to the re- 
quirement that the choice leads to a sufficiently rapid 
convergence of the series expansion of the level shift." 
In the calculation of the level shift, the exact expression 
((V —/)Q,) should be used in place of (WF), since the 
exact expression when expanded will not contain any 
“unlinked cluster” terms which in (WF) have to be 
eliminated by special devices. 


IV. PAULI PRINCIPLE FOR INTERMEDIATE STATES 


We have pointed out that when g.=G,q and 64= (ta) 
or (rq) in the integral equation for t, or rq, there is 
a cancellation of the two-body terms in the expansion 
of the level shift. The terms which then remain in the 
level shift expansion are those which only involve inter- 
mediate states in which a given pair of particles never 
undergo two successive collisions.’* However, in sub- 
tracting the contributions arising from terms in which 
a given two particles do undergo successive collisions, 
we also subtract contributions due to scatterings to 
states already occupied by other particles. If our system 
is made up of identical fermions, which for the moment 
we assume it to be, then these contributions were 
already missing so that we have in this way subtracted 
too much. 

Brueckner*’ and Bethe® have suggested an alternate 
definition of gq which has the effect of reducing this 
oversubtraction in the lower order terms. This enhances 

"' The question of the self-consistent potential is discussed more 
fully in part V. 

The particles are of course indistinguishable. When we speak 
of two particular particles we mean the occupants of two par 
ticular states. 
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the cancellations in the terms of low order at the expense 
of reducing the cancellations in terms of high order. Such 
a change is certainly desirable since the two-body can- 
cellations are in any case not very important for the 
terms of high order and since the terms of high order 
must be negligible anyway if the perturbation method 
is to be of any use. Thus, by enhancing the cancella- 
tions in the terms of low-order, we make the first term 
in the expansion a better representation of the sum. 

The alternate definition of gq is to set ga=GaPa, 
where P, is a projection operator which is zero when 
operating on a wave function in which a particle of the 
ath pair is in a state which is an occupied one in the 
initial wave function ®,. Thus P, acts to eliminate 
intermediate states where particles are scattered into 
states which are occupied ones in the starting wave 
function ®,. In the lower order terms this tends to 
eliminate those intermediate states which “violate the 
Pauli principle.” This does not mean that the presence 
of P, is a necessary consequence of the exclusion prin- 
ciple. We are free to choose g. in any way we like. Pa 
is introduced to make the cancellations between A and 
C in Eqs. (16) and (17) more complete for the terms of 
low order and thus to improve the initial convergence 
of the expansion. 

In any perturbation calculation of the energy of a 
system of fermions, the choice g4=G,P.4 is to be pre- 
ferred to ga=Ga. However, if the density of the par- 
ticles is not too great, or if v_ is short-ranged and very 
strong, the perturbation expansion might very well 
converge in a satisfactory manner with ga=G,. This 
fact is of interest since it is often possible to calculate 
the ¢ matrix or r matrix when gg=G, but not when 
Ra=GaP a. 


V. SELF-CONSISTENT POTENTIAL 


The question we consider here is that of making the 
most advantageous choice of the comparison potential 
LU’. We would like to choose UV in such a way as to re- 
duce the level shift A, and at the same time increase 
the rate of convergence of the perturbation expansion 
for the level shift. As a practical matter, it is also de- 
sirable that it be possible to write U/ as a sum of one- 
body operators. 

a 


U=>5 u(x,). 


i= 


(26) 


When Ul has this form, our starting wave function ©, 
can be written as a product of one-particle wave func- 
tions gs(x). U can be generalized slightly by allowing 
the addition of terms which are diagonal with respect 
to the gg(x). 

We base our discussion on the usual perturbation 
expansion given in Eq. (15). Afterwards we will apply 
the results to the ¢ and 7 matrix expansions shown in 
Eqs. (16) and (17). The operator V—U which appears 
in Eq. (15) can be rewritten in terms of an occupation 
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number representation : 


V—U=> 0(| x:—x;|)—D u(x,) 


<<) i 


- 


a,p.ya 


(a8 |40\yo)agta,'a,a, 


—>>(B\ula)agta,, (27) 


Bio 


where 


(a8 | v| yo) 


= f dxdryent(x) o(x)o( |x -X)|) Py(Xi) Go(X,), 


(B\u\ a) J exes*(adu(a) e0(2), 


[éa— 7,—u(x;) ]ya(x,), 

and at and a are creation and annihilation operators. 
Let us separate the first sum on the right of Eq. (27) so 
that the terms that could conceivably be canceled by L/ 
are separated from the rest. 


V—U= D> (aB|}0|yo)agtag'aya,— >, (B|ul\o)agta, 


y Xa 
+> (ap v(1 


Boa 
(28) 
Clearly, the most desirable choice for the comparison 


5540) laa)aglda lglg. 


potential U is 


U=) (aB!\v\ac)dgtag'!dad. 
| /¢6 


> } (aB|vlaB)aglagtagds. (29) 


Although this operator is diagonal in one pair of in- 
dices, it still is a two-body operator. However, we 
can define a one-body operator which is a good approxi 
mation to the U’ shown in Eq. (29) in the terms of low 
order in the perturbation expansion. This operator is 


U=>-' (aB|v(1— 4645) |ao)agta,, (30) 
where the sum on a is over the chosen configuration, 
that is to say, over the states occupied in the initial 
wave function ®,. 

If the second sum on the right is neglected, Eq. (28) 
is just the definition of the Hartree potential. The 
second sum on the right is simply a diagonal operator 
which causes (®,| LU’ |} &,)=(?, V|,). Its presence does 
not alter the form of the Hartree wave functions or the 
value of the energy predicted by the Hartree method, 
but it does change the definition of the energy from the 
usual (®,|7+4U|*,) to (@,|T+U|®,). 

Stated somewhat differently: with the comparison 
potential defined by Eq. (30), the level shift vanishes 
to first order in V— UV’. With the usual Hartree definition 
of U, 


U=>0' (aB|v\ac)agta,, (31) 


IRBATION 


PHEORY 207 
the level shift is A,=}(®,|U/|#,) to first order in V—U. 
The total energy €,+ Aq, to first order in V—U, will be 
the same in the two cases as will the self-consistent 
wave functions ¢g3. 

However, the distinction between the self-consistent 
potentials defined in Eqs. (30) and (31) is not altogether 
trivial. If we use the l’ defined in Eq. (30), more of the 
higher order terms in the level-shift expansion will be 
canceled. 

We can easily modify the definition of U’ to include 
exchange. Separating out the exchange terms in Eq. 
(28) gives 
V-—U yi 

yAa Bota. 


(af | ty|ya)dgtaa lay, 


> (B u\a)aglas4 > (ap v(1 4550) aa) A 


XK dg !daldads— >. (aB|40v|BB)aagtagtagas, (32) 
where 
(a8 |v|yor)+ (aB|v\ ey), 


(af \v\yo)A 


the sign depending on whether the particles are bosons 
or fermions. lor a system of identical fermions, a most 
desirable form for U is 


U > (af o[ 1 


This operator consists of the diagonal part of V plus 
the part of V which is diagonal in only two of its in 
dices. But this LU’ is not a one-body operator; we ap 
proximate it by 


U >’ (ap v| 1 


where the prime indicates that the sum over a is re 
stricted to the chosen configuration. Again, if we drop 
the 6 function in Eq. (34), we get the Hartree-Fock 


bose |\ao) 1dgldadads. (33) 


(34) 


bbb0 ag) 4ag'a,, 


self-consistent potential. 

The self-consistent potentials defined in Eqs. (30) 
and (34) are not completely defined for those terms 
where o does not belong to the chosen confivuration. 
The sum over a must include all but one of the states 
making up the chosen configuration. When o does not 
belong to the chosen configuration, there is no rule for 
telling which member of the sum to exclude. For these 
terms the matter must be settled by making an arbi 
trary convention, 

We have seen how the Hartree and Hartree-Fock 
self-consistent potentials can be justified for the usual 
perturbation expansion. Turning now to the (matrix 
expansion for the level shift shown in Iq. (16), we see 
that there also a self-consistent definition of the com- 
parison potential U will speed the initial convergence 
of the perturbation expansion. The definition of the 
self-consistent potential is the same as that given above 


except, of course, that we must replace v by ¢. 


U > (ap | tL bbs ad) sAg'do, ( $5) 
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where the prime indicates that the sum over a is re- 
stricted to the chosen configuration. This is the self- 
consistent potential used in the W.B.B. treatment. 

In the r matrix expansion shown in Eq. (17) the 
comparison potential UV no longer appears explicitly, 
so that the usual self-consistent definition of U will be 
of no use, But there is a weaker kind of self-consistency 
condition which can be invoked for the 7 matrix ex- 
pansion. This consists in defining UV to be any convenient 
sum of one-body potentials which have one parameter 
free. This parameter could be the depth or the range 
of these potentials. This parameter is then adjusted so 
that the first-order term of the level shift-expansion, 
(S-7r.), vanishes. While this type of self-consistent 
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potential cannot be expected to be as effective as the 
Hartree-Fock or W.B.B. types in increasing the initial 
rate of convergence of the perturbation expansion, it 
certainly is much easier to implement. 
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Appreciation of a Velocity-Dependent Potential to the Nuclear Photoeffect* 


S. Ranpt 
University of California, Berkeley, California 
(Received September 10, 1956) 


Calculations of the total photonuclear absorption cross sections have been carried out for a number of 
nuclei throughout the periodic table. The shell model, with a velocity-dependent potential, has been used. 
This potential is proportional to the kinetic energy of the nucleons, and gives rise to a changed effective 
nucleon mass. One of the effects of such an effective mass is to change the frequencies of the giant gamma-ray 
absorption resonances. Previous independent-particle model calculations had resulted in frequencies con 


sistently lower than the observed values. 


With an effective nucleon mass inside the nucleus of about 55% of the normal mass, very good agreement 
with the experimental values is obtained for medium and heavy nuclei. Within the limits of the assumptions 
made in the calculations, the forms of the observed excitation curves are closely reproduced, and are peaked 
at roughly the correct energies. Furthermore, the cross sections integrated over excitation energies, which 
are nearly model-independent quantities in the changed-mass case, are, except for the very light nuclei, 


consistent with the experimental values. 


I, INTRODUCTION 


NUMBER of models have been proposed! in 
order to explain the giant resonance phenomena 

of the photonuclear effect.2* It has been pointed out 
by Levinger' that there is little difference between the 
predictions of all reasonable sub-unit models. Recently 
however, some magic-number phenomena relating to 
the photoeffect have been observed. In particular, the 
resonance widths for closed-shell nuclei are smaller 
than the widths for neighboring nuclei. Since the shell 
model has been fairly successful in predicting the 
properties of the ground states,‘ and the low-lying 

* Supported in part by the Office of Ordnance Research, U. S. 
Army. 

+t Now at the Institute of Mathematical Sciences, New York 
University, New York City. 

1J. S. Levinger, Annual Reviews of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1955), Vol. 4. 

* Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953). 

*R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954). 

*M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955). 


excited states,® it is reasonable to attempt an extension 
of the model to higher levels. Such proposals have been 
made by Wilkinson,® Courant,’ Burkhardt,’ and 
others.* 

If we assume only ordinary (space-dependent) forces 
to exist between nucleons, photoabsorption is not 
satisfactorily explained by the independent-particle 
model. The principal discrepancies are : 


1. The calculated transition energies are smaller by 
about 50% than the observed resonance energies.® 

2. Photon scattering provides major competition to 
neutron emission. This is not observed.* 

3. The resonance frequencies depend too strongly on 
mass number.® 


* TD. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

*D. H. Wilkinson, Proceedings of the 1954 Glasgow Conference 
on Nuclear and Meson Physics (Pergamon Press, London and 
New York, 1955), pg. 161. 

7E. D. Courant, Phys. Rev. 82, 703 (1951). 

* J. L. Burkhardt, Phys. Rev. 91, 420 (1953). 

* A. Reifman, Z. Naturforsch. 8a, 505 (1953). 

 S. S. Wu, doctoral thesis, University of Illinois, 1951 (unpub- 
lished). 
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Fic, 1. Single-particle energy levels for particles governed by 
the Hamiltonian H = (1/2m)[pK-p+io- pK Xp]+V, where 


V=—V, for r<R 
=() for r>R; 
K=1.8 for r<R 
=| for r>R. 


The axes are labeled by the dimensionless parameters 2mR?V 9/h® 
and 2mR?*(V9—«)/h*, where ¢ is the binding energy. 


4. The model-independent dipole sum predicts values 
for the cross sections integrated over frequencies which 
are too small." 


We have considered the problem using a velocity- 
dependent potential of the types introduced by Johnson 
and Teller’ and by Duerr. The nonrelativistic 
expansion of Duerr’s Hamiltonian is 


H=(1/2m)pK - p+ (i/2m)o-pK X p+V, (1) 


where K=m/m.=1/(1—¢) and V=U—me¢. Here 
¢ is a (dimensionless) scalar potential, and U is the 
fourth component of a vector potential. The effective 
mass inside the nucleus is written as mg. 


II. METHOD 


In our calculations, we have made the following 
approximations : 
4 J. S. Levinger and H. A, Bethe, Phys. Rev. 78, 115 (1950). 


2M. Johnson and E. Teller, Phys. Rev. 98, 783 (1955). 
4H. P. Duerr, Phys. Rev. 103, 469 (1956). 
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Fic. 2. Electric dipole transition energies between levels for 
which the particle wave functions have no radial nodes, Solid 
curves represent transitions of the type WUjory-1 +1) jnuyiy 
that is, for spin and orbital angular momenta parallel, Das cd 
curves are for IUj214-71 (+1) j-141-4. The parameter 2mR*W/h* 
is used for the vertical axis, where W is the transition energy. 


1. The potentials g and U are square-well potentials, 
with g=0.45 inside the nucleus and 0 outside, so the 
K=m/m.u=1.8 inside. This gives Duerr’s value for 
met.’ The quantity V=U—me'¢ is taken to have a 
value inside the nucleus such that the correct number 
of particles are bound with the observed binding 
energies. 

2. The Coulomb effect is taken into account only to 
the extent that the velocity-independent potential well 
is more shallow for protons than for neutrons. 

3. All levels within a shell-model configuration are 
degenerate. 

4. Only electric dipole transitions are considered. 

5. The nonrelativistic Hamiltonian of Eq. (1) is used. 


No further considerations will be given to the first 
two approximations. In Sec. IV, however, along with 
a consideration of pairing energies, we shall improve on 
the last three approximations. 

In Fig. 1 we have plotted the single-particle energy 
levels as a function of the velocity independent po- 
tential well depth. In Fig. 2 are the transition energies 
for single-particle dipole transitions in which the initial 
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and final wave functions have no radial nodes (other 
than those at the origin and at infinity). 

The dipole transition probabilities were calculated 
with a well-known formula. The matrix elements of 
the electric dipole moment were determined by an 
extension of a method introduced by Courant.’ The 
result is 


d dK 
“4 (cosa —~(KV)—-LE+4(1—8)W } 
( 


m ar r 


h? dKid 


| +-2n+-2)K 


dr r dr 


d {1 dK 
(o-l)aa | ( K ) 
dr\r dr 


| @& 
[ n5+ 21(14-1) |}—K | ot 
ry dr dias 


2m 


+[n 


where F is the energy of state a, W is the transition 


energy, 6@ (@-V)gg—(o-Daa, and 


Lol+1 
%+—1., 


j -s+1, 
pag=k, 4 


n=] for transitions 


i—{ 


for transitions 


All terms on the right hand side of (2) are matrix 
elements of 6 functions and are easily evaluated with 
the square-well wave functions. 

In accordance with the cloudy crystal ball model," 
each of the spectral lines was broadened by roughly 
3 Mev to account for particle interactions. Lines 
resulting from transitions to virtual states were further 
broadened to take account of the finite lifetime of the 
excited states agaiast direct particle emission. Transi- 
tions to the continuum (energy of the excited states 
exceeds its centripetal energy) contributes to a broad 
high-energy background rather than to the giant reso- 
nance, and were not included in plots of the excitation 
curves. These latter contributions however, amounted 
to about 15°, of the total strength, and were included 
in calculations of the integrated cross sections. Natural 
line broadening is negligible in all cases. 


TAB Le I, Velocity-independent potential well depths for various 
nuclei, with a nuclear radius of 1.2% 10~-"At cm, 


Vo Vo Vo Vo 
(neutrons) (protons) (neutrons) (protons) 
Mev Mev Me N 


Nucleus v Mev 


Rh 76 
Nb*® 78 


Nucleus 


uss 6A 54 
Bi™ 68 58 
Ay! 68 oO As” 73.5 
Ta'®™ 72.5 59 Mn®* 70 
La'*® 73 62 pa 68 
yi" 72 64 Me™ 70 


4 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
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As a second evaluation of the summed dipole 
strengths we used the sum rule 


Qr*h 
f ot oi et), (3) 


mc P a 


where the ep are the effective charges for dipole transi- 
tions,!® and as before, K=m/m.u; P refers to the two 
types of nucleons. 


III. RESULTS 


In Table I are listed the values of the velocity- 
independent potential well depths for both kinds of 
nucleons using nuclear radii R= 1.2A'K10~" cm. The 
values are chosen so that the correct number of particles 
are bound by the observed binding energies. However 
the results obtained are almost entirely independent of 
the choice of these well depths. They have no effect 
on the integrated cross sections, and make very little 
difference in the transition energies. 

In Table II we have presented a sample of the data 
used for obtaining the excitation curves. The first two 
columns of Table II give the initial levels that can 
contribute, and the number of nucleons in these levels. 
The data have been taken from the ground-state 
configuration assignments given by Mayer and Jensen.'® 
The next two columns list the final levels that can be 


TaBLe IT. Au"’, An example of the calculated data 
for a particular nucleus. 


Nol pS ¢ apt W 
Mev b 


Vo=68 Mev 
0.465 
0.075 
0.21 
0.06 
0.255 
O11 
0.405 
0.05 
0.05 
0.05 
0.06 
0.075 
0.08 
Sum = 1.945 


V»o=60 Mev 
0.20 
0.08 
0.93 
O17 
0.35 
0.18 
0.635 
0.095 
0.14 
0.03 
0.02 
0.125 

Sum = 2.955 


Level a Level B 2mR*W/h? Form 


Neutrons 
Liisi I jissa 
2hirye 
2 fs 2 2¢7 2 
3da/2 
2 69/2 
3ds 2 
liniye 
2g7/2 
3p 2 
3 pie 
Vijsye ‘14 
2¢o/2 
3pise 


26.0 
78.0 
36.6 
51.0 
31.5 
54.0 
32.3 
63.6 
35.8 
44.0 
24.8 
66.6 
40.5 


~~ na oe ~ a ~ 
LAQAQGHAAAWABWARBNA 


ee ee ee 


Protons 
2 fore 
3pise 
lija/2 
280 2 
2h 2 
3 para 
Theis 
2 fora 
2 fia 
2dij2 4 
2d; 2 /4 


351/2 


BAWBWABWHA 


ee ee 
a> he) 


a ee) 


1H. A. Bethe, Rev. Modern Phys. 9, 87-90, 71 (1937). 
© Reference 4, Chap. 5. 
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TABLE IIT, Summary of calculated and experimental data. Calculations were carried out using the approximations described in Sec. IT. 


1, 2. $. 4. 5. 
So (res) S a (yn) 


x<dWicalc) XdW (exp) 
Mev-b Mev-b 


4.55 
4.08 
3.59 3.19 
3.27 3.43 
2.65 ? 

2.39 2.04 
1.91 1.94 
1.72 1.46 
1.43> 0.80 
0.99 0.88 
0.456 0.161 
0.5454 0.161 
0,410¢ 
0.406! 


SadW (calc) 
Mev-b 
Us OS 74 
Bi 
Au 


W (cale) Was (calc) 
Mev Mev 


t.2 
12.0 
11.75 
12.05 
13.9 
13.8 
14.2 
15.6 
16.45» 
16.7 
17.9 
19.0 


14.15 
14.9 
14.95 
15,25 
16.7 
17.2 
18.4 
18.9 
19.95 
19.85 
24.2 
24.2 


4.21 
3.79 


2.65 
2.43 
1.90 
1.39 
0.816 
0.816 
0.055¢ 21.1 
0.166 


0.580 26.2 


6 8. 9 10 il, 


Tuas (ex p) 
barns 


max (calc) 
barns 


I'(cale) 
Mev 


I'(exp) 


Wnax (exp) 
N Mev 


Mev 


0.98 
0.63 
0.41 0.4506 
0.37 0.397 
0.267 ? 
0.23 0.243 
0.187 0.205 
0.169 0.195 
0.105 0.0903 
0.101 0.0969 
0.0705 0.0167 
0.035 0.0167 


0.49 
0.44 


5.7 
5.6 
5.7 


6.6 
4.1 
69 
7.9 
I y 
8.3 
8.9 
OB 
90 
&.8 
10.2 
10.2 


13.8" 
13.2 
13.9 
15.1 5.6 
15.5 6.9 
16.5 6.8 
17.0 6.55 
73 6.9 
98 
FY 
be | 
10.0 
0.0084 


11.0 7-8 0.025 


* Includes (y,2n) and (y,f) weighted according to the number of neutrons emitted 


> Includes two peaks, believed to be unresolved experimentally. 


© The first set of values were determined by using a collision width '. =3.58 Mev, F 


4 Value given for /o%0dW, 
* Value given for /o®-5edW, 
{ fotadW =0.271 Mev-b. 


or the second set, a collision width I’. =8.6 Mev was used. 


® The two values given are for fo™o(y,n)dW (exp) and foo (y,p)dW (exp), respective 


reached by means of dipole transitions, and the fraction 
of these levels that are initially empty. Possible transi- 
tions to levels other than those specifically listed have 
been found to give rise to negligible contributions. In 
the fifth column are the integrated cross sections for the 
single particle transitions, multiplied by the number of 
particles in the initial level and by the fraction of holes 
in the final level. (We have treated levels within a 
configuration as degenerate.) In the next column, we 
have listed the values of the parameters 2mR°W//? 
corresponding to the transition energies, some of which 
have been taken from Fig. 2. 

Listed in column 7 are the categories chosen for the 
excited level widths. The symbols C; or C2, are used 
depending on whether the transition will contribute to 
the giant resonance or to a subsidiary resonance. For 
those cases where the width for particle escape (I'p) is 
much greater than the collision width (I,) the symbol 
B is written to designate that the transition is one 
contributing to a background. In the few cases that 
I',~I',, the total width for the transition, ',+I', is 
listed. In the seventh column of Table III we have 
given the collision width I’, assumed for each nucleus. 

Figure 3 shows the cross sections as functions of the 
transition energy for three sample nuclei. Similar curves 
for a number of other nuclei have not been included. 
The solid curves labeled (a) represent the cross sections 
calculated using the methods of this section. A discus- 
sion of the methods used to arrive at the curves (b) 
will be given in Sec. IV. The dashed curves are experi- 
mental, and include (y-m) processes only. The bottom 
and left hand scales correspond to nuclear radii 1.2 
X10-"At cm, taken to be the same for both neutron 
and proton cores. The top and right hand scales result 
from radii of 1.3 10~"A cm. 


The interesting data taken from these and other 
graphs are given in Table III, and the corresponding 
experimental results are also shown for comparison. 
All of the experimental data are taken from the work 
of Nathans and Halpern,® except where indicated 
otherwise. 

We use the following notation: 


SodW, 


resonance 


Total integrated electric dipole cross section 

Cross section integrated over the giant 
JS a(res)dW. 

Cross section integrated to energy 6 in Mey 

Si*oWdW/ fizadW = W. 


Energy at which cross section of the giant resonance is 


YF vans 


Individual level collision width assumed=I',. 


SirodW. 


Mean energy 


a maximum 


Width of the giant resonance at half-maximum= I’, 


Maximum cross section of the giant resonance 


Tinax 


The results that we have obtained in this section 
indicate a general improvement over previous inde 
pendent-particle-model calculations. The integrated 
cross sections have been increased over results obtained 
by using purely space-dependent forces, and except for 
the very light nuclei, are no longer inconsistent with 
the experimental results. Furthermore, the transition 
energies are also increased, and the agreement here is 
again greatly improved. 

We note that the introduction of an appropriately 
chosen percentage of Majorana exchange force can also 
result in good agreement with observed integrated cross 
sections." Unfortunately, further comparison with ex 
change force calculations is not possible since other 
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Fic, 3. Total electric dipole cross sections as functions of 
excitation energy for the absorption of y rays by various nuclei. 
(A) Au”, (B) T'*7, (C) Mn®. The solid curves are the calculated 
cross sections. The dots are experimental points for the (y,n) 
process, taken from Nathans and Halpern.*? The curves drawn 
through the experimental points are not those of Nathans and 
Halpern. The scales at the left and at the bottom correspond to 
calculations made with nuclear radii, R= 1.2 10~"A1t cm. These 
scales also refer to experimental curves. The scales at the right 
and at the top correspond to calculations made with nuclear 
radii, R=1.3K10°"%A! cm. 


consistent calculations are lacking. The mean energies, 
W,, have been determined by Levinger and Bethe," but 
their treatment neglected Pauli-principle correlations. 
In a later paper by Levinger and Kent," it is demon- 
strated that this procedure may not be permissible. 


17]. S. Levinger and D. C. Kent, Phys. Rev. 95, 418 (1954). 


RAND 


With reference to the first three numbered columns 
of Table ITI, it might appear that we have calculated 
integrated cross sections that are in general too large. 
Very close agreement can hardly be expected, however, 
because neither the values given in column 1 nor those 
in column 2 are precisely the quantities that were 
measured. In particular, only emitted neutrons were 
observed in the experiments and therefore column 3 
gives (y,n) cross sections. For heavy nuclei, the resulting 
integrated cross sections are roughly 10% less than the 
corresponding value for total absorption, the difference 
being due to low-energy (7,7) elastic and inelastic 
scattering.’*” For light nuclei, however, the difference 
is much greater. The relatively smal! Coulomb potential 
is no longer effective in preventing proton emission, 
and the (y,p) process becomes prominent. Measure- 
ments”! on Mg™ indicate that the (y,p) effect is 
almost three times as important as neutron emission, 
although this is probably an extreme case. 

Comparing columns 5 and 6, it is seen that the 
calculated resonance energies are almost invariably too 
small. The discrepancies average to almost 2 Mev (see 
also Fig. 4). It will now be shown that the inclusion of 
a number of small-order corrections makes the agree- 
ment almost complete. 


IV. SMALL-ORDER CORRECTIONS 


Effects Due to Relativistic Corrections 


Relativistic terms in the Hamiltonian cause a con- 
siderable reduction in the transition energies and in the 
integrated cross sections. All energy levels of Fig. 1 are 
lowered because of the relativistic increase in mass. 
However, more energetic ones have a greater decrease 
in energy than less energetic ones, so that the energy 
levels are closer together. With the velocity-dependent 
potential, both the relativistic decreases in transition 
energies and integrated cross sections turn out to be 
about 10% for all nuclei. 

The following approximations were used : 


1. In all relativistic correction terms, we have neg- 
lected surface terms, that is, terms involving the 
commutators of p and mers. 

2. In all cdrrection terms, we treated the nucleons 
as if they wer" entirely within the nucleus. 

The resulti®g formulas are as follows. 

A modified sum rule: 


Qn*h 2a°T'.\~! 
foraw-—— LerD Keo( 14 ‘) 


mc P a mo 


«(144 —), (4) 


mc 


1*M. B. Stearns, Phys. Rev. 87, 706 (1952). 

# FE. G. Fuller and E. Hayward, U. S. National Bureau of 
Standards Report 3129, 1954 (unpublished). 

*R. Nathans and P. F. Yergin, Phys. Rev. 98, 1926 (1955). 
1S. A. N. Johansson, Phys. Rev. 97, 1186 (1955). 
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Transition energy between two single-particle levels: 


a*(Ta+ Ts) =" 
—_— ) W ap. (5) 


W.,"= (1+ 


Integrated cross section for a transition between two 
single-particle levels: 


mec 


o(TetTs)\- 
vast = (14 ) oasdW. (6) 


mc 


T,, is the kinetic energy of a particle in state a when 
it is entirely inside the nucleus, and a= (m/mets) inside 


=1.8. 
Effects Due to Pairing Energies 


A consideration of pairing energies is fundamental 
to our method of treating the problem, since almost all 
transitions which we have considered involve the 
breaking of a nucleon pair. In all cases, the pairing 
energies tend to raise the energies of the giant reso- 
nances, 

In Table IV we have listed a few nuclei, along with the 
results obtained in Sec. ILI for the resonance energies. 
In the third column we have subtracted 10% to account 
for the relativistic effects discussed in the first part of 
this section. The next column contains the initial levels 
that contribute most to the giant resonances, along 
with the proposed pairing energies and percentage 
contributions in parentheses. (Except for light nuclei, 
it is not possible to obtain a consistent estimate of the 
pairing energies. We have used Mayer and Jensen’s 
values for the magnitudes of the pairing energies for 
the 1ds/2, 1ds/2, and 17/2 neutron levels in nuclei with 
neutron numbers 8 to 28.”) We have not distinguished 
between neutron and proton levels, and have assumed 
their pairing energies to be the same. In the last column, 
the experimental resonance energies are listed. 

The nucleus P* represents an extreme example of the 
importance of pairing energies. We note that a great 
majority (87%) of the transitions originate from the 
level 1d5/2 with a pairing energy of 3.7 Mev. If it were 
assumed that all transitions originated from this level, 
then the predicted resonance energy would be 17.14+3.7 


TABLE IV. Effects of pairing energies among light nuclei. 
(Energies in Mev.) 


Non- Relativ- 
relativistic istic 
resonance resonance 

Nucleus energy energy 


Mge* 21.1 19.0 
pa 19.0 17.1 
15.0 


Mn 16.7 


Exper. 
Principal level res. 
and percentage energy 


19.5 
21.5 
18.4 


1dsa (3.7 Mev, 42.5%) 
Ids/2 (3.7 Mev, 87%) 
1 fr (3.2 Mev, 51.5%) 
Idyj2 (2.9 Mev, 31%) 
1 fia (3.2 Mev, 37.5%) 


16.45 17.3 


As" 14.8 


% Reference 4, Chap. 2. 
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Fic. 4. A log-log plot of resonance energy vs nuclear mass 
number. The crosses represent calculated points using nuclear 
radii of 1.2%10~A1 cm, and the circles are experimental points 
The best straight lines have been drawn through each set of points. 


= 20.8 Mev, in good agreement with the experimental 
value of 21.5 Mev. 


Effects Due to Quadrupole Transitions 


To determine the extent to which quadrupole transi- 
tions contribute, we used the quadrupole sum rule, 


dW 
fovea) et 


If the major contributions for the quadrupole transi- 
tions occur at roughly the same energies as for dipole 
transitions, then the resulting integrated cross sections 
that we have determined are increased by only about 
34%. Since quadrupole energies are believed to be 
somewhat smaller than the energies of the giant dipole 
resonances, this estimate of the quadrupole contribution 
may possibly be too large. In either case, we feel 
justified in neglecting quadrupole effects, even as a 
first-order correction. 


1.827e?Z R? 
(Kr?) ee 


Shmc* 


re? 


3hmc protons 


Effects Due to Valence Transitions 


Throughout the treatment of the problem we have 
neglected pairwise forces; that is, we have assumed 
that all energy levels within a shell model configuration 
are degenerate. It will now be assumed that identical 
particles may interact, resulting in a removal of the 
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TABLY V. Effects of interparticle forces on the calculated data. 
Unprimed quantities are those given by the original calculations. 
Primed quantities include the effects of the coupling, as described 
in section on small order corrections, sub-section effects due to 
valence transitions. 


mas’ Fins 
(calc) (exp) 
barns barns 


yf Is Wax  Fmas 
Nu (calc) (calc) (exp) (cale) 
cleus Mev Mev barns 


Au 5.7 6.2 OAl 0.37 
Ta'® 5.6 64S 7 0,37 0.26 
Jia O*# 0.23 0.20 
Khia 0.187 0.180 
Agi’ 94 16.3 O105 0114 
Mn* 7.7 7 14.0 0.101 0.077 


6.456 
0.397 
0.243 
0.205 
0.0903 
0.0969 


*For As’* the collision width Ie has been reduced from 4,08 Mev to 
3.27 Mev in making the revised calculation, 


degeneracy. The assumption that only identical parti- 
cles interact is very good for heavy nuclei. For light 
nuclei, however, when neutron and proton shells are 
filling simultaneously, this assumption is not entirely 
justified. 

This inclusion of particle interactions has the ex 
pected effect of widening the giant resonances. It is 
found that it also raises the resonance energies. 

To determine the effects of these valence transitions 
on the excitation curve, a number of approximations 
are necessary. We have assumed that the energy levels 
of the final configuration are separated by one Mev, 
and that they are centered about the single particle 
configuration energy. Furthermore, the transition prob 
abilities from the ground state to each of these levels 
are taken to be equal, so that the transition probability 
to each level is equal to the single-particle transition 
probability divided by the number of levels. We have 
further assumed normal coupling for all ground states. 

The resulting excitation curves have been determined 
for a number of nuclei in which valence transitions 
appear to play a prominent role. Three of these are the 
solid curves labeled (b) in Fig. 3. 

In Table V we have listed the results. The unprimed 
quantities are those that were previously calculated, 
and which are given in Table IV. The primed quantities 
are those obtained by the inclusion of j-7 coupling. 

Perhaps a surprising result is the systematic effect 
of the pairwise coupling on the resonance energies. The 
effect is almost invariably an increase in the resonance 
energies, resulting in better agreement with the experi- 
mental values. 
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Vv. CONCLUSIONS 


The inclusion of small-order corrections has improved 
nearly all of our results obtained in the previous section. 
Considering the approximate nature of our treatment, 
it is apparent that the shell model with the velocity- 
dependent potential is able to account for the photo- 
nuclear effect in heavy nuclei quite satisfactorally. 

The integrated cross sections of Table III can be 
altered only by changing the momentum dependence 
of the Hamiltonian. Thus, the only small-order correc- 
tion that can change those results is due to the inclusion 
of relativity. It is shown that there is a resulting 
reduction of 10%. This reduction allows for the possi- 
bility of complete agreement between calculated and 
observed integrated cross sections, except possibly for 
light nuclei. 

The resonance energies of Table LI are affected by 
a number of small-order corrections. Our first set of 
calculations yielded results too small by slightly less 
than 2 Mev. The relativistic treatment resulted in 
further disagreement, the average discrepancy being 
increased to about 3 to 3.5 Mev. However, it was then 
demonstrated that both the effect of pairing energies, 
and a more accurate treatment of valence transitions 
increase the resonance energies, and can remove this 
discrepancy entirely. An average pairing energy of 
about 2 to 2.5 Mev was shown to be plausible from 
experimental data. The balance of 1 Mev is explained 
by the effect of valence transitions. 

It should be remarked that agreement to within 1 
Mev would be fortuitous, since the use of more realistic 
nuclear potentials, and a more accurate treatment of 
the Coulomb effect can easily account for 1 Mev. These 
last two effects have not been included in our work. 
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A self-consistent field Hamiltonian is constructed, for arbitrary pair interactions, which yields (in prin 
ciple) an exact value for the energy of a chosen state of a system of NV particles, as well as estimates for other 
states. The method for extending the formalism to interactions involving arbitrary numbers of particles is 
indicated and is straightforward. The method is carried out within the bound-state framework, and while 
motivated by the recent work of Bethe, results in a Hamiltonian somewhat different from his. An argument 
is presented which indicates that the independent-particle eigenfunctions of this Hamiltonian are “good” 
representations of the original N-body system. A discussion of the practicality of the computations is 


included. 


ECENTLY Bethe! has developed further a method 

of constructing a self-consistent field formalism 
originated by Brueckner and Levinson.’ Bethe demon- 
strated that a first approximation to this formalism 
corresponded to the Hartree-Fock approximation plus 
the complete second-order perturbation configuration 
interaction. 

The Bethe-Brueckner-Levinson development is based 
on the Lippmann-Schwinger scattering matrix,’ and it is 
not immediately evident that this theory can be extended 
to “scattering” from bound states to bound states, or 
how the principal-value operator is to be interpreted in 


“cc 


the case of discrete eigenvalues, or whether the “‘stand- 


’ scattering matrix is the only one to be con- 


ing wave’ 
sidered. The Bethe development formally avoids these 
pitfalls, but, for the computer of molecular or (finite- 
sized) nuclear structure, both motivation and confidence 
are impaired by these doubts. 

This paper is an attempt to develop a similar self- 
consistent field formalism based on bound states. The 
initial attitude adopted is that the ultimate goal of 
such a formalism is an “‘independent-particle” descrip- 
tion of the states of the “actual” system, having (at 
least) one specified eigenvalue in common with the 
exact solution. 


I. DERIVATION OF A “SCATTERING MATRIX” 
FOR BOUND STATES 
This first stage in the development is a repetition of 
familiar material. and therefore the algebra is somewhat 
condensed. The Hamiltonian for the many-particle 
system is formally broken into two parts: H°, whose 
eigenfunctions are known, and V. The steady-state 
Schrédinger equation becomes: 
E,W n= (H°+V)¥p. (1) 
If we assume that the eigenfunctions of H/° form a 
1H. A. Bethe, Phys. Rev. 103, 1353 (1956) 
2K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 


(1955). 
+B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 


complete orthonormal set with eigenvalues ex 


IP x= xP, foc dix,‘ 


then we may write 
V n° Po t Li (A inPi; 


where ¥, is not normalized and the prime indicates 


iX~0. Thus 


fie forensaes Vn / fare, 


{€o { V 00 { > [A una in€i f A in’ Vio | A inV ox 
+50 /A in*A gaV ig P+ L1+DcAan*Ans). (4) 


The independent variation of the A;,* and A,, in (4), 
or substitution of (3) in (1) with the help of (2), results 
in the following conditions on the A’s: 


Viotd 7s AjnV is, 
Voitd/A jn® Vis, 


Vij f a’ rh AV, 


If 17° (and hence V) are Hermitian, these two relations 
are identical. It will be assumed henceforth that //° and 
V are Hermitian (although it is not difficult to extend 
the results to the general case) since this condition is 
almost invariably satisfied in a practical computation. 
The value for /,, in terms of the A, defined by (5) is 
given by (4): 

E,= €0+ Voot > /A inV oi: (6) 


If the system of linear Eqs. (5) and (6) is sufficiently 
convergent, one can easily obtain an infinite series for 
FE, and the A,, by substituting, in the equation for A jn, 
the corresponding expressions for Aj,. In this way one 


A (EE, €;) 
(5) 
A in* (En— €;) 
where 


4 {d**r implies integration over all space plus summation over 
spin variables of all N particles in the system. The #’s may be 
visualized as configurational functions; e.g., as Slater deter- 
minants of single-particle functions, 
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obtains the Brillouin-Wigner perturbation theory : 
A in= Viol En— es) 
+> /(V iV po(En— 7 (En— es) 1+°°°, 
En= ot Vootd /(V wVo(En— es) 
+0 /LV iV Voi En— ei) (En— es) 1+ °°. 


By a simple change in notation, (5) can be brought into 
the form of the equation for a scattering matrix'*: 


A in(En—e€i), 140 (7) 
=Viotd/ GinVis(En—es)", i=0,1,2,--- (5’) 


and 


Gin 


(6’) 


where we now extend the definition of the Gi, by (5’) 
to include i=0, although the definition (7) does not 
hold for i=0. It is evident that G,, is not defined for 
# states i degenerate with the W state n. This would 
normally be of small importance in a practical compu- 
tation, but in a self-consistent field formalism in which 
the avowed intention is the choice of an H7/° having (at 
least) one eigenvalue in common with H (e.g., e6= E,), 
it is necessary to take care of these possible degeneracies. 
Bethe’s prescription! is to adapt the “principal value” 
notation’ to exclude states exactly or nearly degenerate 
with the “chosen state” Z,. From the viewpoint of this 
paper, this amounts to a relaxation of our goal. 


E, = €o+ Gon, 


II. SELF-CONSISTENT FIELD FORMALISM 


The Hartree-Fock self-consistent field formalism 
makes use of a variational procedure to construct inde- 
pendent-particle orbitals such that a single Slater deter- 
minant configurational function yields the lowest pos- 
sible estimate of £, from the original Hamiltonian, 7. 

A more general procedure, used here by no means for 
the first time,®* is to construct a related single-particle 
Hamiltonian I such that an eigenvalue of H°, which 
includes I, is equal to an eigenvalue of H. It is evident 
that this is desirable only if the eigenfunctions of H° 
are closely related to the eigenfunctions of H. 

Our first step is the calculation of the values which 
the matrix elements of must assume. By the nature 
of the procedure used here, I is definable only in terms 
of its matrix elements. 

We first break H into 1 which contains no multi- 
particle interactions, and H which contains all of the 
two and higher particle interactions. Then we take 
H®=H“+T, where H® is assumed to be Hermitian. 
Let &, be the Slater determinant eigenfunctions of H°’: 


H%,=e%, H=H°-T+H®, V=H®-T, 


and require 
HV)= EWo= eV o. 


*P. O. Léwdin, Phys. Rev. 97, 1474, 1490, 1509 (1955). 

* 7, C, Slater, Phys. Rev. 91, 528 (1953). 

7 This is possible because there are no interactions (except those 
arising directly from the Pauli principle) between particles in H° 
by construction. 
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Note that the state “zero” may be chosen arbitrarily 
(it need not be the state of lowest energy), and that 
E,¥ « in general. 
Since 
Eo= €o+Goo, 
Goo must vanish: 


0= (Hoo —T'o0) + i’ Gio( Hos —T 01) (€o— €:) 
if one assumes no degeneracies. But 


Aj —V,=(H-B)]i; 
=H j—€ bi; 
=f ;;. 


Thus we require: 


DP 90= Hoo +>. 'G iol oi(eo—€:)7 
= H+), i G oH oi(€o— é)7, 


Go=A in +>, G jo j(€0— €;) 
=Hiotd/ Goll ij(€o— €j)—. 


This is similar to Bethe’s condition on the “interaction 
potential” except that H® appears in Bethe’s work 
in place of AT (this is also true of Brueckner and 
Levinson)!” 

Now = (N !)~4 det{ g,(r,)} where u, v each take 
all integral values from 1 to N, and rf, is the position 
vector of the vth electron. We will adopt the following 
conventions to take full advantage of the facts that (a) 
all matrix elements of an m-particle interaction are 
zero between two configurations having more than m 
¢ different; (b) all matrix elements vanish unless the 
wave functions for any particle not explicitly involved 
in the interaction are identical in the two configurations; 
(c) particles of any given type are indistinguishable: 


(1) If the same subscript appears on two different 
¢’s, they come from the same row in the determinants: 
(a) gy gy? designates the product of the wth type of 
one-particle function appearing in the kth configuration 
(Slater determinant) by the wth type of function (i.e., 
the function used to make up the wth row) in the /th 
configuration. (b) gy,“ implies the stronger condi- 
tion that gy, = 9, 

(2) All corresponding functions in the configurations 
appearing in an integral are the same unless specifically 
designated otherwise; combinations of configurations 
not satisfying this condition integrate to zero: ¢4‘*? 
=¢a''” for all a(a’) not specifically indicated in the 
integral. 

(3) We define 


(k:a,B,: 2 ‘p| Bi l:yJ,- 7 “p) 


= far, fer: . + fare.0%(n) 


x pa*(2)+ + oy *(1,) Boy (11) 


9) (t2)++ +g, (4,). 
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With these conventions we can write, if we assume the 
y’s orthonormal: 


Hy =¥,(i:u|H |izw), 
Him® = (l:p|H®|m:y’), 


(8a) 
(8b) 
where ¢a'# ga'™ if, and only if, a=; 
Him” =0 otherwise, for 1 m. 
His =3 DO, XL (i: 4,0 | Apair™ | i: 4,0) 

— (i: 4,p|Hpaie® |i: pu) ], (9) 


where only the two-particle part of H® is given 
explicitly. The extension to higher order interactions is 
straightforward,® and Hysir is a typical term for a 
single (arbitrarily chosen) pair, supposedly independent 
of the states. 


Him® => C(l:4,0| Hpair® | m:p’,p) 


ru 
— (L:4,p| Hpair® |m:p,u’) |, 


where ga) va'™ if, and only if, a=p; 
Him = (1: up| H pair |m:p',p’) 
~ (1: p,p| Hpair | m:p’ mu’), 


where ga‘ ¥ ga if, and only if, a=y or p; 


(10) 


H im =0, otherwise, for 1A m. 


A necessary requirement of an independent-particle 
Hamiltonian is that the wave equation can be written 
in the form 


(Py, F Gy) = Wy Or FHoy= Why. 


In addition, ¥ should not depend on yw (or on the con- 
figurations containing ¢,) so that all the y, may be 
orthonormal. § should also be linear so that the usual 
methods suffice for its solution and so we may be sure 
that the ¢g, form a complete orthonormal set. It is also 
desirable that w, should have a simple physical inter- 
pretation, if possible. Here, w, is required to be a good 
estimate of the “ionization potential.” 

To satisfy the first condition, we must change the 
form of the terms appearing in I'9 in an ad hoc manner. 
We can succeed in this insofar as retaining ¢)= Zo, but 
we cannot make w, exactly equal to the energy necessary 
to remove one particle. 

For example, contributions to // i) come from two 


§ This unnecessary, but space-saving restriction on 1), carries 
through the remainder of this paper. The extension is, in each 
step, quite simple in principle, but the number of terms grows 
rapidly. See, however, Léwdin’s notation.® 


FIELD 
different classes of integrals: 


Class I: (i:u,p|H1@|0:y’p). 

Since these integrals are symmetrical in ¢, (because 
¢,‘= 9," by convention), they lead to no difficulty. 
Class II: (i:y,p|1@|0:y’,p’). 

Bethe’s prescription for this class is to ignore it in the 
self-consistent field. The contributions are expected to 
be small because the ith configuration here corresponds 
to two-particle excitation. While noting this likelihood, 
we can introduce an ad hoc device for including these 
contributions by treating the above matrix elements, 
divided by N, as constant potentials in which all the 
particles move, thus insuring, in an artificial manner, 
a symmetric form for the operator. We adopt the same 

device for off-diagonal elements of H, 
Therefore, the following one-particle operators are 
defined by their nonzero matrix elements: 


NO“ (jf: |p: 7) L(i:a,8 | Mpaie® | j:a’,B’) 
- (t:a,8| Hynie™ | 7:8" a’) | 


(j:m[v'?| j:7) 


if, and only if, gy“? 9, for y=a or p. 


(j:ml hy’? 7: T) : (G5) gy"? | Hpwie™ | Gye’? ge") 


(pp) gy | Hoair® | Gr? oye”) 


if, and only if, g,°? = g, for all y except at most y= p 
(in the latter case, the subscript p is superfluous) ; note 
that for »=r=p’, this integral is zero. (By definition, 
at least one of the above will be zero for every pair of 
configurations 1 and j; the operators defined here are 
not yet independent of 7.) 


(j:ml[w| pir) =NOA(Giwl gr) (G:p|H™ lisp’), i 7. 


The following one-particle operators are also defined : 


=u fvOFhO4E / Mileo—e) ge, iK0. 


In terms of these operators: 
Hoo =4 > (O:u[h, |0:4), 
A j= H j= yi: p|hO+vO4+u lisp), ij, 
A =>, (i:p|H™ |i:p) 
+A Dew Delt: hylisu)—es, (10’) 
Gio= >, (O:u| 2 |O:p), (11) 
Eo= c= Ll (O:u|H™ |O:u) +40 ,[(O:n| A, |0:4) 


+> i (€- ~ €;) (Or pl ge’? Ory) 
XK (0:p|h+0+u™ |0:p)]). 


(8’) 


(9’) 


(12) 


If we remove particle number 7 from the system (for 
simplicity assume that the interaction actually becomes 
negligible), the energy becomes, within the restrictions 
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of an independent-particle theory : 


L((O:4|H® |O:w) +4 L CO:n/h, |0:4) 


per enr 


+ > (€ 


€0,—1 


€) (Or p|g' |O:4) 
(0: ph +0 +u™ |Orp) |} 
eo— (0:7|H™\0:r)—4 & C0: 7|h, | 0:7) 


err 
{ > /(€ 
K(O:p|h+0+u™ | Op) | 


bY CO:ml he [O:n) +L (eos) 


ver 


€,) (0: r| g(0:7) 


K (Ory) ge? |O:p) (O27 AO +0 +u™ |0:7) | 
6 —O:7| H+, h,O+E (Hog 
+G ol(h™ +0%+u™) || 0:7). 
Therefore, the “ionization energy” becomes 


6o=(0:7|H+> 
LE [Hog +G o(h +040) 1] 0:7). 


€0,—+9 


(13) 


We choose the one-particle Hamiltonian, , to be the 
operator appearing in (13): 


F Ho | ae h, | a Hog 


tGo(h+0+u™) ], (14) 


This operator satisfies all of our requirements provided 
that //y; and Gio are treated as given coefficients and 
the other quantities as given operators in each iteration 
of the self-consistent field procedure, The implied rela- 
tionship between the eigenvalues of F, w,, and the e, is, 


for 10: 


AD Ao’? |e | o) 
€;) oe,” | Hog 


+G (hh +0 +u™) |g), 


ei > ALE 
bd, (€ 
(15) 


where now the matrix elements of /, v, u, and g are 
computed as though ¢,‘” belonged to the chosen state 
configuration; i.e., once the coefficients Ho; and Go, 
have been calculated from the trial functions, the 
operators in § are fixed and their matrix elements are 


taken to be 
(g| ul! ge’ )=N"(p| g’)(O:p|H™ |i: p’), 10, 


where the bar indicates the use of the érial functions. 


(pl h'| o’) = (Go| Hpaie® | Gp ¢’) 
— (,‘* al |S |e’ Bp), 


(yl 0 | o')=N-(g] ¢') (4:4,8 | H pair |0:2',8’). 
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For €o, this reduces to 
, a | ! ‘ 
Eo= = DL Lw, — } Le. | h,© | ¢.) | 
—> /(e- €:) Ho) 7 i0- 


The self-consistent field procedure, then, is as follows: 


(16) 


(A) One-particle trial functions and eigenvalues are 
assumed and the self-consistent field operator, &, is 
constructed. 

(B) The eigenvalues and eigenfunctions are found for 
this trial § and compared to the assumed values. 

(C) A new § is constructed from the results of (B) 
and the process continued until the eigenfunctions and 
eigenvalues of F are identical to those used in its con- 
struction. 


If degeneracies occur, they can be formally taken 
care of by using A jo=(eo>—€;) "Gio, and by defining 
a\ = (e9—e,;)'g"” for the configurations (1) degenerate 
with the “chosen state,” (0). Alternatively, 5 could be 
written (in any case): 


F=HO+> kh, 
+20 THoia +A o(h+0+u) J, 


III. DISCUSSION 


The formalism given here is a formidable one for the 
computer. Not only does $ contain many terms (in 
principle, infinitely many), but the g‘” are determined 
by simultaneous (ostensibly) linear equations involving 
the ¢;, which in turn depend on the g“”, and these 
quantities must thus be determined by iteration. One 
could, however, “force” the problem somewhat by 
using experimental data to estimate e9—e; in the first 
iterations of ¥. The small constant potentials v0” and 
u‘” can be dropped from the computation altogether, 
or in only the early iterations; for consistency their 
magnitudes could be estimated for comparison with 
retained terms. Nevertheless, the procedure would be 
tedious, 

The compensations, moreover, do nol include a better 
estimate of the energy /» in subsequent iterations, 
since 2y can be found “exactly” at the beginning of the 
first iteration from the matrix elements of H and the 
Gio (or Ajo). Likewise, the total wave function Wo is 
known from the Gio. The labor necessary to find any 
other £, and ¥, is comparable to that involved in a 
single iteration of . 

The wave functions ¢,, however, represent a much 
simpler representation, albeit a less accurate one, of 
the system and its states (configurations, 7) than do 
the V,,. The operator §, has obvious physical connection 
with the actual system, so that we expect the #’s and 
¢’s to be “fairly good” wave functions. Further, by the 
nature of the process of iterating ¥ and minimizing the 
w, While keeping /y at its extremum value, we expect 
that (%o,Wo) will be ultimately near the maximum value 
possible for a single Slater determinant; it almost cer- 


(14’) 
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tainly does not attain this value, but our attempts to 
derive a theory based on maximizing (%,Wo) have led 
to intractable equations. The ¢, should alsoapproxi- 
mate, for similar reasons, the single-particle orbitals of 
maximum convergence for one-particle operators. In 
fact they satisfy an equation not very different from 
these orbitals, as given by Léwdin in his theory of 
“natural orbitals.’ Slater® has developed a self-con- 
sistent field theory based on the intuitively attractive 
form for the interaction energy, }/pVd'r; this leads 
to a Hamiltonian differing from § by a factor of one- 
half in front of the multiparticle terms. The sum of the 
one-particle eigenvalues is 9, but they are not (indi- 
vidually) estimates of ionization energies. The one- 
particle wave functions, however, have an obvious 
physical connection with the problem. 

On the other hand, Léwdin has shown that it is 
possible to obtain the “natural orbitals” by the solution 
of a linear eigenvalue problem once the /o and A jo (or 
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Gio) sre known. The procedure is to diagonalize the 
representation of the (first-order) density matrix in 
the ¢,: 

5 ee (r,r’) Le Ny 9; *(r)e,” (r’), 
where 


y(r,0') foo De Wo (rite ta ys ty’) 
XWVo(ry’ re”, ° ry’). 


The solution of the problem for the energies /,, the 
coefficients Aj,, the occupation numbers \V,"", 
the one-particle orbitals g,°"’, might be little more 
tedious than the self-consistent field problem, and 


and 


might lead to results of greater usefulness, although the 
physical interpretation of the changes in the g,‘") with 
n might be more complex than one would desire, Only 
experience can answer the question: which set of one- 
particle wave functions is most desirable? 
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Reactions O'" (d,p), (d,a), and (d,d) in the Energy Range 3.4 to 4.2 Mev 


FE. BAUMGARTNER* AND H. W. FuLpricut 
University of Rochester, Rochester, New York 
(Received February 27, 1957) 


Cross sections and angular distributions are given for the (d,p), (d,w), and (d,d) reactions on O"* in the 


deuteron energy range 3.4 to 4.2 Mev. 


I, INTRODUCTION 


HE reaction O'*(d,p) has previously been studied 
by several groups of investigators,!® using deu 
terons of energies up to 3.7 Mev. ‘The angular distri 
butions found for the two proton groups corresponding 
to the formation of O'” in its ground state and in its 
first excited state showed forward maxima suggesting 


stripping reactions with /,=2 and 0, respectively. 


However the differential cross sections were found to 
vary strongly with energy,® so it seems reasonable to 
describe the reactions as proceeding partly through 


* On leave from the University of Basel, Basel, Switzerland 

'N. P. Heydenburg and D. R. Inglis, Phys. Rev. 73, 230 
(1948). 

2 Berthelot, Cohen, Cotton, Faraggi, Grjebrine, Leveque, 
Naggiar, Roclawski-Conjeaud, and Szteinsznaider, Compt. rend 
238, 1312 (1954). 

§Stratton, Blari, Famularo, and Stuart, Phys 
(1955) 

‘M. K. Juric and M. M 
Boris Kidrich 5, 1 (1955) 

° J. C. Grosskreutz, Phys. Rey. 101, 706 (1956) 

6 Similar effects have been reported for the C#(d,p) reaction and 
the C4(d,p) reaction. See J. B. Marion and G. Weber, Phys. Rev 
103, 167 (1956); Bonner, Eisinger, Kraus, and Marion, Phys 
Rev. 101, 209 (1956); M. T. McEllistrem, Phys. Rev. 100, 167 
(1956); McEllistrem, Jones, Chiba, Douglas, Herring, and 
Silverstein, Phys. Rev. 104, 1008 (1956 


Rey. 98, 629 


Petrovic, Bull. Inst. Nuclear Sci., 


compound nucleus formation and partly through strip 
ping, the two processes being coherent. If this assump 
tion is correct, one should be able to account for the 
observed angular distributions by means of a calculation 
including interference effects, providing that the /, 
values for the stripping mode, and the spins and parities 
for the intermediate states in the compound nucleus 
mode are known.’ The experiments reported here were 
undertaken in an effort to obtain the required informa 
tion so that such calculations could be made and the 
results could be compared with the distributions found 
experimentally. Unfortunately, we were unable to 
obtain all the required properties of the compound 
nucleus, which seems to involve a number of over 
lapping levels 
Il. METHOD 

A deuteron beam® ranging from 3.4 to 4.2 Mev with 
a measured resolution of better than 0.3% was used.’ 

’ Theories taking into account both modes are given by I. P 
Grant, Proc. Phys. Soc. (London) A67, 981 (1954) and R. G 
Thomas, Phys. Rev. 100, 25 (1955) 

* Produced by the variable-energy cyclotron at the University of 
Rochester. Fulbright, Bromley, Bruner, Hamann, and Hawrylak 
U. S. Atomic Energy Report NYO-6541, 1954 
(unpublished 
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Fic. 1. Differential cross section in the center-of-mass system, 
(da/dQ) 1.10, vs lab energy of O'*(d,p)O'7. Solid points, ground 
state; open circles, 0.872-Mey state. 


A thin silver foil covering the first slit of the beam 
analyzer system served to break up molecular hydrogen 
ions which might have interfered with the measure- 
ments. The cross section of the beam at the target was 
about 3 mm wide and 1 cm high. The angular spread of 
the beam in the (horizontal) experimental plane was 
less than 0.3 degree. 

The protons, alpha particles, and deuterons from the 
nuclear reactions were detected by means of an argon- 
filled ionization chamber having a thin aluminum 
window with an aperture about 1 cm wide located at a 
radius 25 cm from the target foil. Ion chamber condi- 
tions used in a particular run were chosen for greatest 
convenience in analyzing the ion chamber pulses. For 
example, a 4-mil window used when protons were being 
observed was thick enough to stop scattered deuterons 


as well as alpha particles from O'*(d,a)N™. A 1-mil foil 





E4*4J10 Mev 





Fic, 2. Differential cross section in the center-of-mass system, 
da/dQ, of O'*(d,p)O" vs c.m. angle for Eg= 3.490 and 4.110 Mev 
(lab). Solid curve, Butler distribution for E4=3.62 Mev. (For 
other constants see text.) 
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used when deuterons were being observed stopped 
alpha particles. A 0.35-mil foil transmitted all three 
types of particles, but the alpha-particle pulses stood 
out clearly when the pressure of the argon was reduced 
so that the range of the alpha particles was approxi- 
mately the effective length of the ion chamber and the 
ranges of the deuterons and protons were therefore 
much greater. Protons from the formation of O" in its 
higher excited states caused no trouble. 

A 30-channe]l pulse-height analyzer was used. Groups 
of pulses were identified as being due to particles of 
particular types by comparing the observed energies 
with those calculated from reaction kinetics and known 
Q values, due allowances being made for energy losses 
in the ion chamber window. 

The targets were of three kinds. WO; smoke deposited 
on gold leaf in the process of burning wolfram in oxygen, 
and self-supporting foils of SiO, made by the evapora- 
tion procedure of Sawyer,” and of Al,O3, made by the 
electrolytic method of Strohmaier,'! all proved satis- 
factory. 

Cross sections were calculated from the experimental 
results by a method based on the assumption that the 
small-angle scattering of 4-Mev deuterons by W, Si, 
and Al is predominantly Rutherford scattering. The 
chemical compositions of the targets were assumed to 
be exactly as stated above. No variation with time in 
the relative amount of scattering from oxygen and the 
heavier nucleus was observed in any experiment. All 
three targets gave essentially the same values for the 
cross sections. At least six check points were involved 
in each case, and in one case there were thirty. The 
greatest discrepancy was 20%. We therefore believe 
that the absolute cross sections quoted later are prob- 
ably accurate within about 15%. The relative cross 
sections should be accurate within about 10%. 

The energy scale was fixed at one point by calibrating 
the analyzer magnet with the narrow 3.47-Mev reso- 
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Fic. 3. Ground-state angular distribution of O'*(d,p)O" for five 
different energies. c.m. angles and cross sections, lab energies. 
 G. A. Sawyer, Rev. Sci. Instr. 23, 604 (1952). 
1K. Strohmaier, Z. Naturforsch. A6, 508 (1951). 
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nance in the elastic scattering of protons from O1*," 
The analyzer magnet is of the wedge-shaped, uniform- 
field type, operating with B less than 8000 gauss, so 
one can safely assume a closely linear relationship be- 
tween the momentum of the particles in the analyzed 
beam and the field strength at the position of the proton 
resonance probe used for field measurements. The 
energy scale is probably accurate to better than 1%. 


III. RESULTS 
(A) O'%(d,p) 


Figure 1 shows (da/dQ) in the center-of-mass system 
at 53.1° (center-of-mass angle) for the ground state and 
first excited state groups from the reaction O'*(d,p)O". 
The agreement with the results of Stratton ef al.’ in the 
overlap region, 3.48 to 3.85 Mev, is within the range of 
possible experimental errors quoted. At higher energies 
our curves show an additional maximum at 3.74 Mev 
for the ground-state group as well as a minimum at the 
same energy for the excited state group. 

Figure 2 shows the angular distributions in the center- 
of-mass system of the ground-state protons for two 
deuteron energies, along with the prediction of Butler’s 
stripping theory for parameters: /,=2, Ey=3.62 Mev, 


50 














40. 60 0 


8 


Fic. 4. Differential cross section in the center-of-mass system, 
da/dQ, of O'*(d,p)O'” vs c.m. angle for £4= 3.490 and 4.110 Mev 
(lab). Solid curve, Butler distribution for 2g=3.62 Mev. 

12 Laubenstein, Laubenstein, Koester, and Mobley, Phys. Rev. 
84, 12 (1951). 
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Fic. 5. First excited state angular distributions for five different 
energies. C.m. cross sections and angles, lab energies. 


ro=6.3X10°" cm. The peak in the stripping curve 
occurs at 42°. The experimental values for five energies 
(see Fig. 3) range from 42° to 48°. The peak cross sec- 
tions are also fairly constant, ranging from 31 to 40 
mb/sterad. The most obvious effect a change of energy 
has on the angular distribution is seen at the larger 
angles. The especially pronounced backward peak for 
Ka= 3.490 Mev is similar to that reported by Stratton 
et al} for Eg=3.43 Mev. 

Figure 4 shows the center-of-mass angular distribu- 
tions of the first excited state protons for two deuteron 
energies, along with the corresponding stripping theory 
curve (1,=0, Ey=3.62 Mev, ro=6.3X10~" cm). The 
curves show the strong forward peak expected. The 
first minimum in the stripping curve appears at 42°. 
The experimental values for five energies (see Fig. 5) 
range from 40° to 50°. The first secondary maximum in 
the stripping curve appears at 66°. The experimental 
values range from 58° to 70°. The magnitude of the first 
secondary maximum is found to vary from 33 to 17.6 
mb/sterad as 24 is changed from 3.945 to 4.110 Mev. 
Even at small angles, where stripping might be expected 
to be dominant, the cross section varies considerably 
with energy, changing at 10° from 320 mb/sterad for 
the middle three energies to 240 mb/sterad for the two 
extreme energies. 


(B) O'%(d,a) Reaction 


Figure 6 shows the variation in center-of-mass cross 
section of the (dja) reaction (leading to the ground 
state of N™) with deuteron energy for four angles. 
There is clear evidence for at least two resonances, one 
near 4.0 Mev having a width of 35 kev, the other near 
3.85 Mev having a width of 100 kev, very roughly 
speaking. The curves also indicate that there are other, 
overlapping states involved. A satisfactory phase-shift 
analysis of the results using the single-level formula was 
clearly not possible, but an attempt was made in that 
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Vic. 6, Differential cross section in the center-of-mass system, 
da/d2, for O'(dja)N“ vs lab energy for four different c.m. 
angles. 


way to derive some information concerning the possible 
spins and parities for the levels near 3.85 and 4.0 Mev. 
The results were inconclusive. 


(C) O'%(d,d) Reaction 


In Fig. 7 cross sections in the center-of-mass system 
are shown plotted against energy for five angles. Again 
a strong energy dependence is seen, but in this case a 
phase-shift analysis was even more difficult to carry out 
because of the additional potential phase shifts in- 
volved. An effort in that direction produced no worth- 
while results. 


AND H. W. 


FULBRIGHT 


pow HH |, 


\ ! 

















7? ss 39 #=4 





4) Mev 7 38 39 40 4) Mev 


Fic. 7. Differential cross section in the center-of-mass system, 
da/d%, for O'(ddjO" vs lab energy for five different c.m. 
angles. 


IV. CONCLUSIONS 


The peaks in the (d,w) reaction at energies of about 
3.85 and 4.00 Mev indicate resonance levels in F'8 at 
about 10.95 and 11.09 Mev. The broad underlying 
structure of the curves, especially at 70°, suggests that 
there are other, overlapping states involved. The (d,p) 
reactions deviate from stripping and show broad reso- 
nance effects with larger half widths than those of the 
(d,w) reaction. This may be due to the existence of over- 
lapping states or to a mechanism different from com- 
pound nucleus formation. 
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Polarization of Bremsstrahlung from Monocrystalline Targets 


H. Uperaur 
Department of Theoretical Physics and Nuclear Physics Research Laboratory, University of Liverpool, Liverpool, England 
(Received March 27, 1957) 


We investigate the polarization of bremsstrahlung of high-energy electrons in a monocrystalline target 
It is shown that, owing to interference effects, the polarization is considerably increased above its value 
when amorphous targets are used (by a factor of 1.5 for typical cases); moreover, the total emitted brems 
strahlung cone has an over-all net polarization with respect to the plane formed by the direction if incidence 
and the crystal axis. This latter fact provides a means of producing partially polarized radiation with an 
intensity sufficient for performing significant high-energy polarization experiments. The dependence on the 
emission angle of the interference radiation is also calculated. The influence of elastic scattering of electrons 


is estimated. 


I. INTRODUCTION 


RESENT work in high-energy physics shows an in- 

creasing use of polarization as a tool for obtaining 
additional information on the interaction of elementary 
particles. Scattering of polarized protons was investi- 
gated,! and pion production with polarized protons has 
been considered? Similarly, it would be desirable to 
perform experiments with polarized photons in the 
high-energy region, especially on photoproduction of 
pions. Very energetic photons can be obtained by 
producing bremsstrahlung from targets in electron 
accelerators. The polarization of bremsstrahlung has, 
therefore, been investigated theoretically. ® It was 
shown in these papers that bremsstrahlung is partly 
polarized, the degree of polarization depending on the 
target material, on the angle of emission of the radia- 
tion, and on the fraction of energy of the primary 
carried away by the photon. Polarization is largest for 
soft radiation and for emission angles of the order 
mce"/ Eorim, the maximum being of order 30-50°. 

The experimentally obtainable percentage of polari- 
zation will be reduced by the fact that the angle and 
opening of a bremsstrahlung beam cannot be defined 
with arbitrary accuracy, and likewise by the multiple 
scattering of the electrons in the target which will 
cause a further uncertainty in emission angle. If we 
had any means of increasing the inherent degree of 
polarization, such effects could be partly overcome. It 
will be shown in the following that, by using cooled 
single-crystal targets for the production of radiation, 
this aim can indeed be achieved. It turns out in addi- 
tion that upon integration over all the outgoing 
bremsstrahlung cone, a net polarization will remain by 
virtue of the fact that a reference plane containing the 
primary beam and the crystal axis is determined, 
whereas with amorphous targets the over-all polariza- 


'E.g., Chamberlain, Segre, Tripp, Wiegand, and Ypsilantis, 
Phys. Rev. 93, 1430 (1954). 

?F. Mandl and T. Regge, Phys. Rev. 99, 1478 (1955). 

4M. M. May, Phys. Rev. 84, 265 (1951). 

‘ Gluckstern, Hull, and Breit, Phys. Rev. 90, 1026 (1953). R. L. 
Gluckstern and M. H. Hull, Phys. Rev. 90, 1030 (1953) 

5 R. Karplus and A. Reifman, University of California Radia- 
tion Laboratory Report UCRL~2686 (unpublished). 


tion vanishes owing to the complete symmetry of the 
problem. 

We refer to a recent investigation® of bremsstrahlung 
from crystal targets, which predicts an enhancement 
of the soft part of the spectrum for certain angles of 
incidence 6 of the electron beam with respect to a crystal- 
lographic axis; this is due to coherent emission of radia- 
tion from several lattice atoms. We shall see below 
that, at the same time, an increase of polarization will 
occur also. The notation of I will be used throughout. 


II. ANGULAR DISTRIBUTION 


We first want to give some consideration to the 
dependence on emission angle of the interference spec- 
trum. In I, the spectrum was given after integration 
over this angle; but it can be seen that a demonstration 
of the angular dependence will exhibit more char- 
acteristic features of the interference effect. Imagine a 
Weizsiicker-Williams treatment of the process in the 
rest frame of the primary electron. The crystal is then 
represented by virtual photons possessing a discrete 
wave-number spectrum, the wave vectors being re 
ciprocal-lattice vectors. The Compton scattered pho 
tons, appearing as bremsstrahlung in the laboratory 
frame, will also have a discrete spectrum if we fix the 
emission angle. In the laboratory system, the virtual 
photon wave vectors correspond to the momentum 
transfer to the atoms, q. In this frame, the q vectors 
can be assumed to run continuously over those recipro 
cal-lattice planes which are approximately normal to 
the direction of incidence (see I), Then the lines in the 
emitted spectrum originating from one such lattice 
plane appear to be one broader line. Integration over 
the emission angle would broaden them even more, and 
this is avoided in the following treatment. 

Introducing a reduced angle U/ = ¢,©,, and integrat 
ing the differential Bethe-Heitler cross section over 
electron angles after multiplying by the crystal factor 
of I, we find the spectrum of bremsstrahlung from a 


*H, Uberall, Phys, Rev. 103, 1055 (1956); hereafter referred to 
as I. 
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Fic. 1. (a/2r)tM(¢) for Cu, T=0°. 
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a is the lattice constant and NV the number of atoms in 
the crystal ; €; is the primary electron energy and k the 
quantum energy (both in units mc*), U the reduced 
angle between the directions of the primary and the 
quantum, 6 the angle between the primary direction 
and the crystal axis, and y, the dihedral angle between 
the plane containing the primary beam and the quantum 
and the plane containing the primary beam and the 
crystal axis. Equation (1) is exact for only those (soft) 
components of the spectrum which satisfy the condition 
of complete screening, #&«<f* (or rather the more 
stringent condition &<2m/a), as we did not include the 
(small) effects arising from the harmonics of the lattice 
potential, h>O (see I). The terms M(¢), M’(g,y:) 
represent the contribution from the fundamental, h=0, 
and the rest of the terms represent the “continuous” 
spectrum due to the temperature motion of the lattice. 

To obtain the one-atom cross section of Schiff,” we 
simply have to replace the two square brackets of Eq. 


(1) by 
(14+ U7)? 
(hy m 


a 


A plot of (a/27)EM(¢) is given in Fig. 1, and spectra 
are shown in Fig. 2 for U=1 and 2, both at «,=600 
Mev, and ¥,=}1, for different crystal orientations 8, 
and with Schiff’s one-atom spectrum for comparison. 
They refer to a copper target at temperature 7=0°K. 
The @ values are so chosen that they correspond to 
g=1.5 (maximum of Fig. 1) for V=1 and x=0.2 or 
0.4, which gives 0=5 or 13.4 milliradians. We see that 
the interference peak decreases as @ increases, in agree- 
ment with the behavior of the integrated spectrum 
given in I. Moreover, we recognize that the main part 
of the interference peak comes from small angles, US 1. 

We may remark that the observation of electro- 
dynamic processes in crystals can provide a direct 
check on the reliability of dispersion formulas involving 
physical processes off the energy shell, for example in 
a recent derivation of first-order vacuum polarization® 
which expresses the polarization coefficient as a dis- 
persion integral over the cross section for pair produc- 
tion by off-the-energy shell photons in empty space. 
Now in the laboratory frame, the crystal field of force 
is endowed with a substantial wave number, |k| ~5 
kev, whereas it has no time variation, k‘=0. Thus, the 
equivalent photons are off the light cone, and by 
measuring bremsstrahlung from crystals, we are in fact 
observing a Compton effect of such photons. A check 
on the angular distribution will be necessary in order to 
identify the equivalent photons as much as possible. 


III. POLARIZATION 
The cross sections o,(k,U,y,) and o1,;(k,U yy) express 
the emission probability for radiation with polariza- 


™L. I. Schiff, Phys. Rev. 83, 252 (1951). 
® R. N. Euwema and J. A. Wheeler, Phys. Rev. 103, 803 (1956). 
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tion perpendicular and parallel to the emission plane 
(p:,k); we have o=o,+0,;. Then the polarization is 
defined as 


P= (o,—01)/(o,+01)). (3) 


The differential polarized cross sections were taken 
from May (see reference 3) and integrated as before, 
with the result 


dy; _dk dy, 
a, (k,U y,)dkd U— = Nb -4UdU— 
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for complete screening again. In the case y=: (2n+1) 
X (4/4), (— M’=M), we can write the polarization in 
a form similar to that of May, namely 
4U? 
P = 


(14+?) —4U? 
1+ (1—<x)? (2—x)?+ 22? 


1—x 2(1—2) 


(14+U?)? 
C= of n(- =) +(1+B)e Ei(— B)—3+ M(e)| , 


a 


which goes over into May’s expression if we substitute 


(1+U*)* ; 
c=fn( SH") 
a 


Now M is proportional to 6-!= 2¢,(1—)/x, so for high 
energies, C can become much smaller than the amor- 
phous-target value, and P larger, if x and the crystal 
orientation @ are chosen appropriately. To give an 
example, at 600 Mev, 6=6.7, and x=0.2, the value of 
F would be 2.932 in the crystal as compared to 2.365 
for one-atom bremsstrahlung. At U/ = 1, this corresponds 
to a polarization P=0.75, and to an increase of a factor 
1.5 above May’s polarization value of P=0.52. An 
average over y, gives the same result as y= (2n+1) 
X (4/4), so that P must have alternatingly maxima and 
minima at ¥,=4nm, and the maximum polarization 
may be much larger than the one determined by C. 
The situation of most experimental interest arises, 
however, if we consider the total emitted bremsstrah- 
lung cone. With amorphous targets, the problem is 


BREMSSTRAHLUNG 
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Fic, 2. Plots of 4U times the expression inside the curly 
brackets in Eq. (1) for Cu, T=0°, ¢;=600 Mev, ~i=9/4 and 
various values of @ and U. Schiff’s differential spectrum is shown 
for comparison. 


symmetrical around the direction of incidence, and no 
net polarization results. A crystal target determines a 
reference plane (p;,a,;), and it turns out that with re- 
spect to it, a net polarization actually remains. This 
gives us a considerable experimental advantage. Before, 
polarized radiation could be obtained’ only by singling 
out a section of the bremsstrahlung cone of opening 
U™A1, which at 600 Mev corresponds to a very small 
©, of order 10~ radian, hard to realize experimentally ; 
moreover, very thin targets must be used such that the 
angular spread due to multiple electron scattering 
IV). 
All these restrictions result in a very small intensity 


should not be of the same order as ©, (see Sec. 


of the obtained radiation. With a crystal, the use of the 
entire bremsstrahlung cone together with a larger 
permissible target thickness (multiple scattering com- 
petes now with 6210©,, rather than with ©,) gives a 
considerable gain in intensity; also, the collimation of 
the incident beam need not be so high, as the standard 
is now again 6 rather than ©,. 

We define polarization with respect to the (p,,@;) 
plane, and use the integrated cross sections: 


dk 
og ae {L1+ (1—«)?](2 InB+S+ 2+ 4,") 
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dk 
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*R. E, Taylor and R. F. Mozley, Bull. Am. Phys. Soc. Ser. II, 
1, 375 (1956). 
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Fic. 3. Plot of ¥3°(r) 
for Cu, T7=0°. 
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interference part of cross section only, 
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The quantity uW,"(r) is plotted vs 7 in Fig. 3 (for Cu 
at 7 =0°): it becomes zero exponentially for r—> 0 and 
goes as r ' for r—> ©. The polarization is then shown 
in Fig. 4, for 600 Mev, for several values of the angle @. 

The “crystal screening functions” Vj»3° can be partly 


evaluated in terms of the error function, with the 


result: 
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IV. INFLUENCE OF ELECTRON SCATTERING 


1 ¢P 
[1 


with b= 77/6? and D=B?A. 


In amorphous thick targets the angular distribution 
of bremsstrahlung is broadened by multiple elastic 
scattering of electrons, and the polarization is reduced. 
In monocrystals, electron scattering will be strongly 
modified by diffraction effects. The differential cross 
section has a diffraction factor (notation as in I): 


(29 


)3 
> 5(q— 27g), (7) 
A ¢ 


which is derived most easily from the Born-approxima- 
tion matrix element for scattering, containing a factor 
JS V exp(iqr)dr, but is of general validity. Here we in- 
troduced a momentum transfer q= ko—k, g= 2k» sin}x, 
with primary momentum ky and a scattering angle x. 
Momentum transfers are thus restricted to reciprocal- 
lattice points, with spacing 2m/a in a cubic crystal. The 
scattering is mostly forward, with a width of xSxo 

(aoko) Z\/137ko, (ag= Thomas-Fermi radius), or 
9 qo= ay; for Cu, go is almost four times larger than 





POLARIZATION OF 
2x/a~7X10*. The momentum transfer q is mostly 
transverse : 


g=q(i—9g?/4ke)',  qu=¢/2ko. 


If we consider small angles = <(ko,a,), we can ap- 
proximate the planes of reciprocal-lattice points per- 
pendicular to a; by smooth planes. This will not be so 
good as in the bremsstrahlung case, as o,qgdq~q~*dg, 
whereas o4,,qdg~q"'dq, (q¢< 1) asymptotically. However, 
it will suffice for an order of magnitude estimate, as 
well as the use of the Born approximation cross section 


: 8rZ?r ; e 
a(x) sinydy =- -sinxdx, fo : 
(¢’+ ao *)? mc 


(8) 
in the crystal, this is to be multiplied by 


2r < a; 2rh 
—> i(a = ) 
h a a 


instead of (7). Denoting the angle between the koa, 
plane and the kok plane by ¢, we find 


(7') 


gi sin8 cos¢, 


2rh 
cow) | 
ako 
2arh 
x1 + sae (sin | cos) 
ako 
rhy*} 3 
+ (saree ) | ’ 
aky 


as compared to the cross section in amorphous material, 


q:a,/a=q), cos 


and obtain an integrated cross section 


Tv 
a= 16rZ*ro'ao'—— D 1+ 2a (sino 


aky h 


(9) 


ay 16977? 7ro7ao' (1 + 4ay*ko") 1 (9') 


As a function of 6, the cross section given in (9) has a 
principal maximum (h=0) at 6=0, with a width of 
~Oo = (ako) xo, and a height of Jako 
X (2rao/a). For primary energies of 600 Mev, ky=1.2 
10%, this is of order #g~2X 10°, a (O)/ao~3X 10*. The 
first side maxima lie at sind~(2r|h| ay/a)~0.3|h), and 
are of order oh max/oyv~0.3/ 4. For an angle 0’~ao/ko 
(maximum of interference bremsstrahlung), we find 
a/ay™(2may/a)(ko/ao)~8. If we disregard the aniso- 


a(0)/a¢ 


tropy of the elementary scattering in the crystal and 
use Moliére’s theory" 
angular spread of the electrons, we recognize that an 
increase of the scattering cross section by a factor of 


to estimate the root mean square 


a/oy has to accompany a reduction of target thickness 
t by a factor of oo/¢ in order to keep the angular spread 
constant. If we want this spread (see also reference 3) 

 H. A. Bethe, Phys. Rev. 89, 1256 (1953). For an accurate 


treatment of the physical situation, the multiple scattering of 
electrons in a crystal ought to be worked out. 


BREMSSTRAHLUNG 
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Fic. 4. Polarization of the entire bremsstrahlung cone at 
€, = 600 Mev from a Cu crystal at 7 =0", as a function of a 
0= 4 (primary direction, crystal axis) in milliradians 


k €1; 


to be not larger than 6’, we have to use targets of 
thickness less than /’ defined by 


2 Ing <4fag?(k')?, 2=137rhay?(In183Z 4)’ (a/a9). 


Here ¢ is measured in radiation lengths. For Cu, we 
find ¢/<1.6(09/0) radiation lengths. So there is no 
danger that multiple scattering will decollimate our 
incident beam; its qualities need not be very high any 
way, as 0’ is fairly large. If, however, we want to single 
out an emission angle of order 6’ = 1/ko corresponding 
to U=1, much thinner targets are required, with thick 
ness Ul!’ <2 10°*(a0/a) for Cu; but at such an angle, 
a/ay™(2rdy/a)ky~4 XK 10". This result is not very re 
liable, however, as at this small angle, the anisotropy 
of the elementary scattering law must have considerably 
modified the multiple scattering. Altogether, we see 
that electron scattering in the crystal’ is increased in 
the angular range of interest, but that an experiment 
using the entire bremsstrahlung cone is hardly affected. 
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Capture of Negative K Particles by Bound and Free Protons in Emulsion* 
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University of California Radiation Laboratory, Livermore, California 
(Received March 27, 1957) 


Data are presented from the captures of negative K particles by bound and free protons in nuclear emul- 
sion. Only those captures in which a charged » meson and one additional charged particle are emitted are 
included in the study. A model is presented for K~-particle capture on bound protons in which the external 
energies of the emitted Z hyperons and w mesons are modified from the values for captures on free protons 
by the internal proton momenta and the Coulomb and nuclear potentials. The model is used to explain the 
observed Z*- and Z~-hyperon and w~- and w*-meson energy distributions. A Coulomb potential of 10+3 
Mev is estimated from the relative positions of the high-energy ends of the 2+- and 2~-hyperon energy 
distributions. This value suggests that most of these captures were on the heavy elements of the emulsion. 
This potential reduces the ratio of 2~ to Z* hyperons, which escape the nucleus, from the value of 2 measured 
on free protons to the value 0.83+4-0.25 for protons bound in emulsion nuclei. The sum of the binding energies 
of the last proton in the capture nucleus and the excitation energy of the residual nucleus has a distribution 
which is peaked at about 20 Mev. Conservation of energy and charge are applied to the identification of the 
Y hyperons that end without making a visible star. The prong distribution for stars made by 2~-hyperon 
captures in emulsion nuclei can be interpreted as a composite of two distributions: one, a line spectrum of 
zero-prong events, when the A® or Z® hyperon and neutron escape; the other, a spectrum of many-prong 
events, when the A® or 2° hyperon or neutron (or both) are absorbed. The number of 2~ hyperons that were 
captured to give stars of zero or one prong is 0.65+-0.10. Seven 2+ hyperons that decayed into protons at 
rest are used to find a Z*-hyperon mass of 2329.54-1.0 m,. Two examples of K~ captures on free protons in 
the emulsion give Z~ hyperon masses of 2347.44-3.5 m, and 2341.8+1.5 m,. 


INTRODUCTION conservation laws of heavy particles, charge, and 


strangeness may be written as follows: 
K-+p— 2t+ex° 
—+>-+_nt 
~> 2°+-9" 
— A°+7°, 
K-+n—2-+7° 
—> 2°-+4" 


— A°+2~. 


NFORMATION concerning the interaction of nega- 
tive K particles in emulsion nuclei has been obtained 

by a number of groups.'* However, the relative fre- 
quency of captures on protons and neutrons, the pro- 
duction of 2+, 2~, and Y° hyperons and the ratio of 2 
hyperon to A°-hyperon production are still open ques- 
tions, Recently much information on the interactions 
of K~ particles on free protons has been obtained by the 
Berkeley hydrogen bubble chamber group.’ Data from 
captures of K~ particles on free protons in emulsion 
also give additional information. In this paper there is 
presented a method for analyzing K~ captures on pro- 


(1a) 
(1b) 
(1c) 
(1d) 
(le) 
(1f) 
(1g) 


tons bound in nuclei and the method is applied to K 
captures in nuclear emulsion which give stars of two 
prongs, one of which is a x meson. Two cases of capture 
on a free proton in the emulsion are discussed. 

The one-nucleon capture reactions that satisfy the 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1 J. Hornbostel and E. O. Salant, Phys. Rev. 93, 902 (1954); 
Phys. Rev. 98, 218 (1955); Phys. Rev. 98, 1202 (1955); Phys; 
Rev. 99, 338 (1955); and Phys. Rev. 102, 502 (1956). Fry, Schneps. 
Snow, and Swami, Phys. Rev. 100, 939, 950 (1955); and Phys. 
Rev. 100, 1448 (1955). George, Herz, Noon, and Solntseff, Nuovo 
cimento 3, 94 (1956). Herz, May, Noon, O’Brien, and Solntseff, 
Nuovo cimento 3, 1491 (1956). Chupp, Goldhaber, Goldhaber 
and Webb, University of California Radiation Laboratory Report 
UCRL-3044, 1955 (unpublished); and Suppl. Nuovo cimento 4, 
382 (1956). S, Goldhaber, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1956). S. C. Freden and H. K. Ticho, Phys. Rev. 99, 
1057 (1955). D. M. Fournet and M. Widgoff, Phys. Rev. 102, 
929 (1956). 

* Hashkin, Bowen, and Schein, Phys. Rev. 103, 1512 (1956). 

* Alvarez, Bradner, Falk-Vairant, Gow, Rosenfeld, Solmitz, and 
Tripp, University of California Radiation Laboratory Report 
UCRL-3583 (unpublished). 


All two-nucleon captures and captures with three or 
more secondaries have been neglected. 


INTERACTION MODEL 


In this paper, primarily reactions (1a) and (1b) will 
be considered. The capture of a K~ particle on a proton 
which is bound in the nucleus differs from the capture 
on a free proton at rest. The bound proton is moving 
with a kinetic energy in a nuclear potential well and the 
reaction products, the 2 hyperon and the x meson, have 
to escape from the product nucleus which is then left in 
an excited state. 

A simple model is proposed for the capture of a K~ 
particle on a proton bound in the nucleus. The K~ 
particle, with zero laboratory kinetic energy in an 
unbound state, is captured in a nucleus by a proton 
that is moving with a laboratory kinetic energy T,, 
and momentum, P,. The highest orbit energy of a K~ 
particle in the light elements of the emulsion, C, N, 
and O, is less than 1 Mev. For the heavier elements, Ag 
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and Br, the K~ particles are expected to be captured 
from orbits farther out but with about the same energy. 
The momentum and the binding energy of the K~ 
particle have been neglected as being small compared 
to the same quantities for the proton. If the K~-particle 
momentum is significant, P, is then the momentum of 
the (K~,p) system. The final state consists of a free 2 
hyperon, a free » meson and the resultant excited 
nucleus. Conservation of energy between the initial 
and final states is expressed by Eq. (2). 


Mx+M,—Est+Mn=Mzt+M,4+ToxtToet+Mw. (2) 


Mx, M,, Mz, and M, are the masses of the K~ particle, 
proton, 2 hyperon, and meson, respectively. M, is 
the mass of the ground state of the residual nucleus and 
M,, is the mass of the residual excited nucleus in the 
final state. Toy and 7, are the kinetic energies of the 
~ hyperon and mw meson, respectively, outside the 
nucleus in the laboratory system. Ey, is the binding 
energy of the last proton in the capture nucleus. The 
kinetic energy of the residual excited nucleus has been 
neglected. If (M,,—M,,) is defined as the excitation 
energy F.x, then Eq. (2) can be solved for E.x+£x 
to give 

EatEp=O0-—(Toz+ Tor); (3) 
where Q is equal to (Mx+M,)—(Mz+M,). Equa- 
tion (3) is independent of momentum-conservation 
considerations. 

In order to calculate the kinetic energies of the 2 
hyperon and the meson separately, one must make 
additional assumptions. The impulse approximation is 
adopted. It is assumed that the capture proton mo- 
mentum is imparted unaltered to the 2 hyperon and r 
meson and that no momentum is transferred to the 
nucleus in the process. It is also assumed that the 
wavelengths of the w meson and & hyperon are small 
enough that they may be treated as classical particles 
in potential wells. The wavelength, A, of the 2 hyperon 
at 10 Mev is 1.2 10~" cm compared to a nuclear radius 
of 1.3% A'X10~-" cm, where A! ranges from 2.3 for 
C” to 4.8 for Ag’. The laboratory kinetic energies, 
Tz and T7,, of the 2 hyperon and w meson inside the 
nucleus are altered from their values outside by the 
potentials of the nucleus: 


T1.= Tort Veet Vey 


(4 
T1z=ToztV nzF Ve, ) 


where V, is the Coulomb potential and V,z and Vas 
are the nuclear potentials for the 2 hyperon and the 
meson, respectively. Attractive potentials occur with a 
positive sign in Eqs. (4). 

Some qualitative conclusions can be obtained from 
the nonrelativistic calculations for the case that P,=0. 
For reaction (1a), the kinetic energies for the x~ meson 


K PARTICLES 


and 2+ hyperon outside the nucleus are 


° = My My 
Tor-= (Q— Es— Eus)————+ (Vaz— V..)— 
M:+M, Ms+M, 


— (Vas + Ve) ’ 
M:+M, 


(5) 


bA 


Tox*= (Q— Es— Eex)— 
M:+M, 


—(V,z—V,)- 
M:+M, 


M, 
+ (Var +- V.) pies ’ 
M:+M, 


where (Q is taken as 103 Mev‘ and M, and My are the 
masses of the #~ meson and 2+ hyperon, respectively. 
If the effect of the potentials is neglected, the kinetic 
energies of the w meson and the 2+ hyperon are seen 
to be inversely proportional to their masses; i.e., Tos- 
is about 8.5 times as large as 7'oy+. The Coulomb po- 
tential, V., reduces the kinetic energy of the negative 
particle and increases the kinetic energy of the positive 
particle. The m-meson nuclear potential energy is 
multiplied by M,/(M,+Ms) in Eq. (5), while the 2 
hyperon potential energy is multiplied by Mzy/ 
(M,+Ms3) so that a r-meson nuclear potential as large 
as 40 Mev® contributes only 4 Mev to 79, and Tz, 
while 0.9 of the 2-hyperon nuclear potential is con- 
tributed to the meson and hyperon kinetic energies. If 
charge symmetry is assumed so that Vazt=Vaz-, 
Vanet=Vae, and (EgtEx)+=(EntEax)_, the dif- 
ference in kinetic energies of the emitted 2+ and E> 
hyperons is 


Tox* - Toz- (2V.4 1) Mev. (6) 


The Q value for reaction (1b) is taken as 96 Mev‘ and 
the difference in Q values contributes 1 Mev to the 
difference in the kinetic energies of the 2+ and 
hyperons. 

In the actual case the momentum distribution of the 
capture protons in the nucleus affects both the width 
and peak position of the 2-hyperon distribution. The 
width and position are also affected by the 2-hyperon 
angular distribution in the center-of-mass system. A 
nuclear potential, independent of energy, shifts the 
spectrum by a constant energy, while a velocity- 
dependent nuclear potential could, in addition, change 
the width of the energy spectrum. If the above effects 
are identical for the 2+ and 2~ hyperons, as is expected 
from charge symmetry, the result of Eq. (6) for the 
value of V, is still valid. 

It is of interest to see if the energy distributions of 
the reaction products are compatible with the model, 
For this purpose the following assumptions are made: 

‘See Results, Sec. B, for a discussion of the masses of the Z* 


and Z~ hyperons. 
* Frank, Gammel, and Watson, Phys. Rev. 101, 891 (1956). 
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Tasie I, Exposure data for stacks used in this experiment. 


Angle of 
K~ tw 


No. of 
capped 


found 


K-particle 
momentum 


(Mev/c) 


270-380 0 No 99 
285-315 90 No 121 
400-420 &— Yes 198 
250-320 0 Yes 175* 


proton 
eam 
(deg) 


No. of 
emulsions 


Sepa 
rated 


Area 


Stack (in.*) 


B 6X6 112 
P 6X6 250 
J 6%12 250 
K 6X12 100 


* Kp endings were not included, 


(1) The sum of the Z-hyperon and m-meson total 
energies, outside the nucleus, is a constant and is equal 
to (M«+M,—Ey—E«). (2) The proton momentum 
distribution is Gaussian with a peak at a Mev/c. (3) 
The angular distribution of the Z-emission direction 
relative to the proton direction is isotropic in the center- 
of-mass system, (4) The nuclear part of the m potential 
is assumed to be 40 Mey attractive’ and velocity- 
independent, The nuclear part of the 2 potential is 
assumed to be 25 Mev attractive and velocity-inde- 
pendent.® The Coulomb potential of 10 Mev is deter- 
mined from the relative position of the 2* and Z 
distributions. (5) The 2*- and L~-energy distributions 
are assumed to have the same shape inside the nucleus. 

The 2-hyperon energy inside the nucleus is given by 


(p?+ M*)+-Bp cosb 
(1—,*)! 


“Iz 


(7) 
where p here is the momentum of the 2 or m in the 
center-of-mass system, #8 is the center-of-mass velocity 
and is given by 
P 
Pp 


(8) 
Mat = Be Rat Vert Var 


and @ is the angle in the center-of-mass system between 
the 2 hyperon and the proton, The energy distribution 
of the 2 hyperon for a given proton momentum is 


dN dN d0 


dk;z 6 dEry 


If the angular distribution d.\V/dé@ is assumed isotropic, 
then 

dN (1-—£*)! 
. (10) 
dk ry 28p 
This is a flat distribution from Ei, to Emax, where 
(PAM)! Bp 

Erz »in = — 4 

a (1—*)! 


®* The choice of the value of the 2-hyperon nuclear potential 
from the data of this experiment, alone, is not unique. It has been 
pointed out by Richard Capps, in an analysis of K~ captures on 
nuclei (private communication), that an attractive potential from 
0 up to about 30 Mev is probably compatible with the data pre- 
sented here and with the data from all A~ captures on emulsion 
nuclei, 


(11) 


VIOLET, 


AND WHITE 


and 
(P+Mz*)'+fp 
“IZ max > ° 
(1—/)! 
When the proton momentum distribution is folded in, 
the resulting distribution in 2 energy is 


dN Pp max (1 —)! 
-f ——-P,} exp(— P;?/a*)dP >. 
dE rx Pp min 2Bp 





(12) 


(13) 


Po min and Py max are obtained from Bmin and Bmax 
through Eq. (8). Bmin and Bax are obtained from Eqs. 
(11) and (12) as functions of Ex, when Fry max and 
Exz min are respectively set equal to Eryx. 

The resulting distribution, calculated for a equal to 
170 Mev/c and Ex+£.~ equal to 20 Mev, is shown 
superimposed on the energy distributions of the reaction 
products in Figs. 4 and 5. The 2* distribution has been 
modified at the low-energy end to take account of the 
2+-hyperon reflections at the Coulomb barriers’ of the 
capture nuclei. The area under the curve was normal- 
ized to the number of 2+ hyperons. The 2~-hyperon 
curve was obtained by multiplying the ordinate of the 
>~+-hyperon curve by two in order to agree with the 
ratio of 2~ to 2+ hyperons from K~ captures on free 
protons’ (see Table IV) and then by shifting the re- 
sultant curve an amount 2V,4+1=22 Mev. The quan- 
tity (2V.+1) was obtained from the high-energy ends 
of 2*- and 2~-hyperon energy distributions as described 
hereafter in the section on results. The m-meson energy 
distribution curves were obtained by transforming the 
y-hyperon curves with Eq. (3). 


RESULTS 
A. Captures on Bound Protons 


The K~ particles for this experiment have been 
obtained from exposures made at the Berkeley Beva- 
tron. The exposure data may be found in Table I. The 
60-degree separation system, which was designed for 
positive particles, was modified for use with negative 
particles for the J-stack exposure. In this arrangement 
the light-meson to K~-particle ratio was found to be 
about 150 compared with the less favorable ratio of 
about 3000 without separation on stacks B and F. 
Stack K was exposed in the zero-degree separated 
beam where the light track to K~ particle ratio was 
about 1000. However, the light track background was 
primarily due to u~ mesons. These u~ mesons do not 
interact strongly with nuclei and thus did not give the 
heavy particle background that usually accompanies a 
heavy flux of r~ mesons. The last column indicates the 
number of K~ particles found; only a small part of 
each of the stacks has been scanned. 

From about 620 K~ captures at rest, only those 

™E. Fermi, Nuclear Physics (University of Chicago Press, 
Chicago, 1950), revised edition, p. 57. 
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TABLE IT. Summary of hyperon events. 


4 T e ' Residual 
Event Identifi- Z decay or RY» Partner to Toy Ton 9 momentum ty 
number cation capture® (mm) 9¥5 ¢.m.° hyperon (Mev) (Mev) (deg) (Mev/e) (1074 sec) 


8.5 76 160 57 1.4 
18.3 66 158 &S 3.6 
28.0 61 123 217 
43.5 43 160 218 


P(r) 1,712 140 
Pir) 1.730 128 
P(r) 1.700 107 
P(r) 1.685 160 


MMMM 
+S oe 
a | 


cow 


36 37 117 
20 70 128 
15 40 69 
30 18 41 
30 60_9 153 
22 76_13*"* 167 
35 46 160 
39 20 78 


P(f) 2.307 
P(f) 1.560 
P(f) 1.822 
P(f) 0.155 
P(f) 0.271 
P(f) 0.516 
P(f) 1.240 
P(f) 17.20 


onzmuN=x 


nw 


~+++++t + 
=e ee eS ~ 


-o> 


MMMMMMMM 
ARR RARVWIA 


SS) 


w(r) 

m(r) 

n(r) 

w(r) 

wr) 

n(r) 71 
w(r) 32 
n(r) 28 
w(f) 21-24 
r(f) 80-89 


5143 145 
24 143 
70_ 4,787 158 
69 119 
66 140 
59+11 171 
66_,*¢ 143 
87_16*™ 154 

117 

157 


+++ + + 
oo ped ped bee ot AD AD 
IN WWM Re 
Come S 
RRwSwa SS 
SAnSePUd COUN w 
wm 


rR 
-_~o 


RARRwyaaRwrrwara 


MMMMMMMMMM 
e+ + + + 
—=oVirn wn 

>+- 


107 
141 
116 
134 
136 
139 
128 


— i 
= 


3 
2 
3 
3 
3 
2 


AARAIAIAAA 


> 
~ 
y 
— 
yy 
“~ 
> 
~ 
y 
“ 
y 
a“ 


MOAN BSR 


n(f) 


1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 


101 

120 

102 

52 
40 tote) 138 
52 50 212 
57 142 90 
74 132 132 
51_6 155 147 
75 a" 156 72 
65 118 168 
714% 85 248 


> So a 
nm — 
wWwrae OPH —— inet 

SCWwoweoeanvS 


o0 th bt 


VARIRIIrarrrraaay 


ee NR RR 
Svs sp ss vs ssvsbdssd 


78+14 135 
16.5 76+11 197 
17 62+9 162 
23.5 4247 153 


MMMM 
3333 
x 


4345 35.5 227 
23.2 31.5 174 
23.9 544-20 120 
17.0 844-10 213 


1/20-24* 
T16-2* 
7T8-7* 
1/20-16* 


+ + 


MMMM 
ae | 


® The decay mode notations are: P(r)—decay at rest of a Z* hyperon into a proton; P(/)—-decay in flight into a proton; #(r)—deecay at rest into a charged 
=x meson; #(/)—decay in flight into a charged » meson. For Z~ captures, the integer indicates the number of prongs in the capture star. A prong is defined 
as any track longer than 5 microns, 

b R, is the range of the decay secondary. 

* Oy, c.m, is the angle between the 2 hyperon and its #-meson decay product in the rest system of the Y hyperon. The angle is included for use ofthose 
experimenters investigating decay-angle asymmetries, 

d Ty is the Z-hyperon kinetic energy at the K~-capture point 

* Ty, is the w-meson kinetic energy at the K~-capture point. Where no value for the uncertainty is listed, the error is primarily due to range straggle and 
is about 2% of the kinetic energy. 

!@y, is the angle between the # meson and the Z hyperon at the K~-capture point. 

® ty is the proper flight time of the 2 hyperon from production to decay in flight, or from production to stop if it does not decay in flight. The flight time 
is included for use of those experimenters investigating Z-hyperon lifetimes. 

» The charges of the Z hyperon in these events were inferred from the charges of their #-meson partners. 

' The heavy track from event 41 had a sharp bend 26 microns from its end. This point is probably the Z--capture point giving a one-prong star, 

1 Data from Haskin, Bowen, and Schein.’ 

* Data from S, C, Freden and H. K. Ticho (private communication), 
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stars which satisfy the following conditions have been 
selected for analysis. The capture must contain only 
two prongs, one of which is a x meson, as identified by 
its ending or by the change in ionization if the prong is 
not brought to rest in the stack. A track less than 5 
microns in length is not considered a prong. The true 
space angle between the light meson and the heavy 
track was calculated from measurements of the hori- 
zontal angle between the prongs and dip angles on 
both prongs. The range of each track was measured 
and the energy of the particle was obtained from range- 
energy curves* which were adjusted to the density of 
the emulsion. If a track left the stack or interacted in 
flight before coming to rest, its energy was calculated 
from its ionization. 

In Table II are listed the identified 2 hyperons. 
Most of the 2+ hyperons were recognized because they 
decayed, at rest or in flight, into a proton or decayed 
at rest into a e meson. The charges of two 2 hyperons 
that decayed in flight into x mesons, in events 123 and 
839, were inferred from the charge of their #-meson 
partners in the K-capture reactions. One additional 
charged 2 hyperon, in event 81, decayed in flight into a 
charged m meson where the charge of its x-meson part- 
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Fic. 1, The number of events versus their residual momentum. 
The residual momentum is the vector sum of the momenta of the 
Y hyperon and the # meson. The residual momentum may be 
interpreted as the momentum of the residual nucleus. The 2~- 
hyperon plus #*-meson events are shown cross-hatched and the 
~* hyperon plus r~-meson events are shown blank. 


*W. H. Barkas and D. M. Young, University of California 
Radiation Laboratory Report UCRL~2579 Rev. (unpublished) ; 
W. H. Barkas, University of California Radiation Eadeasbery 
Report UCRL-3384 (unpublished); and W. H. Barkas (private 
communication). 
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ner was not identified. As the 2~-hyperon lifetime is 
about twice that of the 2+ hyperon’ and the 2+ hyperon 
decays with about equal probability into either a 
proton or a x* meson, this event has about equal chances 
of being a 2+ or 2~ hyperon and has therefore been 
divided into 42+ and }2~ hyperon event. Six 2~ hy- 
perons were identified by the fact that they were 
captured at rest to give stars of two or more prongs. 
The 2 hyperon in event 839 decayed in flight. Since it 
had a wt-meson partner it was identified as a =~ 
hyperon. One 1-prong and 8} zero-prong 2~-capture 
stars were inferred from the analysis described later. 
Two additional events have been analyzed as captures 
on free protons and will be discussed in the next section. 
The residual momentum listed in the next to the last 
column of Table II is the vector sum of the momentum 
of the x meson and the 2 hyperon (the distribution of 
these momenta is shown in Fig. 1). In the absence of 
nuclear and Coulomb potentials this momentum would 
be the momentum of the capturing proton. The pres- 
ence of potentials alters the observed momentum dis- 
tribution for two reasons. (1) The energies and also the 
momenta are different outside than inside the nucleus. 
(2) A potential as large as the kinetic energy might 
cause a particle to be strongly refracted at the nuclear 
surface. For these reasons the measured momentum is 
not the momentum of the capture proton but may be 
interpreted as the momentum of the residual nucleus. 
The two prong events have been summarized in 
Table LIT. The events which have, as one member, a 
prong with an Hp ending have been included in the 
third row of Table III. An Hp ending is an ending of a 
heavy particle which has a mass that is greater than 
that of the meson and has no observable prongs. 
Included also are the 4 events from the paper of 
Haskin, Bowen and Schein,? hereafter referred to as 
HBS, and 4 events from Freden and Ticho® for which 
these authors gave measurements of 7T,, Tox, and @z¢. 


TaBLe III. Summary of two-prong events. 


No. with 
wrong 
charge of 
meson 


No. of 
events 


21.5 0 


Experiment Type of event 


=~ (identified 
by ending) 
x (identified e 0 
by ending) 
total : 23* 
i. { ~~ - 
"AF 
Haskin, Bowen, y 0 
and Schein® 0 
; __ , 0 
_—s lial 
Freden and Ticho 4 9 0 


. 25.5 0 
Total 1 0 


Authors’ 


* Conservation of charge in the capture reaction indicates that these 23 
events are not Z-hyperon events. 

» See text for identification methods. 

* See reference 2. 

4 See reference 9. 


*S. C. Freden and H, K. Ticho (private communication). 
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Fic. 2. The value of Q— (Toz+-Tor) for each of the two-pronged events of this experiment. Q values of 103 and 96 Mev were used for 
the reactions giving 2+ and Z~ hyperons, respectively. The events are divided into groups according to their identification. An Hp ending 
is an ending of a particle which is heavier than a x meson and which has no visible track at its ending. Event 81 in which the 2 hyperon 
decays in flight into a meson could be a Z* or Z~ hyperon with about equal probability. For events plotted as dots without errors, both 
particles were stopped. In these cases the error is primarily due to range straggle and is about 2% of the r-meson kinetic energy (see Table 


In the last column of Table IT is listed the number of 
events which have w mesons of the wrong sign, as deter- 
mined from the meson ending, to conserve charge in a 
K~ capture on a proton in the nucleus. In 14 out of 29 
cases, in which the charge of the 2 hyperon was identi- 
fied by its ending, the + mesons were followed until 
they came to rest and their charge was identified. In 
no case did a © hyperon have as a partner a w meson of 
the wrong sign. If the 7p events are 2~ hyperons, they 
should have w+ mesons as partners. Twenty-three Hp 
events were eliminated from the group of 51 because 
the m-meson partners ended as m mesons. Six events 
out of the Hp group had identified r* mesons as part- 
ners. The light meson from event 41 came to rest with 
a u—e decay and is presumably a wt meson. The pt 
meson is thought to have resulted from a decay in 
flight of a w+ meson which gave no change in grain 
density or change in direction along the track which 
could be identified as the decay point. The /7p track in 
this event had an apparent large angle scatter at 24 
microns from its end and was interpreted as a capture 
of a X~ hyperon to give a one-prong star. 

The sum of the kinetic energies of the # meson and 
the  hyperon have been subtracted from the Q value 
of 103 Mev for reaction (1a) and 96 Mev for reaction 
(1b), according to Eq. (3), and have been plotted in 
Fig. 2. The events have been divided into the following 
categories: (1) Reaction (1a), identified by the =t- 
hyperon decay. (2) Reaction (1b), identified by the 
2y~-hyperon capture with 2 or more charged prongs. 
(3) Hp events which have been subdivided into events 
with wt-meson partners, m-meson partners and m-- 
meson partners. The Hp events with xt-meson partners 
are identified as 2~-hyperon events from reaction (1b). 


The particles that have /7p endings and r~-meson part- 
ners cannot be 2~ or X+ hyperons. The events whose 
value for E,+£,, is less than zero cannot be Y hyperons 
by conservation of energy. In addition to the 11.5 
identified 2~ hyperons (the two events of HBS and the 
two of Freden and Ticho have been included) and 7 
events with mwt-meson partners, there remain only 5 
possible candidates for 2~ hyperons among the Hp-+-r 
events. 

Each of the 5 candidates has an (Ey,+F,) value in 
the range of 0-40 Mev. However, some of the events 
with w~-meson partners also have (/n+FE,x) values 
from 0-40 Mev and some or all of the five 2~-hyperon 
candidates could be events of that type and not Z 
hyperons. The problem is to determine, if possible, what 
fraction of the 5 events are 2~ hyperons. The fraction 
may be estimated by one of two methods. (1) All 
Hp+x* events are assumed to be 2~+* reactions. 
The fraction of wt mesons in the Hp+ events is 
assumed to be the same as in the rest of the Hp+t 
and Hp+n~ events whose O—(To,+7 oz) values are 
in the same energy range; in this experiment 5/14, 
By this argument 2 of the five p+ events are =~ 
hyperons. (2) The number of r* mesons in the Hp-+-r 
events may be obtained by dividing the number of 
Hp+n* events by the probability of stopping the at 
to identify its charge. The probability may be approxi- 
mated by taking the experimentally observed stopping 
probability for all m mesons from events with Q 
—(7T,+Tz) in the same energy range. For this experi- 
ment the -stopping-probability is 0.6. Since there are 
5 wt mesons stopped in the given energy range, there 
should be 8 total, including the 5 which stopped, so 
that 3 of the 5 events in question should be Z~ hyperons. 
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An average of methods (1) and (2) yields 2 42~ hy- 
perons from the five [/p+-m events. In conclusion the 
total number of Y~ hyperons is 21. This number includes 
two Z hyperons each from HBS* and from Freden 
and Ticho.’ 

A large fraction of the Hp+a~ events, observed in 
this experiment, could arise from 2*+-m~ events where 
the 2* hyperon was captured internally to give a proton 
by the reaction 

rt+n—> A+, (14a) 
or 


+ B+ p. (14b) 


Some of the //p+m events whose visible energy was too 
great to permit them to be 2~+7* events (i.e., Q 

(7,+Tz|<0) could originate from reaction (14a) 
because of the additional energy (76 Mev) available. 
Some of these latter events could also be due to 2 
hyperons which were captured to give one-pronged 
stars. However, since the primary capture reactions for 
>» hyperons yield only neutral particles, 


y+ p— A+n, 
(15) 


>2°-+n, 


it is unlikely that many of the p+ events are due 
to Y captures. ‘This is borne out by the low fraction 
(0.1) of one-pronged stars among the identified 2 -- 
capture stars (Fig. 6). A large fraction of the 2 
hyperons are in negative energy states and are cap- 
tured before they escape the nucleus. The mt-meson 
partners to these 2 
than 76 Mev, Eq. (3), and usually appear in stars with 
only one prong; therefore, they are not included in this 
paper. If there are an appreciable number of A~ cap- 
tures on neutrons through reactions (1f) giving 2°+-a-, 
or (1g) giving A°+-mr , then //p+-mr events could arise 
when the 2° is captured by a proton to give a A° hyperon 
and proton, 


hyperons have energies greater 


L'+p— A+ p, (16) 


or when the A° from reaction (1g) does not escape from 
the nucleus but interacts to give one black prong. 

The number of © hyperon events has been plotted 
versus the quantity O— (To.+-Toz) = Eat+Eex in Fig. 3. 
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Fic. 3. Distribution in Q—(Tox+Tox) values for the events 
with 2 hyperons. The Z~ events are cross-hatched. The 2* events 
are blank. 
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From this figure, it appears that the best value for 
Ex+E.x is about 20 Mev with a spread that extends 
from about 0 to 40 Mev. Since the capture process is a 
statistical one and since the captures occur on different 
nuclei of the emulsion, Ag, Br, O, N, and C, the varia- 
tion in the value of (Ez+£.,) is expected. Seven events 
have values of (E,+-F.x) larger than 40 Mev. Six of 
these have m-meson energies of 40 Mev or less. It is 
likely that these 6 events are cases where the r mesons 
suffered inelastic collisions before escaping from the 
nucleus. 

If the quantity (Ex+ Ex) is the same for both 
y*- and Y~-hyperon production, the kinetic energies of 
the mesons and Y hyperons may be used to obtain 
the difference in the masses of the 2~ and the 2+ hy- 
perons by using Eq. (2). The mass difference is 


M3-—My+=({(T ++ Tor-)- (Tox-+ Tor*), 


where (T9x++-7To,-) and (Toz-+-7To,+) are the average 
values for the 2+- and 2~-hyperon events, respectively. 
HBS? have pointed out that their data may be inter- 
preted as suggesting that the mass of the 2~ hyperon 
is slightly greater than the mass of the 2+ hyperon. 
The data from this experiment (including the events 
of HBS and Freden and Ticho) gives (7oz++T7or-) 

84.54+1.7 Mev, and (Toz-+T7 o,+)=73.842.6 Mev, 
respectively, for the 2+ and Y-hyperon events. The 8 
events for which O—(7To,+7 oz) is outside the range 0 
to 40 Mev have been excluded, as it is expected that 
many of these 8 events are cases where the m meson 
interacted inelastically before leaving the nucleus. The 
5 inferred =~ events in the p+ category and event 
81 have been omitted because their identity is uncer- 
tain. The resulting mass difference is 2146 m,. This 
value is consistent with the more accurate results 
stated in the next section. 

From the data of Tables II and III the value for the 
ratio of the number of 2~ hyperons to the number of 
+ hyperons which are produced and escape from the 
nucleus in the capture of K~ particles on protons in 
emulsion nuclei can be estimated. On the basis of 21 
> hyperons and 25.5 2* hyperons, the 2~/Z* ratio is 
0.83+0.25. This result is different from the value of 2 


TABLE IV. Summary of emulsion data for K 
captures on free protons. 


No. of No. of 
z* Zz Prongs from 
2~ captures 


Source events events 


Chupp, Goldhaber, Goldhaber 
and Webb* 

Fry, Schneps, Snow, Swami, 
and Wold» 0 

Freden and Ticho* 3 

Giles and Heckman4 04.2.3 

Present authors 0,0 


0,0 


* See reference 10, 
» See reference 11. 
¢ See reference 9. 

4 See reference 12. 
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Fic. 4(a). The &*-hyperon energy distribution; (b) the energy 
distribution if its w~-meson partner. The theoretical 2*-hyperon 
curve was obtained from Eq. (13) in the text and is based on the 
capture model. The low-energy end of the 2+ hyperon curve is 
modified to take account of the reflection of the 2* hyperon at the 
Coulomb barrier. The same curve, transformed by Eq. (3), is 
plotted on the r~-meson distribution. 


which was obtained by the hydrogen bubble chamber 
group® for the capture of K~ particles on free protons. 
It should be pointed out that the emulsion data from 
K~-particle captures on free protons give a ratio for 
y~ to X* hyperons of 10/5 in agreement with the bubble 
chamber result. The emulsion data are summarized in 
Table IV." The low ratio of 2~ to 2+ hyperons that 
is observed for captures on bound protons may be 
explained as follows. Since there are twice as many Y 

as 2+ hyperons produced by captures on free protons, 
there are twice as many Y~ as + hyperons made inside 
the nucleus by captures on bound protons. In leaving 
the nucleus, the 2 hyperons are displaced in energy by 
the Coulomb potential, the 2* hyperons are increased 


in energy by V, and the 2~ hyperons decreased by V, 


 Chupp, Goldhaber, Goldhaber, and Webb, University of 


California Radiation Laboratory Report UCRL-3593, 1956 
(unpublished). 

1 Fry, Schneps, Snow, Swami, and Wold, Phys. Rev. 104, 270 
(1956). 


2 Pp, C, Giles and H. H. Heckman (private communication). 
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Fic. 5(4). The 2~-hyperon energy distribution; (b) the energy 
distribution of its w*-meson partner, The ordinate of 5(a) has been 
obtained by multiplying the ordinate of Fig. 4(a) by 2 (in agree 
ment with the ratio of 2~ to Z* hyperons from A~ captures on 
free protons), and the curve has been displaced along the energy 
axis by an amount equal to 22 Mey in agreement with an average 
Coulomb potential of about 10 Mey. The same curve, transformed 
by Eq. (3), is plotted on the wt-meson energy distribution. 


as is indicated by Eq. (4). The > hyperons in negative 
the 
eventually captured. This severely restricts the number 
of X hyperons that are observed. The 2* hyperons 
with external energies between 0 and V, are partly 
reflected by the Coulomb barrier with a high proba 
bility of subsequent capture so that the Y*t-energy 
distribution is cut off on the low-energy end. The high 
energy ends of the 2 - and Xt-hyperon energy dis 


energy states cannot escape nucleus and are 


tributions should not be distorted by the Coulomb 
barrier, but only displaced in energy. Consequently, 
outside the nucleus, the number of Z 
kinetic energies above 0 Mev is equal to twice the 
number of 2* hyperons with energies above (2V,.4+1) 
Mev. See Figs. 4(a) and 5(a). From 21 2” hyperons of 


hyperons with 
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the experimental 2~-hyperon energy distribution and 
10.5 2+ hyperons from the + distribution, (2V.4+1) 
is found to be 2246 Mev and V, to be 1043 Mev. 
This value is about the same as the Coulomb barrier 
for silver (10 Mev). It is of interest that the maximum 
height of the Coulomb potential is not limited to the 
Coulomb barrier energy for particles that are made 
near the center of the nucleus; i.e., the potential of a 
uniformly charged sphere is 1.5 times as great at the 
center as on the surface. The large value of V, sug- 
gests that most of the captures of this experiment are 
taking place on the heavy elements of the emulsion, 
i.e., Ag and Br. 

Because the sum of the kinetic energies of the 2 
hyperon and the # meson is approximately a constant, 
[ Fig. 3 and Eq. (3)] the shape of the distribution in 
m-meson kinetic energy is also given by Eq. (13). The 
lower edge to the Z-hyperon kinetic-energy distribution 
becomes an upper edge to the m-meson energy dis- 
tribution. The experimental data is plotted on Figs. 
4(b) and 5(b) for the w~ and w+ mesons, respectively, 
and the same curve that was fitted to the 2 hyperons 
is superimposed on these histograms. Although the 
uncertainties in the energies of the m mesons are 
greater than the uncertainties in the energies of the 2 
hyperons, as only about 0.6 of the w-meson energies 
were obtained by range and the rest by ionization 
measurements, the difference in the mt- and m~-meson 
spectra is compatible with the value of V, that was 
deduced from the 2-hyperon distributions. 

From the 2~-hyperon capture stars information is 
available on the 2~-hyperon capture mechanism. The 
analysis of the two-pronged K~-capture stars enables 
us to identify the 2~ hyperons that interact with emul- 
sion nuclei to give zero-prong stars so that a complete 
prong distribution can be obtained. The captures of 
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Fic. 6. The prong distribution from 2~-hyperon interactions in 
emulsion nuclei. In addition to all of the 2~ hyperons of this 
experiment from captures of K~ particles on bound protons, 
10 =~ hyperons of Table IV have also been included. 
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TABLE V. Measurements on events 133 and 804. 


Range 
No. Prong (mm) 


13, {z" 74S 24 


Emulsion 
density 


Momentum 
(Mev/c) 


169.3 42.2 


Event Energy 


(Mev) 


79.8 44.7 3.81 +0.04 
13.3 +0.2 179.141.1 
12584010 174.040.7 3.85740,004 








Zz 0.773 40.013 
804 Zz 0.693 +0.010 


this experiment plus 10 2~-hyperon stars from K~- 
captures on free protons (Table IV) have been used to 
obtain the prong distribution shown in Fig. 6. Although 
the data is limited the distribution can be interpreted 
as a composite of a distribution that is similar to the 
m~-meson emulsion capture prong distribution” and a 
superimposed line spectrum of stars with zero prongs. 
The prong distribution may be explained by the capture 
of a =~ hyperon on a proton of the nucleus according to 
one of the reactions of Eq. (15). If the A° or 2° hyperon 
and neutron escape with little excitation of the capture 
nucleus, zero-prong stars usually result. On the other 
hand, if the A° or 2° hyperons are captured by the 
nucleus before escaping, energies up to 250 Mev are 
available to the nucleus for prong emission and, if the 
neutron is captured, about 40 Mev is available. These 
cases result in multiple pronged events. There was one 
case, event 630, in which a hyperfragment was emitted 
from the 2~-hyperon capture point and decayed non- 
mesonically into two heavy prongs. Its identity was 
not established. Because of the presence of short prongs 
that could not have penetrated the Coulomb barriers 
of Ag or Br, it appears that many of the =~ hyperons 
that made stars were captured on the light nuclei of 
the emulsion. 

The =~-hyperon prong distribution is also of practical 
interest as a means of Y~-hyperon identification in 
emulsion experiments. The number of interest is the 
fraction of the total 2~-hyperon interactions that lead 
to stars of 0 and 1 prong. 2~ hyperons with 0 prongs 
are difficult to identify and stars of 1 prong are some- 
times confusable with proton scattering events. This 
fraction is found to be 0.65+-0.10. 


B. Captures on Free Protons 


Measurements made on events 133 and 804, the col- 
linear events, are shown in ‘Table V. The deviation of 
the two tracks from collinearity is estimated to be 
0.2+1.0 deg and 0,040.2 deg, respectively. No recoil, 
electron or blob was seen at the capture point that 
would suggest a capture on a nucleus, The quantity 
O— (Toz+To,) for these two events is 10 Mev less than 
for any of the other 22 cases of two-pronged events with 
identified 2 hyperons where the x meson was stopped 
and accurate energy measurements were made. Further- 
more, in the 38.5 two-pronged events which gave a 2 
hyperon and a # meson, more than half had values of 


4 For a discussion of the work on x~ captures in emulsion nuclei, 
see R. E. Marshak, Meson Physics (McGraw-Hill Book Company, 
Inc., New York, 1952), Chap. 5. 
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6z,>135 deg but there was no event with a value of 
6z,>167 deg. For these reasons events 133 and 804 
appear to be in a class by themselves and are inter- 
preted as examples of captures of K~ particles on free 
protons, 

a. Event 133 


From Table V it may be seen that there is not an 
exact momentum balance between the # meson and 
the 2~ hyperon for event 133. The difference of 10 
Mev/c is about four times the standard deviation of 
the measurement and appears to be real. The 2~- 
hyperon range is longer and the x*-meson range shorter 
than would be expected from a K~ capture at rest 
but the ranges are correct for a K~ particle of an energy 
of 0.1 Mev that was captured by a free proton at rest 
if the Z~ hyperon was emitted in the K~-particle 
direction. The angular resolution was such that a 
transverse momentum unbalance of 3 Mev/c would not 
have been observed. From the range measurements of 
the m meson and the Y hyperon, conservation of energy, 
and the assumption that the K~-particle mass is the 
same as the r+-meson mass, 966.7+0.6 m,," the 2~- 
hyperon mass is found to be 2347.44+3.5 m,. The un- 
certainty in the 2~-hyperon mass is primarily due to 
the range straggle of the meson. In the 14 other cases 
of the capture of a K~ particle on a free proton in 
nuclear emulsion (Table IV), the # mesons could not 
be followed to their end to determine the sign of the 
m@ meson or to get the most accurate measurement of 
their momenta by range; therefore, the possibility 
could not be ruled out that some of those events could 
be cases of K~-particle capture in flight. The constancy 
of the 2-hyperon ranges, on the other hand, leads to 


TABLE VI. Data on + decays at rest into protons. 


Proton range* Dip 

corrected to angle 

3.815 g/cm* 4 
(mm) (deg) 


Emulsion 
density 
(g/cm*) 

3.757 +.0.069 
3,802 +0.054 
3.829 +0.004 
578 1695 3.829+0,004 


800 1.730 3.818 40,004 


802 . 3.818 +0,004 
810 J 3.818 +0.004 
Weighted mean 


Proton 
Event range 
No. (mm) 


Shrinkage o 
factor (deg) 


651 +0.040 6 +0.06 
-706 +0,036 10 +0.02 
-755 40,028 240.02 


43 1.677 2.2 
2.3 

d 2.2 

701 40.027 2.33 40.02 

23 

2.2 

2.3 

2.3 


382 «1,712 
552 1.748 


.73140.028 { 0 4.0.02 


5 +002 

.701 40,030 0 +0.02 

1.686 +0,027 0 +0.02 
1,709 +0,012 


* The density correction was made by multiplying the measured range 
by the ratio of the measured density to 3.815 g/cm’. This method is not 
quite correct (see reference 8) but introduces an error less than 0.1% in 
the weighted mean range. The error in the range is compounded from range 
straggle (1.4%), uncertainty in the emulsion density as shown in column 3, 
measurement errors (0.5%), uncertainty in the range-energy relation 
(0.5%) and uncertainty in the shrinkage factors as shown in column 6. 
The relative error in the range, dR/R caused by an uncertainty in the 
shrinkage factor ds/s is approximately dR/R = (ds/s) sin%s, where 6» is the 
angle between the track and the emulsion surface. 

+ @ is the angle between the emission direction of the Z* at the K-capture 
star and the emission direction of the proton at the Z*-decay point. 


“The Q value for the r* decay is given by R. P. Haddock, 
Nuovo cimento 4, 240 (1956), as being 75.134+0.20 Mev. Heck- 
man, Smith, and Barkas, Nuovo cimento 4, 51 (1956), give 75.08 
+0.20 Mev for the Q value. These values have been used to 
obtain a mass of 966.7+0.6 m, for the r* meson when one assumes 
a mass for the a mw meson of 273.25+-0.12 m, as given by 


Cohen, Crowe, and DuMond, Phys. Rev. 104, 266 (1956). 
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TABLE VIT. Comparison of 2~-hyperon mass values. 


My My 
(me) 


2342.1+42.0! 
2342.545.2 


My-+ 
(me) 


13.9+1.8 


Source 


Chupp* 

Budde et al.» 

Fry et al.° 

Freden and Ticho4 

Barkas et al.° 

Authors’ Event 133 
Event 804 

Weighted mean 


15.9+2.9 


13.64-2.2 


14.2+1.5 


«W. Chupp (private communication based upon two events described in 
reference 10), 

>» Budde, Chretien, Leitner, Samios, Schwartz, and Steinberger, Phys. 
Rev. 103, 1827 (1956), 

¢ See reference 11. 

4 See reference 9, 

* See reference 16, 

These masses were derived from (My My) by using the experi- 
menter's own Z*-hyperon mass values'*.'* except for the first experiment 
listed where the value 2328.2 40.7 m, (see text) was used. 


the conclusion that most of the events were cases 
where the K~ particle was captured at rest. 


b. Event 804 


Event 804 is particularly suited for accurate analysis 
because of the 2-hyperon w-meson line made an angle 
of only 6 deg with the plane of the emulsion. Because 
of this small angle the uncertainties due to the shrinkage 
factor and to the measurement of the vertical com- 
ponent of range contributed less than 1 micron error 
to the total range, and were neglected. The measured 
range of the 2 hyperon and the laws of conservation of 
energy and momentum were used to calculate the mass 
of the 2~ hyperon. The w meson left the stack after 4 
cm of range so that an accurate momentum balance 
could not be determined. On the assumption that the 
K~ particle was captured at rest and that the mass of 
the K~ meson is 966.7+-0.6 m,,"" the mass of the 2 
hyperon in event 804 is found to be 2341.8+1.5 m,. 
The uncertainty in the range of the 2~ hyperon due to 
the range straggle is 1.4%, in range due to the range- 
energy relation is 0.5%,* and in the K~-particle mass 
is 0.6 m,. These uncertainties lead to the value quoted 
in the 2 ~-hyperon mass. All other errors are considered 
negligible compared to these. 

The data on 7 2*-hyperon decays at rest into protons 
are given in ‘Table VI. The weighted mean range is used 
with the range-energy relation of Barkas* to give a 
2t-hyperon mass of 2329.5+-1.0 m,. This may be com- 
pared to the value 2327.4+1.0 m, measured by Fry 
et al.® and the value 2328.0+0.7 m, measured by 
Barkas ef al.'® If a systematic error of 0.5 m, due to 
the uncertainty in the range-energy relation is taken 
into account, we obtain a weighted mean 2*-hyperon 
mass of 2328.2+0.7 m,. 


16 Fry, Schneps, Snow, and Swami, Phys. Rev. 103, 226 (1956). 
“Pp. C, Giles and H. H. Heckman [private communication 
derived from events described by Barkas, Dudziak, Giles, Heck- 
man, Inman, Mason, Nichols, and Smith, University of Cali- 
fornia Radiation Laboratory Report UCRL-3627 (unpublished) ]. 
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In Table VII are tabulated the two 2~-hyperon mass 
measurements in this experiment plus those from other 
experiments. In three of the listed experiments the 
quantity (Mz-— Mz*) was determined from the ranges 
of the 2* and 2 hyperons which were both available 
from K captures on free protons via reactions (1a) and 
(1b). This quantity is less dependent than the absolute 
mass value upon systematic errors, i.e., systematic un- 
certainties in range measurement, emulsion density, 
and the range-energy relation. In particular, it is in- 
dependent of the mass of the K~ meson. For these 
reasons the mass difference is tabulated separately and 
gives a weighted mean value of 14.241.5 m,. If the 
mean 2*-hyperon mass value of 2328.24-0.7 m, is com- 
bined with this mass difference we obtain a value 2342.4 
t1.7 m, for the mass of the 2~ hyperon. This latter 
value is combined with the other four masses listed in 
Table VII to give a weighted mean mass for the 2 
hyperon of 2341.8+1.0 m,. The uncertainties in the 
K-meson mass and in the range-energy relation are 
treated as systematics in obtaining the error of 1.0 m,. 


CONCLUSIONS 


From about 620 captures of K~ particles by bound 


and free protons in nuclear emulsion, 90 events in which 
a charged w meson and only one additional charged 
particle were emitted have been selected for study. 


1. A model is proposed for the capture of a K 
particle on a moving proton that is bound to the nu- 
cleus. The momentum of the proton is imparted un- 
changed to the 2 hyperon and w meson that are pro- 
duced. They move like classical particles in the nucleus 
and escape with energies which are shifted from the 
values for captures on free protons because of the 
nuclear and Coulomb potentials. The 2*- and Y~- 
hyperon and mw - and wt-meson energy distributions are 
explained by the model, The sum of the binding energies 
of the last proton in the capture nucleus and the excita- 
tion energy of the residual nucleus has a distribution 
which is peaked at about 20 Mev. 

2. A Coulomb potential of 10+3 Mev is estimated 
from the relative positions of the high-energy ends of 
the 2*- and Y~-hyperon energy distributions and this 
value suggests that most of the captures were on the 
heavy elements of the emulsion, Ag and Br. 

3. The Coulomb potential, which increases the ex- 
ternal energies of the X+ hyperons and reduces the 
energies of the 2~ hyperons, is responsible for reducing 
the ratio of 2~ to 2+ hyperons from a value of 2 for 
captures on free protons to the observed value of 0.83 
+-0.25 for captures on bound protons. 
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4. Conservation of charge and energy have been 
applied in order to identify the 2~ hyperons that end 
in stars with no prongs. Data from experiments for 
K~-particle captures on free protons were added to 
that of this experiment to obtain the 2~-hyperon cap- 
ture prong distribution. Although the data are limited, 
the 2 -hyperon capture prong distribution can be 
interpreted as a composite of two distributions; (1) a 
line spectrum of zero-prong stars that occurs when the 
A® or Y° hyperon and neutron escape leaving little ex- 
citation energy in the nucleus, and (2) a broad dis- 
tribution due to the capture of either the neutral 
hyperon or the neutron, or both, before escaping from 
the nucleus. It was found that 0.65+0.10 of the 2~- 
hyperon capture interactions lead to stars of zero or 
one prong. In nuclear emulsion experiments this number 
may be used, along with the observed number of 2~- 
hyperon captures that give stars of two or more prongs, 
to determine the total number of 2~ hyperons present. 

5. Seven 2+ hyperons that decayed into protons at 
rest are used to find a 2+-hyperon mass of 2329.5+ 1.0 
m,. A weighted mean of this and other measurements 
gives a &*-hyperon mass of 2328.2+0.7 m,. 

6. Two examples of K~ captures on free protons are 
presented. In event 133, the K~ particle was probably 
captured in flight with an energy of 0.1 Mev to give a 
~~ mass of 2347.4+ 3.5 m,. In event 804 the 2~-hyperon- 
m-meson line made an angle of only 6 deg with the 
plane of the emulsion so that a more accurate 2~ mass 
of 2341.8+1.5 m, could be obtained. A weighted mean 
of these and other measurements gives a 2~-hyperon 
mass of 2341.8+1.0 m,. 
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The experimental data of Gilbert, Violet, and White, concerning the charged 2 particles emitted when 
negative K particles are stopped in photographic emulsions, are interpreted by means of an optical model. 
It is assumed that the primary absorption interaction involves directly only a single nucleon, and that 
the impulse approximation is valid in this interaction. The observed spectra of 2* and Z~ particles emitted 
in two-prong stars indicate that the charge-independent part of the Y-particle nuclear potential in the 


model must be attractive. From a comparison of the emulsion data with the results of stopping A 


particles 


in a hydrogen bubble chamber, limits are placed on the possible size of the cross section in nuclei for the 
absorption of charged Y particles by means of conversion to neutral Z or A particles. 


I. INTRODUCTION 


HE experiment of Alvarez et al., in which negative 

K mesons are stopped in a hydrogen bubble 
chamber, has led to the approximate determination of 
the branching ratio for the various end-product states 
of the K~-p absorption reaction.! The absorption of 
negative K’s also has been observed in photographic 
emulsions.’* The characteristics of the end-product 
reaction states involving 2* and =~ particles are best 
known, since the “‘strange’’ particles in the other states 
are neutral and difficult to identify. 

Analysis and comparison of the photographic- 
emulsion and bubble-chamber experiments leads to 
information concerning the interactions of charged 
> particles in nuclear matter. In this paper the results of 
the emulsion experiment by Gilbert, Violet, and White‘ 
are interpreted in terms of a simple optical model in 
which it is assumed that the charged pions and Y 
particles are produced in nuclear potential wells. These 
particles may be reabsorbed within the nucleus or may 
be emitted; the principal mechanisms for 2 absorption 
are conversion to neutral 2 or A particles by charge- 
exchange interactions with the nucleons. The numbers 
and energies of the emitted charged 2 particles are 
related to the strengths of the charged-2 absorption 
reactions and the nuclear 2 potential. This potential 
is related, in turn, to the Z-nucleon elastic-scattering 
amplitude. 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Present address: Department of Physics, University of 
Washington, Seattle, Washington. 

! Alvarez, Bradner, Falk-Vairant, Gow, Rosenfeld, Solmitz, 
and Tripp, University of California Radiation Laboratory 
Report UCRL-3583 (to be published), and Bull. Am. Phys. 
Soc. Ser. II, 1, 385 (1956). 

2 J. Hornbostel and E. O. Salant, Phys. Rev. 93, 902 (1954); 
Chupp, Goldhaber, Goldhaber, and Webb, University of California 
Radiation Laboratory Report UCRL-3044, 1955 (unpublished) ; 
Gilbert, Violet, and White, Phys. Rev. 107, 228 (1957), preceding 
paper. A comprehensive list of references is given in Gilbert, 
Violet, and White. 

‘Haskin, Bowen, and Schein, Phys. Rev. 103, 1512 (1956). 

* Gilbert, Violet, and White, Phys. Rev. 107, 228 (1957), pre- 
ceding paper. Hereafter this work, and its authors, are referred to 
by the symbol GVW. See also White, Gilbert, and Violet, Bull. 
Am. Phys. Soc. Ser. II, 2, 20 (1957). 


Since such a model of processes occurring within 
complex nuclei cannot be made precise, it is clearly 
impossible to accurately measure the interactions by an 
analysis of the emulsion data. Therefore, the approach 
used in this paper is not to “fit the data” as well as 
possible, but rather to show that some values of the 
y-nucleon interactions are consistent with the experi- 
ments, while others are not. It is shown that significant 
limitations may be placed on the Z-nucleon scattering 
and absorption interactions. 


II. MODEL FOR X-PARTICLE PRODUCTION 


In the experiment by Gilbert, Violet, and White,‘ 
K~ particles are stopped in a photographic emulsion, 
and an analysis is made of all stars containing only 
two prongs, a heavy (2+ or 2) prong and a light 
(x or wt) prong. The events occurring in hydrogen 
are separated from the events occurring in the complex 
nuclei of the emulsion. The energies of the pions and 
» particles of the complex-nuclei events are measured, 
If the sum of the pion and & energy is greater than about 
60 Mey, it is assumed that the A~ is absorbed by a 
single proton of the nucleus by one of the reactions 
K~+p--2*+n", and that the 2 particles and pions 
maintain their identity and lose little energy on their 
path out of the nucleus. In this manner GVW separate 
out and analyze an important group of the K~ absorp- 
tion events. ; 

In order to interpret the data of GVW, several 
assumptions must be made. Since the number of 2 
particles involved in the experiment is small, we cannot 
hope to test the validity of too many of these assump- 
tions by comparison with experiment. Our aim is to be 
able to test only those assumptions involving the 
nuclear interactions of the 2* particles by comparison 
with the results of GVW. Fortunately, most of the 
other assumptions: fall into one of two categories: 
(a) they may be justified fairly well, or (b) they 
influence the calculated results only weakly. 


A. Creation of & Particles within Nuclei 


The basic model to be used is an optical model in 
which the nucleons and other reaction particles maintain 
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their essential particle identities when they are ‘“‘inside”’ 
the nucleus, It is assumed that the K~ particles are 
absorbed by a single nucleon in the nucleus by one of 
the reactions, 


K~ +p +4", 
or 2Yt+n, 
or 2+", 
or A® +7’; 


(1a) 
(1b) 
(1c) 
(1d) 


(le) 
(1f) 
(1g) 


Haskin, Bowen, and Schein have estimated, on the 
basis of the energy spectra of hyperons and nucleons 
emitted in K~ stars, that multiple nucleon absorption 
occurs in fewer than 5% of the K~ endings.’ The 
emitted hyperon or pion may be reabsorbed within the 
nucleus, or course. 

Since the events analyzed by GVW are identified 
with K~ absorption in which the absorbing nucleon is a 
proton, we develop the model to apply to this specific 
case. If the proton and K~ are at rest, the wavelength 
X of the 2 of w particle emitted in the reaction K~+p 
—~Z+-m is given approximately by A=h/P=1.1K10-" 
cm, where P is the magnitude of the 2 or pion momen- 
tum. This length is small compared with the radius of 
the absorbing nuclei (R=5.5X10~ cm for the silver 
and bromine; R=2.9X 10~" cm for the carbon, oxygen, 
and nitrogen). Therefore, we assume that each particle 
produced in the reaction is created completely within 
the nucleus, with an internal kinetic energy that differs 
from the measured external energy of the particle by 
the depth of the potential well in which the particle is 
created. In this simple optical model, the pion and 2 
potentials are taken to be velocity-independent, and 
independent of position within the nucleus. These 
potentials are composed of two parts, an electrostatic 
part, and a nuclear-force part that results from the 
short-range scattering interaction between the pion or 
» particle and the nucleons. Thus, the relation between 
the external energy E, of the particle denoted by a, 
and the internal kinetic energy E,'" is given by the 
equation, 


K~-+n-=~ +7", 
or 2+, 
or A°+n-, 


} a _ z.'* +Cat+ f (2) 


where C, denotes the Coulomb potential of the particle 
a, and V, denotes the corresponding nuclear-force 
potential, assumed to be independent of the charge of 
the particle a. The magnitude of the Coulomb potential 
(attractive for the negative particles and repulsive for 
the positive particles) is taken to be 11 Mev in the 
heavy emulsion nuclei and 3.5 Mev in the light nuclei. 
The pion nuclear-force potential is taken to be attrac- 
tive and 35 Mev deep; this value is taken from the 
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optical-model analysis by Frank, Gammel, and Watson,® 
and represents a rough average of the velocity-depend- 
ent potential of this reference over the pion internal 
energy range 60 to 140 Mev. The magnitude and sign 
of the Z-particle nuclear-force potential are to be 
determined by the analysis. 

The effect of the potential energy of the absorbing 
proton is taken into account by the assumption that 
the energy required to convert a proton to a 2 particle 
is 20 Mev more than if the proton were free. Since the 
binding energy of the proton is approximately 8 Mev, 
this is equivalent to assuming that the excitation of the 
residual nucleus is about 12 Mev, a figure which corre- 
sponds roughly to the average excitation determined 
from experiment.‘ 

In this model, the internal kinetic energy E'™ 
available for the 2 particle and pion in the rest system 
of the nucleus is 


E'*=(M,+Mx—M:z—M,)2+35 Mev 
—Vz—20 Mev (3) 
= 120 Mev—Vx, 


where the symbol M, represents the mass of the particle 
a, and Vz denotes the 2-particle nuclear-force potential. 

A further assumption must be made concerning the 
manner in which the energy is shared between the pion 
and 2 particle. Since the absorption interaction is a 
short-range interaction, we use the impulse approxima- 
tion, and assume that the sum of the internal momenta 
of the 2 and pion is equal to the internal momentum 
of the proton annihilated in the reaction. The internal 
momentum of the particle @ is denoted by xq and is 
related to the internal kinetic energy E,'" by the 
equations 


(&_'")? - (M,*c'+Kq'c*), 
Sq)" = Eq"4+M,c?, 


(4) 


where M, is the actual mass of the particle a. The 
above procedure neglects the fact that the part of the 
K~ wave function which overlaps the nucleus is not 
constant, but this neglect is unimportant for the 
calculated results. The impulse assumption and the 
possible effect of velocity-dependent forces are discussed 
further in Sec. IV. 

If the nuclear-force 2 potential results from two-body 
interactions between the Y and the nucleons in the 
nucleus, it may be shown by the method of Watson® 
that Vz is given approximately in terms of a 2—nucleon 
scattering amplitude fz by the equation 


(Ms+M,)n 


——fa, (5) 
(M:z)? ‘ 


Vzy=—2rh* 


where My and M,, are the masses of the Y and nucleon, 
5 Frank, Gammel, and Watson, Phys. Rev. 101, 891 (1956). 
* Kenneth M. Watson, Phys. Rev. 89, 575 (1953). See also 
reference 5. 
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and is the number of nucleons per unit volume in the 
nucleus. The amplitude fr is the real part of the 
average over spin and isotopic spin states of the 
2-nucleon coherent forward-scattering amplitude, ex- 
pressed in the Y-nucleon center-of-mass system. 
Since the energy dependence of the forces is neglected 
in this work, Vz and fp are to be considered as averages 
over the energy range of the 2 particles involved. 

In order to calculate the distribution in internal 
energy of the created 2 particles, several further 
assumptions are made. These are listed below. 


Nuclei Involved in Capture 


The fraction of the captures occurring in the light 
emulsion nuclei (principally carbon, oxygen, and 
nitrogen) is taken to be 4. The correct value of this 
fraction is unknown; the value } is chosen because it 
approximates the experimental value for the fraction 
of negative muons stopped in emulsion that are captured 
in the light elements.” The calculted results in Sec. HI 
are not very sensitive to the assumed value of this 
parameter, provided it is somewhat less than }. The 
captures of K~ mesons by hydrogen in the emulsion 
may be identified experimentally when charged particles 
are given off. Such events are found to constitute 
fewer than 1% of the cases.‘ 


Proton-Momentum Spectrum 


The internal-momentum distribution of the protons 
in nuclei is known only approximately.’ In this paper 
the distribution is taken to be a Gaussian, ie., f(p) 
= (49 p,*) »* exp(— p?/po*), where f(p)dp represents 
the probability that the magnitude of the proton’s 
momentum p is in the range dp. The constant fo is 
chosen so that po?/2M,=15 Mev. It is assumed that 
the probability for K~ capture is independent of 
proton momentum in this range. 


Angular Distribution in K~-p Center-of-Mass System 


The range of the reactions, Eqs. (1), is of the order 
h/M xc. Since the wavelength corresponding to the rela- 
tive momentum fy.) of the K~—p system is comparatively 
long (for a 30-Mev proton A=h/pri=6h/M xc), it is 
reasonable to assume that the relative orbital angular 
momentum of the K~-p system is zero, which leads 
to an isotropic emission of 2’s in the K~~p center-of- 
mass system. It should be pointed out that this assump- 
tion does not imply that the orbital angular momentum 
of the absorbed K~ with respect to the nucleus as a 
whole is zero. 


™Cosyns, Dilworth, Occhialini, and Schoenberg, Proc. Phys. 
Soc. (London) A62, 801 (1949); W. F. Fry, Nuovo cimento 10, 
490 (1953). 

* A discussion of several determinations of this distribution is 
given by J. M. Wilcox and B. J. Moyer, Phys. Rev. 99, 875 
(1955). 
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Fic. 1, Calculated internal-energy spectra of the 2* particles. 


The vertical] scale is arbitrary. 


If a value of Vz is assumed, one may use the model 
outlined above to calculate the internal-energy spectra 
for the 2+ and > particles created in the emulsion 
nuclei. One calculates the contribution to the spectra 
of a fixed value of the proton internal momentum by 
making use of Eqs. (3) and (4), the impulse assumption, 
the isotropy assumption, and the relation &'®= & | »,'" 
X (1—v*)~!, where &'" is the sum of the internal kinetic 
energy and mass energy of the 2 and pion in the 
laboratory system; & m.'" is the corresponding energy 
in the K~-p (or X-pion) center-of-mass system; and 
is the velocity of the K--p center-of-mass system. 
The calculation is facilitated by the theorem of Powell 
and Barschall,® which, in this case, implies that the 
absorption by protons of a fixed momentum contributes 
a rectangular partial spectrum to the 2* internal-energy 
spectra. One adds these rectangles (by integrating 
over the proton momentum distribution) to obtain the 
spectra of Ey+!". 

The calculated spectra of Ey+'" are independent of 
the size of the absorbing nucleus and the charge of 
the X (the difference in mass between the 2+ and 2 
is neglected). The dependence of the result on the 
assumed value of Vy is slight, for reasonable values 
of Vz. The calculated spectrum is shown for Vz 10 
Mev in Fig. 1. 


B. Behavior of Created & Particles 
within Nuclei 


The relation between the internal-energy spectra 
and external-energy spectra of the 2* particles depends 
on the behavior of these particles within the nucleus. 
The further assumptions made in order to calculate 
the external-energy spectra are listed below. 


Absorption and Inelastic Scattering 
of X Particles and Pions 


The 2* particles may be reabsorbed within the 
nucleus; the dominant mechanisms for this absorption 


* J. L. Powell and H. H. Barschall, Phys. Rev. 96, 713 (1954). 
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are the charge-exchange interactions, 


zt+n 

zt+n 

rp 

y +p 

The mean free path before absorption is assumed to 

be independent of 2 energy. As the average internal 

energy of the nucleons is comparable to the 2 energies 

involved here, the assumption is not unreasonable. 

The magnitude of the absorption path length is not 

assumed ; limitations on this parameter are determined 

from the analysis. The energy dependences of the pion- 

absorption processes, and of the Y-particle and pion 
inelastic scattering processes, are also neglected. 

The mean free path for absorption is denoted by Xa, 

and is related to the total cross section o, for >? 

absorption in nuclear matter by the equation 


A+ p, 
»>"+ p, 
rA®-+-n, 


D+. 


0 aN aN 1 . (7) 


where » is the number of nucleons per unit volume in 
the nucleus. The cross section o, differs from the 
corresponding free-space absorption cross section 
because of the effects of nuclear binding and the Pauli 
principle in the nucleus.” If the dominant absorption 
mechanism is conversion of the Z* to a A°, the energy 
released in the absorption is large compared with the 
nuclear binding forces. In this case a, and the corre- 
sponding free-space cross section should be nearly 
equal. 

In Sec. II-A it is assumed that the residual nucleus 
is excited by about 12 Mev during the absorption of 
the K 
seldom leads to the emission of charged particles. 
Therefore, if a charged 2 particle and charged pion are 
created within the nucleus by the A~-absorption 
interaction and emerge without undergoing inelastic 
scattering, the event generally satisfies the two-prong 
criteria of GVW. However, these criteria do not 
eliminate events in which the created Y particle or 
pion loses some energy by inelastic scattering before 
leaving the nucleus, provided the additional nuclear 
excitation does not lead to the emission of additional 
charged particles. Such inelastic scattering of 2 particles 
results in a shift of the measured Y-energy spectra to 
lower energies. In all but a few of the events accepted 
by the criteria of GVW, the excitation energy of the 
residual nucleus (determined by subtracting the sum 
of the proton-binding energy, the measured Y energy, 
and the measured pion energy from the Q value of 
the primary absorption interaction) is within the 
range 0 to 30 Mev. The average value of this nuclear 
excitation is close to the 12 Mev assumed in the model 


by a proton of the nucleus. Such an excitation 


A calculation of such a correction due to nuclear binding 
forces is given by M. L. Goldberger, Phys. Rev. 74, 1129 (1948). 
See also reference 5, 
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presented here. Hence we assume that the effect of 2 
inelastic scattering on the data of GVW is unimportant, 
and consider these data to represent events in which no 
2 inelastic scattering takes place. 


Reflection at the Nuclear Surface 


Of the 2 particles and pions reaching the nuclear 
surface, some emerge and others are reflected back 
into the nucleus. Since almost all the pions under 
consideration here have external energies greater than 
20 Mev, it is reasonable to assume that all pions incident 
on the nuclear surface are transmitted through it. 
For the 2 particles we define a transmission parameter 
7i(Ex™), where the subscript i is a general index 
which denotes the charge of the 2 particle, the size of 
the nucleus involved, and the depth of the potential 
Vy. The parameter 7;(Zz) denotes the fraction of 
those 2’s of charge i incident on the nuclear surface 
which are transmitted. The simplest choice of 7;(Ez%) 
one might make for the 2* particles is to assume 
r=1 for particles with sufficient energy to go over the 
Coulomb barrier, and r=0 for the other =* particles. 
Since such a model would give an unrealistic picture 
for energies in the neighborhood of the top of the 
barrier, we shall use a more refined model. It should 
be pointed out that the experimental results are not 
known with sufficient precision to test the validity of 
any reasonable assumption concerning surface reflection. 

It is now well established that the nuclear edge is not 
sharp, but is on the order of 2X10~% cm thick." 
Consequently the edge of the 2-particle nuclear-force 
well must be at least this thick. In order to obtain a 
realistic model of the surface transmission we must 
consider this finite width, though we continue to 
neglect it when considering the other aspects of the 
model, Since the internal wavelengths of most of the 
created Y particles are less than the width of the edge 
of the nuclear-force potential, we treat the 2’s as if 
they were created at specific points, and use the 
WKB approximation to study the transmission and 
reflection. The magnitude of the angular momentum in 
the nucleus of such a localizable 2 particle may be 
written /= pb, where p is the magnitude of the momen- 
tum, and b is the “impact parameter,” defined as the 
perpendicular distance from the extended line of flight 
of the Y* in the nucleus to the center of the nucleus. 

We shall estimate the parameter 7,(#%*) by using 
the WKB approximation and assuming a reasonable 
form for the effective potential U(r) felt by a 2 particle 
of internal energy £'" and impact parameter 6 near 
the edge of the nucleus. For U(r) we choose the form 
Vy CR Ez'"0? 


U(r) (8) 


oe -——} 
l+exp[(r—R)a"}] a 


(for r>R), 


“Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956). 
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where the three terms on the right are a nuclear-force 
potential, a Coulomb potential, and a centrifugal 
potential. The nuclear radius R is taken to be 1.2A! 
x 10~" cm, the width parameter a of the nuclear edge 
is taken to be 0.5X10~" cm, and C represents the 
magnitude of the Coulomb potential at the point 
r=R. The form of the Vz term in this expression 
is a standard form for representing a nuclear potential 
or nuclear density with a surface of finite width.” 

In the WKB approximation a particle with sufficient 
energy to get over the top of the barrier behaves like 
a classical particle and is transmitted. If the particle 
must “tunnel through’’ the barrier in order to emerge, 
its transmission probability 7 may be estimated from 
the formula” 


T= exp( - 2f {2M3[ V(r) — Ex ]} ur), (9) 
rl 


where Ey™ is related to Ey'" by Eq. (2), and the 
integration is to be taken over the region in which 
U(r) —Ex*>0. Since the wavelengths of most of the 
>’s are smaller than the width of the ‘‘nuclear edge,” 
the 2’s behave nearly like classical particles; that is, 
the transmission coefficient 7 (as a function of £°* and 
b) is very nearly zero or very nearly one for almost all 
the sigmas. To illustrate this point we consider the 
case C=11 Mev (2+ particles in heavy nuclei), Vz 
=—10 Mev, and /y+*=10 Mev. For this case, if the 
impact parameter 6 is less than 0.6R, the centrifugal 
potential contribution to the barrier is sufficiently 
small that the Y* is able to get over the top of the 
barrier; thus 7~1. On the other hand, if b>0.8R, 
one may compute from Eq. (9) that 77<20%,. There 
exists only a narrow range of impact parameter for 
which the reflectivity is neither very high nor very 
low. Therefore, we make an approximation in which 
all particles with impact parameter less than a certain 
critical value are transmitted, and all others are 
reflected. The critical impact parameter is denoted by 
b;(Ex**), where the index i again refers to the J charge, 
nuclear size, and value of Vy. The value of b;(/y™) 
for a particular case i and external energy Ex is 
chosen so that the transmission 7 computed from 
Eq. (9) is about 50% for b= b;. We make the approxima- 
tion in which all 2’s reflected are absorbed 
(although they may be reflected several times before 
absorption), since the transmission coefficient is nearly 
zero for most sigmas that are reflected, and since the 
absorption processes [Eq. (6) ] are strong processes. 

The model is essentially the same for the Z~ particles, 
for D’s in light nuclei, and for other negative values of 
Vy. In each case one assumes that a Y particle reaching 
the nuclear surface is transmitted if and only if the 
impact parameter of the particle is less than a critical 


once 


c77 


2 R. D. Wood and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
4N, F. Mott and I. N. Sneddon, Wave Mechanics and Its 
A pplications (Clarendon Press, Oxford, 1948), page 23. 
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value that is estimated in the same manner as in the 
above example. 

In this model the transmission parameter 7,(E£y**) 
is equal to the fraction of all D’s of external energy 
Ex and type 7 incident on the nuclear surface that 
correspond to an impact parameter less than the 
critical impact parameter 6,(/y°). To calculate this 
fraction, we assume that the D’s are created with equal 
probability at all points within the nucleus, and are 
emitted with equal probability in all directions. In this 
case, if the Y absorption is not very strong, we have 


7;(Ex*)=1—(1—5?)!. (10) 


The probability of penetration of the nuclear surface, 
as a function of Y energy, and hence the shape of the 
+ and E> external-energy spectra, actually depends on 
the absorption path length A,, because the distribution 
in impact parameters of particles reaching the surface 
depends on Aq. For example, if the path length is short 
(strong absorption), Y* particles created near the center 
of the nucleus have little chance of reaching the surface. 
This effect leads to a modification of Eq. (10). If Aa 
is large, so that a small fraction of the particles are 
absorbed before reaching the surface, the dependence 
of the barrier-penetration factor on Aq is slight. The 
values of \, under consideration here are large enough 
so that there is little error in computing the barrier 
penetration as if Aq were infinite. 

Calculated curves representing 7;(Ey) for heavy 
nuclei are shown in Fig. 2 for two negative values of 
values of Vy. It is seen that the difference between the 
present method of estimating the surface transmission 
and the simple Coulomb cut-off procedure is important 
only for X* particles in the energy range (for heavy 
nuclei) 7 to 20 Mev. 

III. RESULTS OF THE MODEL 
A. Sigma-Energy Spectra 


If the assumptions of Sec. II are made, there are 


two undetermined parameters that may be related to 
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Fic. 2. The surface-transmission parameter 1,, calculated as a 
function of external energy for Z* and Z~ particles in heavy 
emulsion nuclei. Solid curves refer to the case Vy= —25 Mev; 
dashed curves refer to the case Vy= —10 Mey. 
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Fic. 3. Calculated 2* external-energy spectra. The histogram 
represents the experimental results of GVW. 


the experimental data; the real part Vz of the sigma 
nuclear-force potential, and the mean free path Aq 
for absorption of 2* particles in nuclear matter. Since 
the energy dependences of A, and the corresponding 
path length for charged-pion absorption are neglected, 
the theoretical 2+ and =~ energy distributions are 
essentially independent of A, and therefore are well 
suited for a study of Vz. We shall examine first the 2+ 
energy distribution from GVW to see what values of 
Vy are consistent with these data. To test the model, 
we use these values of Vz to calculate the 2~ energy 


spectrum and then compare the results to the 2~ data 
of GVW. By making use of further emulsion data, we 
then discuss the limitations placed by the experiments 


on the mean free path for 2* absorption in nuclear 
matter. 

The external-energy spectra are computed separately 
for the light and heavy nuclei by multiplying the 
internal-energy spectra by the corresponding surface 
transmission parameter, using Eq. (2) to relate the 
internal and external energies. The heavy-nuclei results 
and light-nuclei results are then combined in accordance 
with the assumption that 4 of the K~ captures are in 
light nuclei. A correction is made to account for the 
greater absorption of 2 particles in heavy nuclei, but 
this correction does not alter the results significantly 
since the spectra of the heavy and light nuclei are 
similar. 

The predicted distributions in 2+ external energy 
corresponding to the choices Vy=—10 Mev and 
Vy=—25 Mev are shown in Fig. 3, together with a 
histogram of the two-prong (Z*, w~) events of GVW. 
The curves and histogram are normalized to include 
the same area. That the two predicted energy spectra 
are practically identical may be understood by the 
following argument. The spectra are determined 
primarily from the captures in heavy elements, in 
which case the relation between the internal and external 
kinetic energies is 

Exy™= 


11 Mev+Vz+E£yz". (11) 
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As seen from Fig. 1, the spectrum of the 2+ particles 
created inside the nucleus peaks at an internal energy 
of about 20 Mev. If the 2+ potential Vz+11 Mev 
is nearly zero or negative, this peak is at an energy 
comparable to or less than the top of the Coulomb 
barrier. In this case the energy of the peak of the 
external energy spectrum is determined by the Coulomb 
barrier and is approximately 15 to 20 Mev. The 
comparative rate of decrease of the 2+ spectrum as the 
external energy increases from 20 Mev also is rather 
independent of Vz in the range Vz< —10 Mev, because 
of the gradual slope in the high-energy tail of the 
proton-momentum distribution. If the 2 potential 
were chosen to be still more strongly attractive, 
Vz<—25 Mev, the calculated 2+ spectra would not 
differ markedly from those of Fig. 3 (in fact, the fit to 
the histogram would be improved slightly). However, 
such an assumption leads to the conclusion that a very 
high percentage of the produced 2*’s are not able to 
get out of the nucleus, in contradiction to the experi- 
mental data on the total number of such particles 
observed. This possibility, Vz<—25 Mev, is discussed 
more fully later, in connection with the discussion of 
the path length for absorption of 2* in nuclei. 

On the other hand, if Vz is chosen to represent a 
repulsive force, i.e.. Vz>0, it may be seen from Eq. 
(11) that the peak in the spectrum of internal 2+ 
energies corresponds to an external energy greater than 
30 Mev, considerably above the Coulomb barrier. 
This repulsive-force assumption leads essentially to a 
shift of the curves of Fig. 3 to energies greater by the 
amount Vzy+11 Mev, and thus is not in accord with 
the data. 

A comparison of the shape of the predicted 2~-energy 
spectra with the data of GVW supports the conclusions 
obtained from the 2+ spectra. The calculated results 
for Vy=—10 Mev and Vz=—25 Mev are shown, 
together with a histogram of the experimental results, 
in Fig. 4. As in the case of the 2* spectra, the fit to the 
data is satisfactory for —25 Mev <Vz<—10 Mev, 
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. Calculated 2~ external-energy spectra. The histogram 
represents the experimental] results of GVW. 
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but the predictions of the model are insensitive to the 
choice of Vz in this range. The assumption of a positive 
value of Vz leads to a calculated =~ external-energy 
spectrum shifted to higher energies and in poor agree- 
ment with the data. For such a repulsive potential, 
the peak of the calculated 2~ spectrum occurs near the 
external energy Ez-**= V+ 11 Mev, rather than near 
zero energy. 

The total number of =+—2~ two-prong events seen 
depends on the number of 2+—-x~ pairs produced in 
the nuclei, and on the depletion of this number by 
absorption and inelastic scattering of the 2+ and the 
m~ within the nucleus. The amount of this depletion is 
not known, and hence the calculated curves in Fig. 3 
are normalized so that the area under each curve is 
equal to that in the experimental histogram. Since, as 
far as we know, the strong forces are charge-symmetric, 
and since the number of neutrons and protons in the 
emulsion nuclei are nearly equal, we assume that the 
amount of this depletion is the same for the 2+—2~ 
and the 2~—t events. The normalization of the 
calculated 2~ curves of Fig. 4 is determined from this 
assumption and the assumption that the ratio of 2~ 
to 2+ particles created from K~ absorptions by protons 
in the nucleus is the same as in the corresponding 
capture by free protons, about two.! 

The experimental ratio of 2~ to 2+ particles seen in 
the two-prong data analyzed by GVW is given approxi- 
mately by ®&=21/25}=0.8. This ratio contrasts 
sharply with the corresponding ratio ®, observed when 
K~ are captured in hydrogen, i.e., ®y=2. It has been 
suggested by GVW that the difference in the Coulomb 
potential of the 2~ and + particles produced in nuclei 
is responsible for this effect, the attractive Coulomb 
force inhibiting the 2~ particles from emerging from the 
nucleus. The calculated results shown in Figs. 3 and 4 
verify this hypothesis in a qualitative manner. The 
calculated value of ® is approximately equal to 1.4, 
indicating that the Coulomb interaction does inhibit 
the emergence of the 2~’s significantly more than the 
>*’s. However, it does not appear that this effect is 
large enough to explain the smallness of the experi- 
mentally observed ratio. 


B. Absorption of Charged Sigmas 


If the experimentally observed fraction of K~ endings 
that yield 2+ particles (denoted by F,x,) is compared 
with the predictions of the model present here, informa- 
tion is obtained concerning 4, the path length in nuclei 
for 2+ absorption by conversion to a A° or 2° particle. 
All events yielding 2* particles must be considered, 
of course, not just those satisfying the two-prong 
criteria of GVW. From a compilation of 135 K~ endings 
by Gilbert, Violet, and White, the fraction Fx, is 
about 7%." This fraction is to be compared with the 
predicted fraction of K~ endings in which a 2+ is 


4 Gilbert, Violet, and White (private communication). 


PRODUCTION 


OF © PARTICLES 245 
created inside the nucleus. If this “internal creation 
probability” is denoted by F,,, the ratio P= Fexp/For 
represents the fraction of created =*’s that emerge 
from the nucleus. Under the assumption that the basic 
capture reactions are those given in Eq. (1), the fraction 
Fe, could be calculated if the relative strengths of the 
interactions (la) through (1g) were known. The 
relative strengths of the proton capture reactions are 
known approximately from the hydrogen bubble 
chamber data,! but no direct information concerning 
the relative strengths of the A--p and K~~n absorption 
exists at the present time. It has been pointed out by 
many authors that if the strong K~-absorption interac- 
tion is charge-independent, the strengths of the seven 
interactions, Eqs. (1a) through (1g), may be expressed 
in terms of four real parameters!®: 


R(Z~, wt)~}| Tiz|?+4| Toz|?+ (4)!Re(Tiz*T ox), (12a) 
R(Zt+, w-)~}| Tiz|?+4| Toz|?— (4)'Re(Tiz*T oz), (12b) 
R(2°, 2° )~$| Tox’, (12c) 
R(A°, w )~4| Tul’, (12d) 
R(Z>,  )~}3|Ti2/*, (12e) 
R(2, w)~3 Tir], (12f) 
R(M, x)~|Tia|?. (12g) 


The symbol R(a,8) represents the relative strength of 
the K~-nucleon absorption reaction, in which a and B 
denote the final particles. The complex numbers 7'\z 
and 7»z represent the amplitudes for the production 
of 2—pion pairs in states of total isotopic spin one and 
zero, while 7,4 denotes the corresponding amplitude for 
production of a Apion pair (which must have a total 
isotopic spin of unity). If one interprets the bubble 
chamber data to indicate that the ratio of the four 
proton-absorption interactions (la) through (1d) are 
2:1:1:0.5, then the quantities on the right side of 
Eqs. (12) are determined from Eqs. (12a) through 
(12d) to be |Tiz|*=2a*; |Tox|*=6a?; Re(T1z*7 oz) 
= (})'a?; |Ti|*=2a*. The symbol a? represents a 
positive constant, the magnitude of which is not 
important here. With these amplitudes the relative 
strengths of the seven interactions, Eqs. (1a) through 
(1g), are 2:1:1:0.5:1:1:1. In this case, if 4 of the K 
are assumed to stop in heavy emulsion nuclei, and the 
neutron excess of the heavy nuclei is taken into account, 
the “internal creation probability” in emulsion is 
given approximately by /,,= 12%. 

Unfortunately, the determination of the isotopic 
spin amplitudes from the bubble chamber data is not 
accurate because of the difficulty in identifying the 
events involving neutral pions and hyperons. For 
example, a ratio of relative strengths for reactions (1a) 
through (1d) of 2:1:1.2:0.3 is not inconsistent with 


©The quantities in Eqs. (12a) through (12g) are essentially 
the same as those discussed in Sec. X of reference 1. 
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the bubble-chamber data. However, if this were the 
correct ratio, the quantity |7 z|* would be small 
(|T\y\*=a*), the K~~n interaction would be much 
weaker than the K~~p interaction, and the approximate 
value of F,, would be given by F,,~ 16%. It is hoped 
that measurements in a deuterium bubble chamber will 
soon allow a more precise determination of the relative 
strengths of the K--p and K ~n absorption reactions. 

From the above discussion, it is seen that the fraction 
of created 2*’s that emerge from the emulsion nuclei is 
given approximately by 


BF = Pay /For=0.0040.15., (13) 


In order to relate this fraction to the path length for 
2+ absorption, we divide the absorbed Z* particles into 
two classes, those that are absorbed before reaching 
the edge of the nucleus, and those that are reflected at 
the edge of the nucleus and subsequently absorbed. 
As pointed out in Sec, LI-B, practically all the 2* 
particles that are reflected once should be absorbed, 
though they may be reflected several times before 
absorption. Therefore, the emergence fraction f may be 
written as the product of two fractions, 


F=F\F, (14) 


where /, represents the probability that a produced 
2* reaches the surface, and /; represents the probability 
that a X* reaching the surface is transmitted through it. 
The fraction /; is directly related to the absorption 
path length A,, while /, is essentially independent of 
Aa. The relation between Ff, and A, depends upon the 
manner in which the probability of K~ absorption by a 
nucleon depends on the nucleon’s position in the 
nucleus. If the capture probability is independent of 
the nucleon’s position, and the emission probability is 
independent of direction, the relation between F, and 
\. for a nucleus of a particular size may be obtained 
from the integral, 


1 
ie fe VdQe (Po) , 
4nrV 


(15) is to be carried out over all 
| >? 


(15) 


The integral of Eq 
positions within the nucleus (dV), and al 
directions (dQ). The length D denotes the distance 
along the path of the 2+ from the point of its creation 
to the edge of the nucleus. Evaluation of the integral 
yields the result 


emission 


3 
Fy=—[4a?+e4(4+1)—-1], 
A‘ 


(16) 


where A= 2R/\,, and R is the radius of the nucleus. 
The fraction F, may be calculated from the internal 
energy spectrum and the surface transmission param- 
eters (for heavy and light nuclei) of Sec. LI, if a value 
of Vy is assumed. For the purpose of this calculation, 
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the internal energy spectrum should be corrected to 
account for Z’s inelastically scattered within the 
nucleus, since such »’s are included in the above 
determination of the fractions F,,, and F. This 2 
inelastic scattering tends to shift the internal energy 
spectrum to lower energies, thus decreasing the surface 
penetration fraction F,. This effect is neglected here. 
Therefore, the quantity \, estimated in this section 
actually represents a length intermediate between the 
mean free path for charged-2 absorption and the 
mean free path for either absorption or inelastic scatter- 
ing of charged D’s in nuclei. 

If the nuclear-force 2 potential (assumed to be 
attractive) is not very deep, most created 2* particles 
have sufficient energy to be transmitted through the 
surface. For example, for Vz= —10 Mev the calculated 
value of F, is nearly 0.9 for both the heavy and light 
emulsion nuclei. In this case, if the emergence fraction 
F of Eq. (13) is taken to be 0.6, it is seen from Eq. (14) 
that F,=0.7. If } of the K~ captures are in heavy 
nuclei, Eq. (16) may be used to calculate that the 
absorption path length, in this case, is given approxi- 
mately by A,=10~" cm. If the nuclear radius is taken 
to be R= 1.2K 10~" A! cm, substitution of \g=10~" cm 
into Eq. (7) leads to a value for the absorption cross 
section a, of about 8 millibarns. 

On the other hand, if the nuclear-force 2 potential is 
attractive and deep, many 2 particles do not have 
sufficient energy to be transmitted through the nuclear 
surface. For example, if Vy=—25 Mev, the calculated 
value of F2 is only about 0.55. (The calculated fraction 
is 0.52 for heavy nuclei, and 0.6 for light nuclei; the 
value 0.55 is an appropriate average of the two.) Since 
the emergence fraction F is greater than 0.45 [see Eq. 
(13) |, it is seen that for Vy=—25 Mev, the fraction 
F, is large, F;>0.8. If } of the K~ captures are in 
heavy nuclei, it may be calculated from Eq. (16) that 
the condition /;>0.8 corresponds to a long absorption 
path length, \g22X10-" cm. 

If the nuclear-force Y potential is attractive and 
deeper than 25 Mev, even fewer 2* particles are able 
to penetrate through the surface. If Vz=—35 Mev, 
only about 40% of those 2+ particles reaching the 
surface are transmitted. Since it appears from the 
experimental data that at least 40% of the created 
> particles emerge, one may conclude that the attractive 
potential Vy is no deeper than 35 Mev. 


IV. POSSIBLE MODIFICATIONS OF THE MODEL 


Several assumptions made in Secs. II and III are 
not well founded, yet are reasonably important for the 
calculated results. In this section the effects of modifica- 
tion of some of the assumptions are examined. 

The principal features of the calculated results are 
insensitive to the assumed value of the fraction of 


K~’s captured in the light emulsion nuclei, provided 
this value is somewhat less than }. There is one simple 
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feature of the results which is quite sensitive to this 
capture fraction, however—the number of + particles 
emitted with low energies.'® Because of the difference 
in the Coulomb potentials of the heavy and light 
nuclei, the nuclear surface-transmission parameter 
7;(E:) for 2*’s with energy less than 7 Mev is very 
nearly zero for heavy nuclei, but is of appreciable 
size for light nuclei. Therefore, the number of 2*’s 
seen with energies less than 7 Mev is an approximate 
measure of the light-nuclei capture fraction. If this 
fraction is denoted by g, a calculation based on the 
model of Secs. IT and III indicates that the fraction of 
emitted >*’s that have energy less than 7 Mev is about 
0.10 g. No such low-energy 2*’s have been observed 
by GVW. However, the number expected in their 25 
events is only about one, so that these data are insuffi- 
cient to estimate the magnitude of g. 

The velocity dependence of the nuclear-force pion 
potential and the possible velocity dependence of the 
corresponding 2 potential are neglected in Secs. II and 
III. One may estimate the effect of the velocity 
dependence of the pion potential by making use of 
Fig. 2 of reference 5. As may be seen from this reference, 
the principal effect of the velocity dependence may be 
taken into account (for pions of internal energy less 
than 120 Mev) by attributing to the pion an effective 
mass of about 1.5 times the free-pion mass. Because of 
this heavy effective mass, a pion created inside a 
nucleus tends to take a smaller fraction of the available 
energy than a pion created in a similar reaction in free 
space. At first glance it might appear that inclusion of 
this effect would lead to a significant lowering of the cal- 
culated 2*+-energy spectra, thus improving the fit to the 
data of GVW. In order to be consistent, however, one 
must consider the constant part of the pion potential, 
V,, to be nearly zero if he attributes to the pion such an 
increased mass. This decrease in the magnitude of V, 
decreases the amount of internal kinetic energy 
available to the 2 particle and pion, largely compensat- 
ing for the effect of the increased pion mass. 

By similar reasoning it may be shown that the 
inclusion of a velocity-dependent 2 potential would not 
substantially alter the calculated spectra of Ey, 
provided that the constant potential Vy in the calcula- 
tion of Secs. IT and III is interpreted as representing an 
average of the velocity-dependent potential over the 
range of energies involved (internal 2~particle energies 
in the range 0 to 60 Mev). A numerical estimate 
indicates that inclusion of velocity dependence in the 
pion and & potentials is not likely to shift the tail of 
any external energy spectrum relative to the maximum 
by more than 5 Mev. 

Because the captured K~ mesons are moving slowly, 
we have been unable to give a convincing argument 
that the use of the impulse approximation in this 


‘6 This effect was called to the author’s attention by Dr. R. 
Stephen White. 
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calculation is justified. If it is not, however, one would 
expect the distribution of energy between the pion 
and & particle to be intermediate between the distribu- 
tion computed in Sec. I-A and a statistical distribution, 
in which case the 2-particle energy spectra would be 
displaced toward higher energies and broadened. Such 
spectra would not correspond to the experimental data 
as well as the results of Sec. III-A. It would still be 
true, however, that the correspondence is significantly 
better for Vs< —10 Mev than it is for Vy>0. 

In Sec. III it is assumed, for simplicity, that the 
probability of K~ absorption by a nucleon is independ- 
ent of the position of the nucleon within the nucleus. 
This assumption is not well founded. If the A~ is 
originally captured by the nucleus in a Coulomb orbit 
of small but finite angular momentum (with respect to 
the entire nucleus), the overlap of the A~ wave function 
with the nucleus may be appreciable, in which case 
there is a strong probability that the A~ will be absorbed 
before an electromagnetic transition can take place. 
Such absorption from Coulomb states of finite angular 
momentum occurs preferentially with nucleons near 
the surface of the nucleus. 

If the surface absorption of the A~’s is preferred, 
the calculation in Sec. II-B of the surface-transmission 
parameter 7;(H°*) should be modified. Such a modifica- 
tion would be important only for 2* 
energies near that of the top of the Coulomb barrier, 
however. As pointed out in Sec. III-B, the relation 
between the fraction /, of »’s reaching the nuclear 
surface and the absorption path length A, is modified 
if the K~’s are captured preferentially near the surface. 
If the captures were exactly on the surface, the relation- 
ship between /; and A= 2\,/R would be given by 


particles with 


F,=}+ (1-—¢-4)/2A. (17) 
The correct relation should be intermediate between 
Eq. (16) and Eq. (17). Equation (17) represents an 
outside limit, which cannot correspond to reality, not 
only because some K~’s must penetrate the surface 
appreciably, but also because the range of the 2-nucleon 
scattering potential is probably greater than that 
of the prinary absorption interaction, 


V. CONCLUSIONS 


A repulsive 2-nucleus scattering potential for low- 


energy 2 particles interpreted in terms of a simple 
optical model, is inconsistent with the experimental 
results of GVW, concerning the energy spectra of the 
y* particles emitted in two-prong stars initiated by 
stopped K~ particles in photographic emulsions. The 
energy spectra are insensitive to the magnitude of the 
scattering interaction, however, provided the interac- 
tion is attractive, so that the magnitude cannot be 
estimated from such an emulsion experiment alone. 

If the results of other emulsion experiments and 


the hydrogen bubble chamber experiment on stopped 
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K~ particles are considered in conjunction with the 
results of GVW, the depth of the effective nucleus-Z 
scattering potential and the size of the cross section in 
nuclei for Z* absorption (by conversion to a A° or 2°) 
are related by the model presented here. If the effective 
nuclear potential well for low-energy sigmas is attractive 
and shallow (Vz~—10 Mev), the 2* absorption cross 
section in nuclei must be reasonably strong, 74~ 10 
millibarns. On the other hand, if the well is attractive 
and deep (Vz<—25 Mev), the absorption must be 
weak (04% 5 millibarns). It is believed that an attractive 
XY potential deeper than 35 Mev would inhibit the 
emission of 2* sufficiently to be in contradiction with 
the experimental results, even if the absorption cross 
section 7, were quite small. 


PHYSICAL REVIEW VOLUME 


H. CAPPS 


These rough estimates concerning the charged-2 
absorption could be made with much improved accuracy 
if more were known about the relative strengths of 
K~ absorption by neutrons and protons. It is hoped 
that more information concerning the K~-n absorption 
will be obtained soon by experiments in deuterium 
bubble chambers. Eventually, of course, direct measure- 
ments of 2-particle absorption and scattering by nuclei 
and nucleons will be made. 
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A strong-focusing momentum channel has been arranged to form a beam from antiprotons produced 
by 6.0-Bevy protons striking an internal target of the Bevatron. The channel consists of five 4-inch-diameter 
magnetic quadrupole lenses and two deflecting magnets adjusted to give a +5% momentum interval. 
The antiprotons were selected from a large background of mesons by a scintillation counter telescope with 
a time-of-flight coincidence circuit having a resolution of +2 10~ second. This system allowed detection 
of approximately 400 antiprotons per hour. With a liquid hydrogen attenuator, the total antiproton-proton 
cross section at four different energies, 190, 300, 500, and 700 Mev, has been observed to be 135, 104, 97, 
and 94 mb, respectively. Also, the total cross sections for antiprotons incident on Be and C have been 
measured at two energies. The inelastic cross sections for carbon have been measured by observing the 
pulse heights produced by the interactions in a target of liquid scintillator. To measure the inelastic cross 
section for a high-Z element, lead wafers were immersed in the liquid scintillator, and to select inelastic 


events the pulse heights were measured. 


I, INTRODUCTION 


REVIOUS experiments have shown that the 

antiproton interacts strongly with matter.‘ At 
500 Mev for lead glass, copper, and beryllium, and at 
lower energies for photographic emulsions, the absorp- 
tion cross section is significantly greater than geometric. 
The purpose of the experiment reported here was to 
extend to other elements the measurements on the 
interaction of antiprotons and, in particular, to measure 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission, 

+ On leave from Brookhaven National Laboratory, Upton, 
New York. 
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Wenzel, Phys. Rev. 101, 498 (1956), and 102, 1622-1626 (1956). 

2 Chamberlain, Keller, Segre, Steiner, Wiegand, and Ypsilantis, 
Phys. Rev. 102, 1637 (19560). 

*Chamberlain, Chupp, Ekspong, Goldhaber, Goldhaber, 
Lofgren, Segré, Wiegand, Amaldi, Baroni, Castagnoli, Franzinetti, 
and Manfredini, Phys. Rev. 102, 921 (1956). 

‘Barkas, Birge, Chupp, Ekspong, Goldhaber, Goldhaber, 
Heckman,*Perkins, Sandweiss, Segrt, Smith, Stork, Van Rossum, 
Amaldi, Baroni, Castagnoli, Franzinetti, and Manfredini, Phys. 
Rev. 105, 1037 (1957). 


as a function of energy the total proton-antiproton 
cross section, which is of central importance to the 
understanding of the nucleon-antinucleon interaction. 

In order to fit the experimental program into a 
feasible time schedule, considerable effort was spent 
in the development of a usable antiproton beam of 
high intensity. The use of this beam in the production 
and identification of antineutrons has been described 
in an earlier report.® 

The magnetic channel and the basic electronics are 
described in Secs. II and III, respectively, while opera- 
tion of the antiproton identification scheme is included 
in Sec. IV. The attenuation experiment in hydrogen is 
described in Sec. V ; and the measurements on beryllium, 
carbon, and lead in Sec. VI. 


II. MAGNETIC BEAM CHANNEL 


Antiprotons were produced in a 6-inch-long beryllium 
target in the internal beam of the Bevatron (Fig. 1). 


‘Cork, Lambertson, Piccioni, and Wenzel, Phys. Rev. 104, 
1193 (1956). 
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Fic. 1. Antiproton selecting system. Q, through Q, are three-element quadrupole lenses and A, and Aq are beam-deflecting magnets, 
A through F are plastic scintillation counters. 


From this point at 5° from the end of the quadrant, 
negative particles produced in the forward direction 
were deflected by the magnetic field toward a thin 
(;’s-inch) section of the vacuum-tank wall. 

The external beam channel (Fig. 1) was designed 
to carry a beam of considerable momentum width over 
the required time-of-flight path. Five quadrupole 
lenses of nominally 4-inch aperture were employed; 
each lens was composed of two quadrupoles 8 inches 
long and one 16 inches long. The first lens, Q;, was 
placed as close as feasible (130 inches) to the internal 
target so as to obtain the maximum solid angle of 
acceptance. To attain sufficient focusing power from 
available units and to allow some choice in magnifica- 
tion, the three quadrupoles in Q, were arranged to 
function as a two-element lens. The two 8-inch units 


were adjacent with their fields aiding and in a direction 
opposite to that in the 16-inch quadrupole that followed ; 
a 7.25-inch interval between these quadrupoles was 
the minimum allowed by the water and electrical 
connections. Q; formed an image of the beryllium 
target at the entrance to Q, and effected a transition 
into the repeating pattern of lenses that followed. 
Each of the four lenses after Q; was adjusted to focus 
particles emerging from the lens preceeding it into the 
aperture of the succeeding lens. For particles at the 
center of the momentum interval accepted, lenses (, 
and (, were located at the target image points, and in 
this sense bear some analogy to field lenses in an optical 
system. Such an array of lenses uniformly spaced at 
twice the focal length presents a good aperture to 
particles from an extended source and over a broad 
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momentum range; it is a feature of this system that the 
aperture remains large when the channel is lengthened 
by the addition of lenses. The broad admittance of this 
beam channel not only permitted a large flux of particles, 
but also reduced beam loss from scattering in the 
vacuum-tank wall and in the scintillators. Our lenses 
Q, through Q, were each symmetric arrangements of 
quadrupoles with the 16-inch unit in the center 
separated from the 8-inch units by 10.5-inch intervals. 
The series of magnetic lenses carried negative particles 
a distance of about 100 feet from the target. At 1.4 
Bev/c momentum, the lenses after Q; operated with 
gradients of about 3600 gauss/inch; Q; had about 2800 
gauss/inch, and the lenses were spaced with 251 inches 
between centers. 

The dispersion of the magnetic field in the Bevatron 
produced a horizontal extension of the target image at 
QO». The magnification of Q, and deflection in the first 
analyzer magnet, Aj, increased this effect and allowed 
adjustment of the momentum interval entering the 
aperture of Q». The analyzer magnets also served to 
reject positive particles that scattered into or were 
produced along the beam path. 

Principal considerations affecting a choice of momen- 
tum interval were the maximum permissible counting 
rate in the first scintillator (A in Fig. 1), and the 
spread in time of flight of antiprotons over the 65-foot 
timing path used to distinguish antiprotons from 
lighter particles. A momentum interval of +5% was 
chosen at each momentum used. 

To change the average momentum of the particles 
carried by the channel, it was necessary to swing the 
entire set of magnets about to a new direction. The 
highest value of momentum reached in this experiment 
was determined by the requirement that the antiprotons 
have a velocity detectably different from that of « 
mesons. Toward lower momenta, the flux of antiprotons 
became small. Limiting values of momenta used were 
0.75 Bev/c and 1.42 Bev/c. 

The magnetic system transmitted a beam of about 
5X10* particles per 10” primary protons. At 18 feet 
beyond the final quadrupole, the beam was _haif- 
maximum intensity on a circle of about 3 inches 
diameter, 


III. ELECTRONICS 


Figure 2 shows a block diagram of the basic elec- 
tronics. Antiprotons were selected by the coincidence 
of pulses from six scintillation counters spaced as shown 
in Fig. 1. These were combined in two fast triple- 
coincidence circuits, Cy and C2, each with a resolution 
of the order of 2X10~* second (Fig. 2), followed by 
another coincidence circuit of resolution 210-5 
second, which included as well the pulse from the final 
counter, L. The coincidence output from each of these 
circuits was fed to a fast discriminator and pulse 
shaper followed by another set of coincidence circuits 
of 10-7 sec resolving time. The output of each of these 
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was shaped and fed to the scalers. Simultaneously, 
an oscilloscope was triggered, and pulses from Counters 
A, F, and L were displayed to furnish a check on the 
accidental rate and to indicate in another way the 
transmission of the hydrogen target for antiprotons. 
The vertical position of the oscilloscope trace was 
displaced a few millimeters after each trace. In this way 
a number of antiprotons could be recorded during each 
Bevatron pulse. The oscilloscope face was photographed 
on 35-mm film moving at a steady rate of 0.8 in./min. 

Each of the plastic scintillators, A through F, was 
0.25 in. thick and about 4 by 4 inches in area to cover 
the aperture of the magnetic system. These were 
viewed through Lucite light pipes by RCA-6810 
fourteen-stage photomultipliers which fed directly into 
the fast-coincidence circuits. 

In addition, three monitors were provided. A scintilla- 
tion telescope M,, looking directly at the internal 
target, monitored the beam spill-out. A coincidence 
circuit M», connected to alternate outputs of Counters 
C and E and timed to count 7 mesons, monitored the 
channel flux; and the signal from a beam induction 
electrode in the Bevatron was integrated to provide a 
record of the total circulating beam. 

The structure of the Bevatron circulating beam 
during acceleration has pronounced rf modulation. To 
reduce the peak counting rate encountered by our 
time-of-flight scintillators, the following beam spill-out 
technique was employed. The circulating proton beam 
was steered into a thin aluminum foil (0.0003 inch) at 
the outer radius. The energy loss sustained in repeated 
passage through this foil caused the protons to 
become phase-unstable and to spiral inward in the 
increasing magnetic field of the Bevatron. In the several 
milliseconds required to spiral into the beryllium target 
all phase coherence was lost, and a beam spill-out of 
uniform intensity was obtained. By control of the rate 
at which the initial beam was driven into the foil, 


TO 
SCALERS 


Pee eeee 
a ae 
— 


Oo ie 0” 


"0.00 








OSCILLOSCOPE 
TRIGGER 


joo 


>TO OSCILLOSCOPE 
A DEFLECTION 


—+) PLATES 


Fic. 2. Block diagram of basic electronics. A through L are 
scintillation counters; C; through Cs are coincidence circuits; 
D,; through D, are discriminators. M; and M, are monitors of 
the internal target and the magnetic channel flux, respectively. 
Amplifiers are not shown. 
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the length of the spill-out could be adjusted. In this 
experiment, a 100-millisecond spill was used, corre- 
sponding to an energy range of the internal beam of 
from 5.8 to 6.2 Bev. 


IV. IDENTIFICATION OF ANTIPROTONS 


The intervals AC, CE, BD, and DF between counters 
were each long enough to reject single mesons by a 
large factor (~10*) when the counters were timed for 
antiprotons (8~0.625 to 0.83). Similarly, twofold 
accidentals were rejected because, for example, two 
mesons that simulated an antiproton in the interval 
AC could not simultaneously do so in the interval CE, 
The use of two such coincidence circuits serves a double 
purpose. First, the probability that an accidental 
coincidence occurs in two slightly detuned independent 
circuits is the product of the probabilities for each. 
Thus the rejection of mesons is improved. In addition, 
some rejection against threefold accidentals can be 
obtained by staggering the intervals so that we have 
AC>CE while BD<DF. Separation of the antiprotons 
was, of course, most difficult at the highest velocity 
employed (8=0.83). The lengths of the cables connect- 
ing each counter with the coincidence circuit determined 
the velocity to which the electronic system was sensi- 
tive, and therefore defined the mass of particles selected. 
Figure 3 shows the number of coincidences obtained at 
1.4 Bev/c as the relative counter delays were adjusted 
to detect particles of different masses. ‘The positions of 
ma mesons, K~ mesons, and antiprotons on this scale 
are indicated. Separation of the antiprotons is shown 
to be very complete. In fact, there is evidence to indicate 
that for a cable delay of about two feet from the 
meson peak, the delay curve is widened by the presence 
of K~-meson contamination of the beam. An accidental 
coincidence appeared on the oscilloscope trace as a 
double pulse in the A counter; this type of event 
accounted for no more than a few percent of all traces, 
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Fic. 3. Delay curve of time-of-flight selector at 1.4 Bev/c. 
Calculated delays for m~ mesons, A~ mesons, and antiprotons 
are shown on the horizontal axis. Coincidence C,C, is made 
between the outputs of the two threefold coincidence circuits. 
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TABLE I. Observed yields of antiprotons and ~ mesons in a 


momentum interval of +5°%. 


P/proton 
Predicted 
yield* 
(relative 
to yield 
at 0.75 


p/«- x” /proton 


Average Angle of 

momen- emer- 
tum gence angle 

(+3%) at target (107% 

(Bev/c) (degrees) sterad) (460%) 


0.75 8.5 2x 107° 
0.90 3.0 4x10~° 
12x 10-6 


1.15 2.5 
1.41 6.2 19x 10° 


Solid 


Observed 
(430%) 


1.5xX10°" 
4.6010" 
20K 10°" 
58x 10°" 


(460%) 


0.8 10° 
1.2X10~¢ 
2x«10°% 

2.5K 10~ 


0.61 
0.57 
0.54 
0.52 


* See reference 7. 


As an additional reality check at 1.15 Bev/c, a Cerenkov 
counter containing Fluorochemical 0-75® (index of 
refraction=1.27) was temporarily placed behind F 
and put in anticoincidence in Cs (lig. 2). This gave 
very high rejection of w mesons with relatively low 
rejection of the antiprotons. 

The yields of antiprotons and of r mesons are given 
in ‘Table I. ‘The numbers are those actually observed 
with no correction for inefficiency, attenuation, and 
scattering in our detecting system. A distortion of the 
production spectrum also results from the thickness of 
our beryllium target. ‘Thus, it is possible to say only that 
there is fair agreement with the relative numbers for 
antiproton production as obtained from phase-space 
calculations’ listed in the last column of ‘Table I. 


V. HYDROGEN TARGET AND ATTENUATION 
EXPERIMENT 


The absorber thickness chosen for an attenuation 
experiment depends on a number of factors, but when 
the limitation on accuracy is expected to be set largely 
by counting statistics, a thickness on the order of one 
mean free path is desirable. Previous measurements of 
the interaction of antiprotons in matter had indicated 
that the total cross section is quite large,’~* and would 
probably be large in pure hydrogen. However, the 
thickness of hydrogen needed to assure efficient use of 
the antiprotons was still rather great. Accordingly, a 
liquid hydrogen target 62 inches long (11.3 grams) was 
constructed for this experiment (Fig. 4). Since the 
diameter of the beam was defined by the quadrupole 
focusing magnets and the 4-by-4-inch counters, a 
target of 8-inch diameter was sufficient. The target 
has a volume of 50 liters and the reservoir approxi 
mately 2 liters. This volume is sufficiently great so 
that safety precautions as well as good insulation were 
important considerations. The liquid hydrogen cylinder 
was supported in a vacuum (less than 10° mm Hg) 
by radial cables, and surrounded by heat shields 
inside a liquid nitrogen jacket. The liquid nitrogen was 
insulated by Styrofoam and Santocel. 

® Minnesota Mining and Manufacturing Company 

7 Chamberlain, Chupp, Goldhaber, Segré, Wiegand, Amaldi, 
Baroni, Castagnoli, Franzinetti, and Manfredini, Nuovo cimento 


3, 447 (1956). 
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Fic. 4. Diagram of liquid hydrogen target construction. 


The target was made of 310 stainless steel, heliarc- 
welded, (See UCRL Engineering Note 7307-01-M16.) 
The target can be disassembled by grinding the 
cylindrical welds. Each of the end windows is of spun 
stainless steel 0,020 inch thick. The four steel windows 
through which the beam passed totaled about 2 
g/cm*, The hydrogen container was tested at a hydro- 
static pressure of 130 lb per in.? During operation the 
target was vented to the roof of the building. The 
target used approximately 1.5 liters of liquid hydrogen 
per hour provided the reservoir was only partially 
filled. The hydrogen could be put in or removed in 


about 15 minutes. At each energy several runs with 
and without hydrogen were made. 

The geometry for L (Fig. 5) was chosen so that the 
half-angle subtended by L at the target was as small as 
possible consistent with negligibility of uncertainty 
due to multiple Coulomb scattering and the natural 
spread of the beam from the selecting system. In this 
way the uncertainties due to forward scattering and 
annihilation secondaries were minimized. 

Figure 6 shows the experimental results obtained at 
each energy. Values for the transmission of the hydrogen 
target, as obtained from the scalers and from the 
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oscilloscope, are in good agreement. Cross sections 
in the figure are those obtained from the oscilloscope, 
which was less sensitive than the scaler readings to 
fluctuations in the pulse height from L. Uncertainties 
indicated are statistical only. 

Determination of the total cross section for the 
interaction of antiprotons with protons requires a 
correction for the finite solid angle subtended by 
Counter L at the target. The value of this correction 
may be estimated from the formula relating the 
imaginary part of the forward scattering amplitude, /o, 
to the total cross section or.® 


o> or/ (4h), 


where X is the wavelength of the incident antiproton. 
The magnitude of the correction for forward scattering 
is given by 

Ao= (da /dQ) :AQ= (1+ Ro?) AM, 
where AQ is the average solid angle subtended by L 
at the hydrogen target, and Rp is the real part of the 
forward scattering amplitude. Hence 


Ac= (a7/4rk)?AQ (1 ) 


LIQUID Hy TARGET 
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INCIDENT | 
ANTIPROTONS Pim le el ame 9h, 13" DIA. 
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Fic. 5. Layout of attenuation experiment with hydrogen target. 


gives a lower limit to the correction to the cross section. 
If the j-p interaction is largely inelastic—a plausible 
assumption in view of previous results obtained with 
heavy matter'*—then Rp» is small compared with Jo, 
and the value for Ao given by (1) represents with 
sufficient accuracy the required correction. ‘This 
correction, which amounts to about 2 mb at each energy, 
has been added to obtain the corrected cross sections 
given in Fig. 6. 

Charged annihilation secondaries passing through L 
would reduce the apparent cross section. From the 
geometry used in each case, this effect has been cal- 
culated on the assumption that each interaction 
produces, on the average, m fast charged secondaries 
emitted isotropically in the center-of-mass system. 
Emulsion experiments indicate that n ~3.5.4.From this 
value it is estimated that at each energy the measured 
cross sections are about 1% to 2% low. This estimate is 
not very sensitive to the assumed energy distribution of 
the secondaries in the center-of-mass system. 


®*H. A. Bethe and F. de Hoffman, Mesons and Fields (Row, 
Peterson and Company, New York, 1950), Vol. II, p. 76. 
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Fic. 6. Total antiproton-proton cross-section results. Un 
certainties given are statistical only. Cross sections for p-p and 
p-n interactions are shown for comparison. 


Contamination of the beam of antiprotons may 
involve accidental coincidences of more than one 
meson, Continual checks on the oscilloscope traces 
indicated that this is certainly less than 5% and 
probably no more than 2%. By the use of the informa- 
tion on the oscilloscope, accidental coincidences could, 
of course, be rejected. At 1.4 Bev/e the accidentals 
could not be separated with certainty, and on the 
basis of the delay curve (Fig. 3) we assumed an upper 
limit of about 3% for the contamination. No correction 
for this effect or for the effect of annihilation secondaries 
has been made to the values in Fig. 6. 


VI. ANTIPROTON CROSS SECTIONS IN BERYLLIUM, 
CARBON, AND LEAD 


A. Beryllium 


The same method as was used in the hydrogen 
cross-section measurements was used to measure the 
total cross sections of antiprotons in beryllium for 
bombarding momenta of 1.4 and 1.15 Bev/c. Results 
are shown in Table II. The half-angles used were again 
large enough to include the multiple Coulomb scatter- 
ing. In this case, however, the correction for forward 
nuclear scattering is much larger. ‘The correction has 
been made with the assumption that the forward 
scattering is a diffraction effect resulting from absorp- 
tion over a uniform partially transparent disk of radius 
3X10~" cm, but the amount of this correction is found 
be insensitive to the disk radius assumed. Uncorrected 
and corrected values for the cross section are given. 


TABLE IT. Cross sections for antiprotons on beryllium. 


Target T3 iT} Total cross section 
thickness Dota Fun 
(g/cm?) (Mev) (degrees) (mb) (mb) 


27.9 5002.57 4s—i(i«éB RO 
24.4 700 «3.65 367—ss«4 1S 4-65) 
24.4 700 190 416  435475/4v425+50 
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Fic. 7. Liquid scintillator target assembly. The dashed outlines 
indicate the location, when in place, of wafer inserts of target 
material, 


The uncertainty expressed is statistical only. The 
energies given in the table correspond to the antiproton 
kinetic energies at the center of the Be target and are 
uncertain by +5%. 


B. Carbon 


In order to measure the cross section for antiprotons 
on carbon a somewhat different method was tried. This 
centered around the use of the “live” target, X, 
consisting of a 5-gallon liquid scintillator located 
behind Counter F (see Fig. 7). Each time an antiproton 
was selected by the time-of-flight system, the pulse 
produced by this large scintillator was photographed. 
By pulse-height analysis, antiprotons that interacted 
inelastically could be separated from those that either 
scattered elastically or passed through without inter- 
action.® Simultaneously the 13-inch final counter L 
was located beyond the target in order to detect trans- 
mitted antiprotons. The spectrum of pulse heights in 
X for 330 incident antiprotons of momentum 1.4 
Bev/c with L in “good” geometry (0,= 2.65°) is shown 
in Fig. 8. Pulses are separated into two groups according 
to whether or not a coincident pulse occurred in L. 
The sharply peaked upper spectrum of Fig. 8 indicates 
that L detects principally noninteracting and forward- 
scattered antiprotons. A small number of secondaries 
associated with inelastic events in X (larger pulses) 
are detected by L. On the other hand, events that are 
not detected in L are principally inelastic, as is indicated 
by the broad lower spectrum of Fig. 8. The peak in 
this spectrum is attributed to antiprotons that scatter 
elastically at angles large enough to miss counter L. 
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Figure 9 shows a similar spectrum obtained for 1959 
antiprotons incident upon X with ZL placed in “poor” 
geometry (6,=25°). The broad background of the 
upper spectrum of Fig. 9 indicates that relatively more 
secondaries are detected by L, and the absence of a 
peak in the lower spectrum indicates that elastically 
scattered antiprotons are contained within L. 

From the spectra of Fig. 8 we have determined the 
total carbon-antiproton cross section. Results of the 
cross-section measurements for hydrogen described in 
Sec. V have been used to correct the observed transmis- 
sion of toluene (C7Hg) to obtain the transmission for 
pure carbon. 

From the spectra of Fig. 9 we have determined the 
inelastic carbon-antiproton cross section. Correction 
for hydrogen absorption has been made with the 
assumption that the proton-antiproton cross section is 
three-fourths inelastic. The justification for this is that, 
as will be seen, the inelastic antiproton cross section for 
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Fic. 8. Pulse-height spectra in X for incident 1.4-Bev/c anti- 
protons. The 330 events are separated according to whether or 
not a coincident count occurred in a scintillator, L, which sub- 
tended at X an angular half-width of 2.65°. 
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carbon, and probably for beryllium, is considerably 
larger than the elastic. Since the total correction for 
hydrogen absorption amounts to only 15% of the 
carbon-antiproton cross section, the uncertainty intro- 
duced by this assumption is small. 

The forward-scattering correction to the total cross- 
section measurement has been made, as for the beryl- 
lium measurements, by assuming that the region of 
interaction is an absorptive disk. The correction, 
although rather large, is relatively independent of the 
assumed radius of interaction. The value for the 
corrected total cross section (o7) cor, given in Table ITI, 
is obtained for that radius which gives a computed 


the 


measured value. The table includes as well the results 


value for the inelastic cross section equal to 


of similar measurements at 0.9 Bev/c. 7's is the kinetic 
energy of the antiproton at the center of the carbon 
(toluene) target and is uncertain by +5%. The 
the sections are 


expressed uncertainties in Cross 


statistical only. 
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Fic. 9. Pulse-height spectra in X for incident 1.4-Bev/c anti- 
protons. These 1959 events are also separated as in Fig. 8, but 
with L subtending a half-angle of 25° in this case. 
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TABLE III. Cross sections for antiprotons on carbon. 


(oT oor 
(mb) 


Tin (oT ove 
(mb) (mb) 


T> % 
(Mev) (degrees) 


700 25 

700 2.64 
300 3.55 
300 3.55 


436419 


575459 657479 


568+ 102 


618+111 6554130 


C. Lead 


The desirability of extending the measurement of 
antiproton cross sections to elements other than carbon 
suggested the use of wafer inserts in the toluene 
scintillator. This might be especially helpful for heavy 
elements, for which the performance of good-geometry 
attenuation experiments is complicated by the large 
multiple Coulomb scattering produced by thick 
targets. To try this method, five equally spaced half-inch 
lead wafers were placed in X (dashed outlines in Fig. 7). 

From the transmission of X for antiprotons with and 
without lead inserts, the inelastic antiproton-lead 
cross section has been computed to be 2330 mb+ 285 mb 
at 650 Mev. The expressed uncertainty is statistical 
only. Other uncertainties in the lead-wafer experiment 
are probably greater than in the carbon experiment. 
The presence of the wafers reduces the light-collection 
efficiency and the uniformity of the scintillator; some 
self-absorption of inelastic events occurs in the wafers; 
and finally the larger Coulomb scattering associated 
with the lead target makes the final counter L less 
helpful in separating elastic and inelastic events. 


CONCLUSIONS 


The total proton-antiproton cross section is about 
100 mb in the energy range of 300 to 700 Mev. This 
is considerably larger than the nucleon-nucleon cross 
sections for the same range of bombarding energies 
(see Fig. 6), and is apparently a direct consequence of 
the annihilation interaction. This interpretation is 
supported by measurements with a “live” target 
which show that in carbon the inelastic cross section is 
about twice the elastic Annihilation 
processes are a large part of these inelastic events, 
as indicated by the pulse-height spectrum (see Fig. 9). 
It is not surprising that we find relatively fewer inelastic 
interactions involving meson production without an- 
nihilation. ‘These interactions are expected to occur 
through processes similar to those operating in the 
nucleon-nucleon and pion-nucleon interactions, for 
which the high-energy inelastic cross sections are about 
30 mb. Direct observation has shown that the charge- 
exchange cross section for antiprotons on CH is of 
the order of a few millibarns.® 

Comparison of our value of 4844-60 mb for the total 
antiproton-beryllium cross section at 500 Mev and the 
previous value of 365+59 mb for the cross section 
obtained in a “poor” geometry experiment’ indicates 


cross section. 
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that for beryllium also the inelastic antiproton cross 
section is probably considerably larger than the elastic. 

Part of the difference between the nucleon-nucleon 
and nucleon-antinucleon cross section may follow from 
the large energy available (approximately 2 Bev) in 
the annihilation process. This factor, however, is not 
by itself sufficient to account for the large difference 
when we recall that for the p-p interaction at 5.3-Bev 
bombarding energy, where the center-of-mass energy 
is about the same as that of the nucleon-antinucleon 
system being considered, the total cross section is 
actually somewhat less’ than that at 0.8-Bev bom- 
barding energy." Therefore, the large magnitude of 
the nucleon-antinucleon cross section, as compared with 
the nucleon-nucleon cross section, seems to be a char- 
acteristic of the basic nucleon-antinucleon interaction. 
An interesting approach in arriving at a theoretical 
formulation for such an interaction has been followed 
by Duerr and Teller.?-” 

In the description of high-energy nucleon-nucleon 
and pion-nucleon collisions it is often convenient to 
speak of a radius of interaction. This is meaningful if 
the wavelength of the interacting particles is somewhat 
less than the radius R obtained, for example, by setting 
wR’ a7, where or is the measured total cross section. 
Proceeding similarly, we see that the antiproton- 
proton interaction is characterized by a “radius” 


* Wright, Powell, Maenchen, and Fowler, Bull. Am. Phys. Soc. 
Ser. II, 1, 376 (1956). 

” Cork, Wenzel, and Causey, Bull. Am. Phys. Soc. Ser. II, 1, 
376 (19560). 

4 Chen, Leavitt, and Shapiro, Phys. Rev. 103, 211 (1956). 

2H. Duerr and E. Teller, Phys. Rev. 101, 494 (1956). 

“H. Duerr, Phys. Rey. 103, 469 (1956). 
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about equal to the spacing between nucleons in the 
nucleus, so that we expect the nucleus to be relatively 
opaque to antiprotons. The extent of the interaction 
outside the nucleus is determined by interaction with 
nucleons on the surface. Consequently, in interactions 
with nuclei the ratio between the cross section for 
antinucleons and that for nucleons is expected to be 
smaller for the heavier nuclei. This is consistent with 
our observation that the inelastic antiproton-lead 
cross section is only 1 to 1.5 times the proton-lead 
cross section measured by Chen, Leavitt, and Shipiro,“ 
while for the lighter elements the factor is about 2. 

The yield of antiprotons produced from 6-Bev 
protons incident upon a beryllium target is a strong 
function of antiproton energy, and is in fair agreement 
with the phase-space calculations.’ 

Uncertainties given in each case are statistical only. 
Certain systematic uncertainties have been discussed 
separately in connection with the particular results. 
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1001 K~-meson stars were found by area-scanning in four suc- 
cessive stacks of emulsion pellicles exposed to momentum-analyzed 
negative channels at the Berkeley Bevatron. Systematic following 
of the prongs showed that there emerged from these stars 319 
charged x mesons, 46 hyperfragments, and 158 identified charged 
hyperons. There were 26 2+ — p+-° decays at rest; 20 2+ — wt 
+n decays at rest; 14 2+ —> p+ decays in flight; 262* — x*+n 
decays in flight; 50 2~ stars at rest, and 22 Y~ zero-prong stars 
with Auger electrons. 

The branching ratio of the Z* hyperon is found to be 
R= (2+ = p)/(2* > wt) =1.18+0.32. The best single value for 
the Z+ lifetime, as determined from all 2+-+ p decays, is 
(0.96_0.2:*° 47) X10~" sec. For the 2~ hyperons, a lifetime of 


I. INTRODUCTION 


HE nuclear captures of K~ mesons in emulsion are 

a fruitful source of charged 2 hyperons, whose 
characteristics can then be studied. The rapid de- 
velopment of beams of A~ mesons from high-energy 
accelerators has been the primary factor in making 
such studies practical. In this paper an analysis is pre- 
sented of 1001 stars produced by K~ mesons at rest. A 
detailed report! of the first 30 of these K~-meson stars 
and a brief summary’ of the first 207 have already been 
given. Many other experimental groups have also been 
studying K~-meson stars. 

Many properties of the K~ mesons and charged 
hyperons can be studied in this type of investigation. 
In this paper we shall consider primarily the following: 
The general characteristics of K~ stars (Sec. III); the 
masses of the >* hyperons (Sec. IV A); the 
branching ratio of the 2+ decay (Sec. IV B); the char- 
acteristics of stars produced by the capture of 2 
hyperons (Sec. IV C); the lifetimes of the 2 hyperons 
(Sec. IV D); and the angular correlations in the 2 
decay processes (Sec. IV E). 

The experimental procedure and further discussions 
are presented in Secs. II and V, respectively. 


and » 
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1 Fry, Schneps, Snow, and Swami, Phys. Rev. 100, 1448 (1955). 
Hereafter called (I). 

? Fry, Schneps, Snow, and Swami, Phys. Rev. 100, 950 (1955). 

*See references in I for earlier work. Also see S. Goldhaber, 
Proceedings of the Sixth Annual Rochester Conference on High- 
Energy Physics, 1956 (Interscience Publishers, New York, 1956) ; 
S. C. Freden and H. K. Ticho, Phys. Rev. 99, 1057 (1955); 
George, Herz, Noon, and Solntseff, Nuovo cimento 10, 95 (1956) ; 
Haskin, Bowen, and Schein, Phys. Rev. 103, 1512 (1956); White, 
Gilbert, and Violet, Bull. Phys. Soc. Ser. II, 2, 20 (1957). 


(2.5+0.8) x 10~" sec is deduced. However, the lifetime obtained 
from the mixture of 2*-»+w*+m decays in flight alone is 
(0.32_6 or? a x 10 sec, 

The angular distribution of 0y,, the angle between the decay 
meson in the Y rest system and the initial direction of motion of 
the Z, was determined from 85 Z decay events. Of these, 50 events 
have |cosdy,|>0.5, and 53 events have 0y,>90°. Hence this 
sample of data suggests, but does not prove, that the spin of the 
2 is greater than } and that there is parity-doubling for each 2. 

Other topics are presented, including the energy distribution 
of the Y hyperons, an analysis of stars produced by 2~ hyperons, 
and the apparent nonvalidity of the isotopic-spin selection rule 
AT =+}, 


II. EXPERIMENTAL PROCEDURE 


Four stacks of Ilford G-5, 600-micron-thick nuclear 
emulsion pellicles were exposed, at different times, to 
momentum-analyzed A~-meson beams from the Berke- 
ley Bevatron. Some of the details of these exposures are 
given in Table I. The three exposures at 90° made use 
of a channel similar in design to that originally built 
by members of Professor Richman’s group.‘ The fourth 
exposure, at 0°, was made in a channel designed by 
members of Professor Barkas’ group.® 

The plates were area-scanned under a magnification 
of 100 for negative A-meson stars. Only that region 
of each plate, usually a strip about 2 cm in width, 
was scanned where the A~ mesons were expected to 
stop. When a star was found, sufficient observations 
were made on the incoming track to establish that it 
was due to a K~ meson. Only stars produced by K 
mesons at rest are included in this summary, 


TaBce I. Description of K~ exposures. 


No 
of K 


mesons 
perem? K-/a#-4 


No, of 
No. of K~ 
pelli- 
cles* 


Size of P. 
pellicles 


stars 
founds 


Stack CK 
No. O0),K~ © (Mev) 
I 66 2 in, ¥3 in, 

I 106 2 in, X3 in. 
It 119 3 in, X4 in, 
IV 68 3 in, X4 in 0° o4 


90” 63 0.8 X10 27 
90° 68 0.6 *10 177 
90” KO 2 x10 400 
3.4 X10 400 


* In stacks III and IV only about half of the pellicles were scanned, 

> @y,«~ is the angle at which the K~ mesons were produced relative to the 
direction of the incident 6-Bev proton beam 

¢ Ex is the average kinetic energy of the K 
energy in stacks I, II, and IIL was about 20 Mev, 
about 8 Mev. 

4 This number is the ratio of K~-meson flux to the flux of lightly ionizing 
tracks in the beam direction (no attempt was made to distinguish » mesons 
from » mesons and electrons among these tracks) 

¢ Included in the total number of 1001 A” stars are four which were 
found in plates exposed to energetic mesons and protons, 


meson beam, The spread in 
and in stack IV was 


4 Kerth, Stork, Birge, Haddock, and Whitehead, Phys. Rev. 99, 
OA1(A) (1955). 

6 Heckman, Inman, Mason, Nichols, Smith, Barkas, Dudziak, 
and Giles, Bull. Am. Phys. Soc. Ser. I, 1, 386 (1956). 
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hic. 1. Histogram of prong distribution of K~ stars (excluding 
zero-prong stars and stars with one lightly ionizing track only). 


We believe that this method of scanning does not 
introduce much bias toward finding large stars in 
comparison to those small ones that have at least one 
black or gray prong. On the other hand, there is a large 
bias against finding zero-prong stars (K,’s) or stars 
which have only one lightly ionizing prong (K,’s). 
Consequently, no attempt was made to find all such 
stars, and those which were found were not included 
in the 1001 A> stars analyzed here. 

After a K~ star was found, every track was followed 
to the end of its range, to the point of decay in flight, 
or to where it left the stack,* except for lightly ionizing 
tracks. These latter were all assumed to have been made 
by m mesons, and were not followed since almost all of 
them would leave our small stacks. The end point of 
each track was carefully scrutinized in order to detect 


the possible presence of a star, a decay particle, or an 


Auger electron. 


TABLE II, Summary of 1001 A™ stars. 


No. 
No. with No No, 
No. of with identi with with 
stare with a Z* fied 2 Y*-—-w* hyper 
No. of ar hy hy in frag 
meson peron peron® flight” ments 


No. of 
(Z,w) 
events® 


Prong 
No stars 
1 108 10 & 2 1 

2 262 111 27 25 7 3 44 
3 286 95 14 21 10 19 27 
4 193 65 7 10 3 11 5 
5 94 32 1 7 2 9 2 
) 36 10 1 1 2 2 1 
7 11 1 

8 8 

9 2 
10 1 


1001 


( 


Totals: 319 60 72 26 46 79 


* Identified 2 hyperons are those that produce a star or an Auger elec- 
tron when they come to rest, Undoubtedly many Z~ hyperons make zero- 
prong stars with no Auger electrons. (See Sec, IV for further discussion. ) 

» The charge of the Z's listed in column 6 cannot be determined because 
the mesons from their decay always leave the stack 

©A (2.9) event is a star from which both a charged 2 and a charged # 
emerge. 


* Only about 40 tracks out of 3000 left the stacks. 
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III. GENERAL CHARACTERISTICS OF K~ STARS 


The prevailing theories’ of the interactions of strange 
particles predict that the basic interaction between a 
K~ meson and a nucleon (JN) is 


K-+N—Y+n, (1) 


where Y can be a A or Y hyperon. In nuclear matter the 
m meson of reaction (1) can be virtually emitted by 
one nucleon and reabsorbed by an adjacent nucleon, 
giving rise to the reaction 


K-+N+N — N+Y. (2) 


It should be also noted that when a 2 hyperon and a 
real meson are produced in a nucleus, either or both of 
them can be absorbed before emerging. This process 
converts a { hyperon into a A hyperon via the reaction 


S+N ALN. (3) 


A further phenomenon that can take place is the cap- 
ture of a A° into a nuclear fragment from the A~ star, 
forming a hyperfragment. 

The frequency of charged m mesons, charged hyperons, 
hyperfragments, and A~-star prong numbers are listed 
in Table IL. A histogram of the prong distribution is 
shown in Fig. 1. Zero-prong stars (A,’s) and one-prong 
stars with only a lightly ionizing particle (K,’s) are not 
included in this histogram because of our experimental 
bias against finding them. (In the course of this scan 
we found 7 K,’s and 9 K,’s.) 

The frequency with which charged m mesons emerge 
from K~-meson stars (not including K,’s and K,’s) is 
found to be 32%. As pointed out in I, if one assumes 
that isotopic spin is a good quantum number (and 
Z=4A for the nucleus), the number of 1° mesons that 
emerge from these stars should equal one-half of the 
total number of charged m mesons. Hence the frequency 
with which wr mesons in all three charge states emerge 
is 48%. 

The number of identified charged Y hyperons that 
emerge from these 1001 K~ stars is 158. The identifica- 
tion criteria used were the following. An event in which 
a singly charged particle comes to rest and gives rise 
to a proton of range about 1670 is interpreted as a 
y+— ptr decay from rest. One in which a singly 
charged particle comes to rest and gives rise to a lightly 
ionizing track is interpreted as a 2+— > wt-+-n decay 
from rest. Since the meson leaves the stack we cannot 
determine its sign, but we interpret all of these events 
as + —> wt decays because a =~ hyperon would almost 
certainly cascade down through atomic orbits and be 
captured by the nucleus, via the reaction of Eq. (3), 
in a time much shorter than its lifetime. This argument 
does not help to distinguish the sign of the charge in 

™M. Gell-Mann, Phys. Rev. 92, 833 (1953); K. Nishijima, 
Progr. Theoret. Phys. Japan 13, 285 (1955); M. Gell-Mann and 
A. Pais, Proceedings of the Glasgow Conference (Pergamon Press, 


London, 1955); R. G. Sachs, Phys. Rev. 99, 1573 (1955); M. 
Goldhaber, Phys. Rev. 101, 433 (1956). 
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decay events in flight into mesons. Such events could 
be either 2+ — w+ or 2 — wr decays. Events in which 
a 2+ decays into a proton in flight must be carefully 
distinguished from proton scattering events. If the 
velocity of the decay proton is found to be greater 
than the velocity of the 2+ at the point of decay, there 
is no ambiguity with a proton scattering. On the other 
hand, when the proton is slower than the Y*+ in the 
laboratory system one cannot automatically rule out a 
proton scattering. In all such cases the Q value for the 
event was calculated under the assumption that it was 
a X+-—> p decay. If this Q value agreed with the es- 
tablished value (O=116 Mev), we called the event a 
2+ — p decay in flight. Out of about 20 such cases, 6 
had the correct Q value. There were 8 other cases in 
which the proton velocity was greater than the »* 
velocity. A 2~ hyperon that comes to rest and makes a 
star of one or more prongs is readily identifiable except 
for those of very short range (~40y) which cannot often 
be distinguished from nonmesonic decays of hyper- 


ne i 


i 
| “4 ‘ 
1oF ZA DENOTES & 
| | if ECAYS 

> Qh | 
x | | 
WJ A} | 


NT 


7} 


WwW 
2 
a) 
« 
uJ 
a 
io} 
2 





ALVA _| 
70 80 90 100 


* HYE ERONS 
Fic. 2. Energy distribution of identified 2+ hyperons. 


fragments. We estimate that this ambiguity leads to an 
uncertainty of <15% in the number of =~ stars. In 
addition, 2~ hyperons which do not make visible 
stars at the end of their range can be identified if they 
produce a visible Auger electron. Out of the 72 identified 
~~ hyperons that came to rest, 22 had one or more 
Auger electrons but no nuclear prongs. 

One of the interesting characteristics of K~ stars 
is the ratio of 2~ to 2+ hyperons produced. To deter- 
mine this ratio we must estimate the number of zero- 
prong =~ stars which are not accompanied by Auger 
electrons. In Sec. IV C this problem is discussed in 
some detail, and we conclude that the total number of 
y~ hyperons that come to rest is about 115. The best 
guess for the breakdown of the 26 2*—+ w* decay 
events in flight is 12 2+—>+ rt and 14 Y~ > x. This is 
obtained by applying the branching ratio of the 2+ 
decay (see Sec. IV B). Hence the ratio of 2~ to Xt 
hyperons that emerge from these A~ stars is 129/72 
=1.8+0.4. 

The best estimate for the total number of charged 


HYPERONS FROM 


1001 K- MESON STARS 


! n = | 
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Fic. 3. Energy distribution of identified Z~ hyperons. 


hyperons emerging from these 1001 A~ stars is 201. 
Again under the assumption that isotopic spin is a 
good quantum number for strong interactions,® the 
number of 2° hyperons should equal one-half of the 
total number of charged &’s, i.e., 101 (see 1). Hence the 
total number of Y hyperons that emerge is about 302. 
It is interesting to note that out of 158 stars with 
identified b’s, 79 stars (50%) also had a charged 
meson. ‘These (2,7) events are a direct reflection of the 
basic absorption mechanism of a A~ meson by a nu- 
cleon, as given in Eq. (1), which probably has occurred 
near the surface of the nucleus. The prevalence of this 
reaction is also exhibited by the shape of the energy 
distribution of the charged Y’s. Figures 2, 3, and 4 
illustrate the energy distributions of the identified 2* 
hyperons, the identified 2 
hyperons which decay in flight into w+. The kinetic 
energy of a 2+ or X~ hyperon from the capture of a K 
meson by a nucleon at rest is about 14 Mev. It is 
expected that the Fermi distribution of momenta for 
the nucleons inside nuclear matter will smear out the 
kinetic energy of the hyperon over a region from 0 to 
60 or 70 Mey, in a manner qualitatively similar to the 
observed energy distributions. The few fairly energetic 
>» hyperons observed are probably due to the two 
nucleon absorption reaction of the A~ meson [ Eq. (2) |. 


hyperons and the 2+ 


A comparison of Figs. 2 and 3 indicates a much larger 


proportion of low-energy 2~ hyperons than Zt hy 
perons. This can be simply explained in terms of the 


classical nuclear Coulomb-barrier effect. 


KINETIC ENERGY OF & * 
(Mev) 


HYPERONS 


Fic. 4. Energy distribution of 2* hyperons that decay 
in flight into r* mesons. 


* The Coulomb force can, of course, alter the predictions based 
on isotopic-spin invariance. 
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Tas_e III. Characteristics of 26 2+ — p+-7° decays from rest. 
R is the range of the Z* hyperon; Ey, the kinetic energy of the Z 
at the K~ star; 7, the moderation time of the Z; and 6z,, the 
angle in the rest system of the Z, between the direction of the x 
meson and the initial direction of the Z. 


F vent Rz Ry 
No. (yw) (Mev) 


K 3 227 6.52 
41 5700 42.4 
89 412 9.38 

113 1130 16.9 
168 1670 21.0 
211 290 7.59 
413 1159 17.13 
440 615 11.9 
512 1045 16.1 
007 208 6.19 
631 2500 26.5 
646 580 11.5 
703 1050 16,2 
753 2263 25.0 
762 786 13.75 
774 1640 20.85 
788 1050 16.2 
812 3050 29.7 
815 2235 24.9 
$26 118 4.36 
845 203 6.05 
846 7300 48.7 
973 193 5.91 
979 2030 23.6 
991 273 7.3 
1023 3070 29.8 


7 Xn 
(10° gec) (degrees) 


0.106 40° 
1,00 151 
0.160 

0.320 

0.402 

0.125 


COM e 


+-0.77 
—0,87 
+045 
—0.24 
+-0.37 
—0,27 
0.331 —().62 
0.210 +0.03 
0.300 0.0 
0.099 +-0,83 
0.560 +-0.21 
0.202 —0.73 
0.304 +0.49 
0.522 —0,09 
0.248 —0.83 
0.416 —0.17 
0.304 +-0.79 
0.644 0.87 
0.515 —0.45 
0.068 —~0.80 
0.097 0.75 
1.20 0.64 
0.095 +-0.02 
0.483 —0,29 
0.120 +-0.10 
0.646 +-0.72 


The bulk of the 46 hyperfragments observed have a 
very short range (<10u) and decay nonmesonically. 
A detailed report of these hyperfragments will appear 
in a separate publication.’ 


IV. PROPERTIES OF & HYPERONS 


In Tables III through VIII we list the essential 
characteristics of all the identified charged 2 hyperons. 


Taste IV. Characteristics of 20 2+ —+ wt+-n decays from rest. 
See Table III for explanation of symbols. 


vent RY ty 7 O¥9 
(10° gec) (degrees) 


No. (ys) rv) 

15 280 0.122 106 
101° 12 023 1.30 see 
105 114 0.066 55 
109 4100 0.794 144 
189 95 0.058 130 
215 1448 0.379 133 
524 2740 0.594 70 
554 1250 0.340 139 
748 5300 0.952 75 
790 410 0.159 48 
791 29 0.026 136 
797 1980 0.471 151 
808 1125 0.317 106 
$20 1039 0.302 123 
$42 1075 0.309 128 
874 615 0,210 128 
950 3820 0.755 28 
993 1290 0.352 126 

1008 2400 0.544 34 
1026 227 0.105 110 


COMS g 
—0.27 


+-0.43 
0.81 
—().64 
~0.68 
+-0.34 
—().75 
+-0.26 
+-0.67 
0.72 
0.87 
0.28 
0.54 
0.62 
—0.62 
+-0.89 
—0.59 
+-0.83 
0.34 


*In this event the Z* interacted in flight after traversing 1.2 cm [see 


Fry, Schneps, Snow, and Swami, Phys, Rev, 100, 939 (1955) }. 


9 Schneps, Fry, and Swami, Phys. Rev. 106, 1062 (1957). 
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The tables list the event number, the range, the kinetic 
energy, the moderation time 7, the time ¢ to the point 
of decay for all 2’s that decay in flight, the angle 63, 
in the 2 rest system between the direction of the 7 


meson and the initia] direction of the 2 hyperon, and 
finally the cosine of 6z,. Various aspects of the data in 
these tables are discussed in the following subsections. 


A. X&~— z+ Mass Difference and the Mass 
of the K~ Meson 


In the course of this scan, two events (No. 788 and 
818) were found which are interpreted as the capture 
of K~ mesons at rest in hydrogen. These two events 
appear to be examples of the reactions 


K-+p— =t+9r-+(Q1, (4) 
and 


K-+p—>2-+4t+Qz, (5) 


TaBLe V. Characteristics of 14 2+ —» p+ decays in flight. 
The quantity ¢ is the time spent by the & in traversing the dis- 
tance from the star to the point of decay. See Table III for ex- 
planation of the other symbols. 


t - 
Event Rz* Ey (107 (10 ” Oe 
No, (us) (Mev) sec) sec) (degrees) cosdd, 
—0,24 
+1.0 
+0.71 
+-0.47 
—0.89 
—().42 
+0.64 
+0.82 
—0.10 
—0.95 
+0.17 
+0.10 
—0.52 
—0.70 


1.49 104° 
1.30 0 
0.60 45 
0.84 62 
0.67 

0.72 

0.62 

0.41 

0.20 

1.09 

2.57 

0.78 

1.90 

0.35 


7 4200 58 
39 3800 52.5 
48 1400 28 

172 900 36.9 
315 2650 30.5 
372 3500 32.3 
378 138 28.8 
452 330 20.6 
465 127 11.6 
640 1480 45.2 
681 2080 90.2 
707 3830 34.5 
714 3730 70.9 
800 1230 18.0 


0.48 
0.44 
0.23 
0.15 
0.19 
0.69 
0.021 
0.061 
0.032 
O18 
0.18 
0.70 
0.37 
0.31 


respectively. The details of these two events have 
already been published.’® Taking the mass of the 2+ 
hyperon to be 2327.4+1.0 m,,"' one deduces from event 
No. 788 that the mass of the K~ meson is (966.742) mg. 
A comparison of the ranges of the 2+ and 2~ hyperons 
from these two events yields for the mass difference 
my-—my+=(15.94+2.9)m,. This mass difference is in 
excellent agreement with the value (14-+6)m, given 
by Chupp ef al.” and the value of (164+5.4)m, given by 
Budde et al." 


” Fry, Schneps, Snow, Swami, and Wold, Phys. Rev. 104, 270 
(1956). 

4! Fry, Schneps, Snow, and Swami, Phys. Rev. 103, 226 (1956). 

” Chupp, Goldhaber, Goldhaber, and Webb, Nuovo cimento 
Suppl. 2, 382 (1956). See also S. Goldhaber, Proceedings of the 
Sixth Annual Rochester Conference on High-Energy Physics, 1956 
(Interscience Publishers, New York, 1956). 

4’ Budde, Chretien, Leitner, Samois, Schwartz, and Steinberger, 
Phys. Rev. 103, 1827 (1956). 
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B. The Branching Ratio for the &+ Decay 


Several authors'* have indicated the importance of 
obtaining an unbiased estimate of the branching ratio 
between the two modes of decay of the 2+; namely 


+> pat, (6) 
and 
r+ n+n. (7) 


An estimate of this ratio is given by the ratio of the 
number of 2+ — > p decays from rest to the number of 
~+— xt decays from rest. Since each track from the 
K~ stars was followed to the end of its range, where it 
was carefully examined by two observers, no bias is 


TABLE VI. Characteristics of 26 2* — x*-+-n decays in flight. 
See Tables III and V for explanation of the symbols. 


t 4 
Ry qaio-" (107% 
(Mev)* sec) sec) 


0.44 1.80 112 
0.37 1.44 68 
0.28 1.65 45 
0.013 0.172 102 
0.143 0.794 48 
0.012 0.40 97 
0.48 2.08 135 
0.89 2.70 138 
0.009 0.40 127 
0.23 1.83 128 
0.33 2.55 148 
0,047 1.27 8 +-0.97 
0.30 0.580 134 —0.70 
0.071 0.243 112 0.37 
0.21 0.600 109 0.33 
0.032 0.305 153 0.89 
0.18 1.42 25 +0.90 
0.024 1.70 121 0.52 
0.050 1.28 144 0.81 
0.010 1.21 117 -0.45 
0,097 1.14 47 +-0.68 
0.38 2.69 34 +0.83 
0.23 1.72 109 —0,32 
0.084 0.47 138 —0.74 
1.17 2.35 153 —0.89 
0.65 1.73 94 —0.07 


(degrees 8) COM, 


—().37 
+-0.37 
+0.71 
—(.21 
+-0.67 
—0.12 
—0.71 
—0.74 

0.60 
—0.62 

0.85 


® The kinetic energy of the 2 was estimated from the ionization of the 
track, The percentage errors varied from track to track being least for long 
fe tracks ond a for short black tracks. Typical errors range from +5 
ev to +10M 


introduced into the branching ratio other than that 
due to the slightly smaller efficiency for detecting the 
lightly ionizing w+ meson as compared to the heavily 
ionizing proton. This inefficiency is estimated to be 
about 10%. We find for the ratio R=(Z+—> p)/ 
(2+—>+ wt) the value 26/20. When we correct for the 
10% inefficiency, the best estimate for R is 26/22=1.18 
+0.32. Since the theoretical significance of this ratio is 
closely linked with the ratio of 2~ to =* lifetimes, 
further discussion is postponed until Sec. V. 


HR, Gatto, Nuovo cimento 3, 318 (1956); G. Wentzel, Phys. 
Rev. 101, 505 (1956); G. Takeda, Phys. Rev. 101, 1547 (1956): 
C. Iso and M. Kawaguchi, Progr. Theoret. Phys. Ta van 16, 17 
(1956); W. G. Holladay, Bull. Am. Phys. Soc. Ser. II, t 51 (1956); 
M. Kawaguchi and K. Nishijima, Progr. Theoret. Phys. Japan 15, 
180, 182 (1956); D’Espagnat and J. Prentki, Nuovo cimento 3, 
1045 (1956). 
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TABLE VIT. Characteristics of 50 2~ hyperons that 
make stars with one or more prongs. 


‘7 i 
(10° ||/Event Ry (1o- 
No. (us) (Mev) sec) || No (u) gec) 


13 790 13.6 0.25 || 509 (0.212 
45 5700 42.3 1.0 || 547 0.551 
46 280 7.42 0.12 || 555 ! 0.54 
4300 36 0.82 || 557 1.596 
910 149 0.29 || 579 0.334 
880 14.6 0.2651] 580 0.372 
30 =: 1.83 0.026] 623 0.324 
7650 50 1.22 || 624 0.109 
4050 34.9 0,78 || 627 0.153 
290 7.6 0.1251] 653 0.184 
1800 22 0.44 || 663 0.134 
19 1.36 0.02 || 679 0.064 
19 1.36 0.02 |] 716 0.100 
2800 28.3 0.603)| 755 0.766 
170 5.5 0.087 || 781 0,090 
1110 16.6 0.31 | 799 0.006 
284 7.49 0.122)| 828 0.260 
582 11.50 0.202 || 849 0.91 
405 9.27 0.158 || 852 0.560 
502.5: 0.037 | 853 0.134 
34 ; 0.029 || 856 35 0.143 
390 0.157 || 861 0.036 
1180 a 0 330 || 879 0.056 
79 aa 0.047 || 947 0.116 
82 3.47 0.052|| 952 0.151 


Event Rx Ry 








C. Characteristics of &~ Endings 


When a =~ comes to rest in nuclear emulsion, it is 
first captured in an outer atomic orbit from which it 
cascades down to lower orbits until it is absorbed by 
the nucleus. The cascade process can give rise to Auger 
electrons and the nuclear capture to a star. We have 
observed 50 > stars of one or more prongs, 15 of 
which were accompanied by Auger electrons, and 22 
stoppings where the 2~ produced one or more Auger 
electrons but no visible stars. The probability of a 
random coincidence of a background electron with a 
proton ending is negligible in this mack. The ranges, 
energies and moderation times of these 2~ hyperons are 
listed in Tables VII and VIII. The detailed char- 
acteristics of these 50 2~ stars are listed in Table IX. 

As can be seen in ‘Tables VII and VIII, many of the 
~~ have very short ranges which preclude the possi- 


Tasie VIII. Characteristics of 22 2~ hyperons that have Auger 
electrons at their endings with zero nuclear prongs 


7 
ao-" 
(Mev) sec) 


Event Ry ry 
No, (a) || No (ps) 


128 21100 89 561 1796 
135 256 71 0 N15 || 564 483 
202 «1410 19.10.37 || 678 = 516 
238 =1520 20.0 0.39 || 697 448 
301 465 10.1 0.17 || 719 182 
402 2250 25.0 0.52 || 809 1824 
1296 18.3 0.35 || 818 670 

521 408 93 0.16 || 872 148 
56.6 2.7 0.04 || 948 1346 

530 198 6.05 010 || 976 731 
911 14.9 0.28 || 982 235 


Event Ry 
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Tasrie IX. Characteristics of 50 Z~ stars. 


Probable 
identity 


Range of 
track (¢) 


Zz 


a 

recoil 

a or heavier 
a or heavier 
a or heavier 
a or heavier 


p,d, ort 


p,d, ort 
p,d, ort 


recoil 


p 
p,d, ort 
a or heavier 
a or heavier 
a or heavier 
p,d,ort 
14 recoil 
short recoil 
156 a 
2400 dort 
1200 
1 recoil 
2123 p 
80 a 
3 a or heavier 
8 a or heavier 
450 pord 
15 a or heavier 
12 ? 
290 pord 
45 a 
120 p 
370 p,d, ort 
450 p,d,ort 
14 recoil 
p 
50 a 
60 a 
120 a 


J 
1 
2 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
2 
3 
1 
1 
1 
2 
3 
4 
1 
1 
1 
2 
! 
1 
1 
1 
1 
2 
3 
1 
1 
1 
1 
2 
3 


bility of establishing the identity of the particle forming 
the track in question from measurements on that track 
alone. The principal sources of confusion are proton 
interactions in flight, either elastic or inelastic, and 
hyperfragment events. To distinguish these various 
possibilities for short-range tracks, an attempt was 
made to answer such questions as: Did the particle 
come to rest; was there an Auger electron; did the 
particle have charge one; was the energy released in 
the reaction larger than the incident kinetic energy of 
the connecting particle, etc. On this basis an over-all 
reliability estimate was made as to the probability 
that a given event listed in Table [IX represented a 2 
star. We estimate that 42 events have good reliability 
and 8 have fair reliability. A similar proportion of good 
and fair reliability prevails for the 22 2~ zero-prong 
events with Auger electrons. 

All of the =~ stars observed here have a visible 
energy that is less than the Q (81.442 Mev) of the 
reaction 


y+p— A®+n+81.4 Mev. (8) 


One might expect that after the capture of a =~ by a 
nucleus, a A° hyperfragment might be formed. However, 
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Auger 
electrons 


Energy* 
(Mev) Reliability” 





QBAABAAAOADSS AQ 


QD 


18 kev 


22 kev, 33 kev 
el. blob 


25, 25 kev 


AABAH BAQ 


50 kev 
16, 33 kev 
Mev 


AAA 


in no case was a hyperfragment seen to emerge from a 
>> star. Of course, some of the stars may be a result of 
the nonmesonic decay of a A° that is trapped in the same 
nucleus that captured the =~. The prong distribution 
of the visible =~ stars is 31 one-prong, 13 two-prong, 
5 three-prong, and 1 four-prong. 

These observations are consistent with the hypothesis 
that reaction (8) plays a dominant role in the 2~ capture 
process. The charge-exchange reaction, 


2 +p—> 2°+n, (9) 


can also take place without introducing any contra- 
diction to these observations. If the 2° were to interact 
with a nucleon before leaving the nucleus, similar 
stars would be produced to those made by reaction (8). 
On the other hand, if the 2° emerges from the nucleus, 
only a zero-prong star could be made. Zero-prong stars 
are also very likely to result from reaction (8) (e.g., 
see discussion in I), 

Since a substantial fraction of the 2~ captures do 
not produce any visible stars, a theoretical correction 
must be made in order to determine the total number’of 
> hyperons that emerged from the 1001 K~ stars. We 
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TABLE I[X.—(Continued). 


1001 K MESON STARS 





Probable 
identity 


Range of 
track (u) 





Auger 
electrons 


Energy* 
(Mev) Reliability” 





70 a 
10 recoil 
6 recoil 
330 p, d, ort 


Li® 

recoil 

recoil 

a 

a or heavier 
a or heavier 


short 
6 a or recoil 
3 recoil 
780 p,d, ort 
110 p,d,ort 


47 a or heavier 
8 a or heavier 
10 000 p 
2000 p, d, ort 
5000 p,d,ort 
5 recoil 
12 pora 
5 a 
5 a 
150 p,d,ort 
30 p,d,ort 
5 recoil 
5 recoil 
130 p, d, ort 
28 a or heavier 
4 recoil 
120 p,d, ort 


1 
1 
1 
2 
1 
2 
3 
1 
2 
1 
2 
1 
2 
1 
1 
2 
1 
1 
1 
2 
1 
1 
2 
1 
2 
1 
2 
3 
1 
1 
2 
1 
2 
1 
2 


recoil or electron 


} 
we Ue we 
NOW ono 


Oo 
———- 
i 


wn 


G 
G 15 kev 
G 


G 


~ 


00 Oo 


30 kev 


ee ee ee eee 


—_ 


® The energies listed in this column are the energies corresponding to the minimum charge consistent with our observations on each track. Hence the 
range-energy relationship for protons was used on tracks identified as p, d, or t, and the range-energy relationship for a particles was used for all unidentified 


recoil tracks. 


» F and G denote fair and good reliability of identification of the listed event as a Z~ star 


z Those that are marked fair cannot be conclusively distinguished 


from such events as a proton scattering near the end of its range or a nonmesonic decay of a hyperfragment 


observed 50 2~ stars with visible prongs and 22 X~ zero- 
prong stars with Auger electrons. To make this cor- 
rection an estimate is needed of the probability that a 
>> emit an Auger electron in the atomic cascade process. 
Experimentally, the probability of Auger emission from 
those 2~ that make stars is 15/50=0.30+0.09. Hence 
an estimate of the total number of zero-prong Y~ stars 
is (22/0.30)=73+26, where the error given is purely 
statistical, The total number of 2~ that come to rest 
would then be 123+27. For this estimate of the total 
number of 2~ zero-prong events it was assumed that 
there is no correlation between the probability of a 2 

making an Auger electron and making a visible star. 
Such an assumption is probably not valid. The Auger- 
electron emission probability is much higher in the 
heavy elements (Ag,Br) than in the light elements 
(C,N,O). On the other hand, the probability that a 

capture produces a visible star may be higher in the 
light elements than in the heavy elements. The reduced 
Coulomb barrier in the light elements allows lower 
energy charged particles to emerge. Furthermore, the 
recoil nucleus can be visible only in the light elements. 
On the other hand, the heavier elements provide a 


longer mean free path for the neutral particles pro- 
duced in reaction (8) to transform into visible charged 
particles. It is difficult to decide @ priori as to which of 
these competing arguments is more important. 
Another estimate of the number of 2” zero-prong 
stars, which attempts to take into account some of the 
differences between 2~ capture in light and heavy 
elements, can be made as follows. Morinaga and Fry'® 
have found that the probabilities for the capture of yu 
mesons in heavy and light elements is 60% and 40% 
respectively. We shall assume that the same capture 
probabilities hold for 2~ hyperons. Fry'® and Cosyns 
et al.'” have investigated the Auger emission probability 
for «~ mesons. When one uses the above capture 
probabilities, their data indicate that the probability 
for emission of Auger electrons in heavy elements is 


~35Y. It is assumed that the Auger emission proba 


16H. Morinaga and W. F. Fry, Nuovo cimento 10, 308 (1953). 

1 W. F. Fry, Phys. Rev. 83, 594 (1951) 

17 Cosyns, Dilworth, Occhialini, Schoenberg, and Page, Proc 
Phys. Soc. (London) 62, 801 (1949). These authors deduce that 
the Auger probability for u~ mesons in heavy elements is >23% 
(when corrected for the 60-40 ratio of capture in heavy and light 
elements). 
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bility in light elements is negligible. Theoretically one 
expects an increase in Auger probability with increas- 
ing mass of the negative particle. 

Assuming that the Auger-electron emission proba- 
bility for 2~ capture in heavy elements is 50%, and 
recalling that 15 of the 50 2~ stars had Auger electrons 
(and therefore were definitely captures in heavy ele- 
ments), we deduce that 30 of the 50 stars took place in 
heavy elements. The 22 zero-prong Z~ events with 
Auger electrons imply 44 zero-prong 2~ captures in 
heavy elements. This yields 444+30=74 for the total 
number of 2~ captures in heavy elements. Now invok- 
ing the 40/60 ratio found by Morinaga and Fry, we 
deduce that the total number of 2~ captures in light 
elements must be 50, and that the total number of 2~ 
stoppings is 124. This number is in quite good agree- 
ment with our earlier estimate of 1234-27. Had we 
assumed that the 2~ Auger emission probability in 
heavy elements was 60%, we would have obtained for 
the total number of 2~ stoppings 104. On the other 
hand, if we assume that the 2~ Auger emission proba- 
bility is the same as the w~, namely 35%, we obtain 
177 for the total number of 2~ stoppings. However, this 
would also imply that only 7 of the 50 2~ stars were in 
light elements, which seems inconsistent with the 
observed number of 2~ stars with two and three low- 
energy prongs. The assumptions of 50% and 60% would 
imply that 20 and 25 of the 50 Y~ stars were in light 
elements. These two numbers are consistent with the 
prong distribution listed in Table LX. 

It is clear from the above discussion that one cannot 
determine the number of 2~ stoppings very precisely. 
A reasonable estimate of this number is 115+ 25." 


D. Lifetimes of the &* Hyperons 


A determination of the lifetimes of the 2+ and 2~ 
hyperons could allow a decisive test of one of the 
theories set forth by Lee and Yang,” that is, the theory 
that postulates parity doublets for all hyperons with 
odd strangeness. If the 2+ and XY hyperons each ex- 
hibited a time distribution of decay points that was 
not consistent with a single exponential (i.e., a single 
lifetime), but which was consistent with a linear 
combination of two or three exponential terms, we 
would have an indirect confirmation of the hypothesis 
of parity-doubling. If only one lifetime is found for 
each charged hyperon, then either each charged hyperon 
has a unique parity with a unique lifetime, or if there 
are two parities for each charge, the two parity states 


“E. H. S. Burhop, The Auger Effect (Cambridge University 
Press, New York, 1952), Chap. 7. Burhop estimates that the 
Auger probability should increase by about 50% in going from a 
yw” to a K~ meson. 

” The number 115 is obtained from an approximate average of 
the results derived from the assumptions of 50% and 60% for 
the 2~ Auger emission probability. 

™T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956), and 
104, 822 (1956). 
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have equal or nearly equal lifetimes. The last alternative 
would be similar to the apparent situation that prevails 
for the 6+ and r+ mesons and might be understood in 
terms of a mechanism for slow decays involving a weak 
interaction that does not conserve parity. It is im- 
portant to note that the observation of different life- 
times for the 2+ and 2~ hyperons, which is @ priori 
probable on theoretical grounds," has no bearing on the 
above discussion about parity-doubling. 

It is clear that an analysis of the time distribution 
of decays in flight and at rest, listed in Tables III to 
VIII, can yield some information about the lifetimes of 
the 2+ and Y~ hyperons. Limited statistics are the 
major obstacle to a definite answer to the questions 
raised in the previous paragraph. A further difficulty 
arises from the fact that for the 26 decays in flight into 
m mesons listed in Table VI, one does not know the 
sign of the charge of the decaying hyperon. Hence an 
average lifetime deduced from these 26 events alone 
must be a composite lifetime of 2+ and 2~, as well as 
of two parity states for each charge if these exist. 

Because of this last-mentioned difficulty, let us first 
consider the decay events 2+ — p in flight and at rest 
listed in Tables V and III. We have used the method of 
maximum likelihood as described by Bartlett” to deter- 
mine the best single lifetime that fits our data. The 
maximum likelihood estimate for rz*., is given by 


(10) 


1 wu = 
trtop=—LL tL Ti); 
14 = 


j=l 


where /; denotes the time to the point of decay for each 
of the 14 2+-— > p decays in flight listed in Table V, 
and 7, denotes the moderation time for each of the 26 
2+ hyperons that decay into a proton from rest, listed 
in Table ITT. We find* 


(11) 


In order to estimate the best single lifetime for the 
~~ hyperon, we must estimate what fraction of the 26 
y*+— w* decay events are > — w~ events. Using the 
branching ratio (2+ —> p)/(Z* — w*)=1.18 and the 
fact that there are 14 2+ — p decay events in flight, we 
deduce that about (14/1.18)=12 of the 26 2+—> r+ 
events are 2+ —» xt decays. Hence there are about 14 
y — w decay events in flight. The average moderation 
time, 7';, for the observed 2~ that come to rest, listed 
in Tables VII and VIII, is 0.268 10~" sec. Using our 
estimate of 115 for the total number of =~ stoppings, 
we get 


F2+4)= (0.96 o.21t?-37) x 10” sec. 


115 
> 7;=115(0.268) = 30.82 10-" sec. 
rl 
2 T, D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 
™M. Bartlett, Phil. Mag. 44, 249 (1953). 
*% The errors indicated here and in the subsequent discussion of 
lifetimes denote one standard deviation. 
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The sum of ¢; for the 26 2+ — r* decays is 
26 
> t:= 6.74 10-™ sec. 
tl 


Hence the best estimate of rz- is™ 


1 14 
7z-=— (- )6.74++30:82} 
141 \26 


= (2.5+0.8)X10- sec. 


(12) 


The uncertainty in this value of #z- comes from the 
error in the 2* branching ratio, the number of 2+ — w* 
decays observed, and the estimated number of 2 
stoppings. 

If we apply the same method to the 2+ — w* decays, 
assuming that 12 of the 26 2*—> w* decays in flight 
are 2+ — rt, we get 


L £42 
Fatast = | (6.74) +8.16| 
12 


26 (13) 


= (0.94+0.35) K 107" sec. 


This somewhat indirect result for the lifetime of the 
x+ deduced from 2+—+ e+ decays agrees very well 
with the value of 7z+., given above.”® 

It is possible to obtain an independent estimate of 
lifetime from the time distribution of ¢; for the decays 
in flight alone. Bartlett” has shown that the maximum 
likelihood estimate for 7 from nm decays in flight alone 
is given by the solution of the equation 


T, ete 


a (14) 
r (1—e Tir) 


n t; 
f(r) =] -—1+ 


mILT 


[ 7; is the available time to observe a decay in flight in 
the emulsion stack. Our stack was sufficiently large so 
that 7; is just the potential moderation time. ] The 
error in 7 is determined from the function S(r), defined 
by the equation 


n T; 2 e Tilt 4 
si=1e) [| 1-( ‘) nani tI. (15) 
i=l 1 (1-~-eé Tir)? 


S(r) has zero mean and unit variance and is assumed 
to be Gaussian. 

We have applied this method to the 26 2+— r 
decays in flight and to the 14 2+ — p decays in flight. 
Figure 5 shows a plot of S(r) versus 1/7 for the 2* — w# 

™ Since the first term in the bracket is small compared to the 
second term, our approximation of neglecting the difference be- 
tween the distributions of decay times for 2~ — w~ and X* — r* 
introduces only a small error in rz~. 

In a sense this estimate is a test of the consistency of the 
assumption that the Z* has a single characteristic lifetime since 
we have made that assumption in order to deduce that there were 
12 &+-—+ rt decays in flight. The agreement between Eqs. (11) 
and (13) is consistent with this assumption. 
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Fic. 5. S(r) versus 1/r for the 2* —» w* decays in flight. The 
maximum-likelihood value for r is the solution of the equation 
S(r)=0. The standard-deviation estimates for r are determined 
from the points S(r) = +1. 


decays. The results are 


Fz*42*= (0.32_0 07+!) K 107 sec, (16) 
and 
(0.47_6 15¢°44) &K 107" sec. (17) 


TY* +p 


This lifetime for the 2+ —» p events, while smaller 
than the 7z*, of Eq. (11) and fz+,,* of Eq. (12), is 
not in disagreement with these previous estimates be- 
cause of its large error. On the other hand, the value of 
ty*.,* obtained by this method is significantly smaller 
than the previously obtained values of the lifetimes of 
both the 2+ and Y~ hyperons. Under our previous 
assumption that 14 of the 26 2+-—»+w* decays were 
y —+ mw decays, we would have expected #z+.,,* to be 
larger than the lifetime found for the 2+. But instead 
7z*,,* is smaller than 7z*.,, of Eq. (11) by a factor of 
three. The probability that this difference is just a 
statistical fluctuation is less than one percent. 

Several other experimental groups have obtained 
estimates of the 2+ and X>~ lifetimes. Alvarez et al.,?* 
from the study of K~ captures in a hydrogen bubble 
chamber, have obtained ry-= (1.864-0.26)K10~" se« 
(0.86+0.17)* 10~" sec. Budde et al., from 
produced by energetic mesons in a 
bubble chamber, have obtained ry-= (1.4 -9.51!®) K 10°” 
sec. Our best estimate of the 2+ and Z~ lifetimes given 
in Eqs. (11) and (12) agree very well with these values. 
The results of Davies et al.,”” from the study in emulsion 
of 11 2* —> w* decays in flight, where the 2’s come from 
energetic cosmic-ray stars, give ry*+4¢= (0.35_0.111°!*) 
X10-" sec. This last result agrees very well with our 
value for 7z*.* of Eq. (16), but is obviously in dis 
agreement with the previously quoted lifetimes. 

At the present time it is not clear how to resolve this 
discrepancy. One is tempted to consider this as evi- 
dence for the existence of two distinct lifetimes for each 


and ry? 
the study of 2 


% Alvarez, Bradner, Falk-Vairant, Gow, Rosenfeld, Solmitz, 
and Tripp (to be published). 

27 Davies, Evans, Fowler, Francois, Friedlander, Hiller, Iredale, 
Keefe, Menon, Perkins, and Powell, Proceedings of the Interna- 
tional Conference on Elementary Particles, Pisa, 1955, Nuovo 
cimento Suppl. 2, 472 (1956). 
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charged hyperon. An analysis of our data in terms of the 
parity-doubling scheme of Lee and Yang” is very 
complicated, since in addition to the four lifetimes 
involved, there can be two distinct branching ratios 
for the two types of X*. (A priori there can be addi- 
tional parameters for the relative amplitude of the 
two types of 2* or Z~, but since the lifetimes of the r* 
and @* are nearly equal, the ratio of these amplitudes 
should be close to 1.) Despite this large number of 
parameters, it is not easy to determine a fit to all of 
the data of this experiment. If one assumes, for example, 
two lifetimes differing by a factor of about three for 
each charged hyperon and a branching ratio (2+ — p)/ 
(2+ —+ wt) of Oand ~ for the short-lived and long-lived 
2+ hyperons respectively, so as to make the lifetime 
measurements compatible, one encounters the difficulty 
that not enough 2* —+ w* decay events were observed. 
(We found 26 whereas a number about 40 would be 
required.) It is apparent that better statistics are 
needed to resolve this question of the existence of two 
lifetimes or one lifetime for each charged hyperon. 


E. Angular Distribution of & Decay Products 


A study of the angular distribution of the 2 decay 
products may yield information as to the spin of the 
» hyperon and can provide a test of the hypothesis of 
parity doublets. 

If we first assume that each » is not a parity doublet, 
then only even powers of cos#z, can enter into the 
angular distribution, where 0, is the angle between the 


m-meson direction in the Y rest system and the initial 


direction of flight of the Y. If the spin of the & is }, 
the angular distribution must be isotropic. Treiman** 


has shown that if the A~ meson has spin zero and is 


captured by a nucleon from an s state, the angular dis- 
tribution is uniquely determined by the spin of the 2. 
For example, if the spin is 3, the angular distribution is 


40 -——__———__—_—__——_—_— ny 


~-e== FORWARD HEMISPHERE 
ONLY 
=—<_ TOTAL 








Fic. 6. Angular distribution of » mesons from 2 decays. (@z, 
is the angle between the direction of motion of the x meson in the 


rest system of the Z and the initial direction of motion of the 2.) 


* S. B. Treiman, Phys. Rev. 101, 1216 (1956). 
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1+3 cos’@. When the K~ meson is captured by a nucleus 
the situation is somewhat more complicated. However, 
it may not be far removed from the ideal case discussed 
by Treiman, since most of the 2’s are produced in 
single nucleon captures of the K~ meson, as indicated 
by the energy distribution of the 2’s from K~ stars 
(Sec. III). Of course any scattering of the 2 as it leaves 
the nucleus will tend to smear out the observed angular 
distribution. On the other hand, the fact that the K 
meson be captured from a high orbital angular-mo- 
mentum state relative to the center of mass of the 
nucleus, cannot change the angular distribution. One 
can easily see that the angular momentum pertinent to 
Treiman’s discussion, is the relative angular momentum 
between the K~ meson and the nucleon by which it is 
captured, One might hope that the capture takes place 
from an s state of the K~ meson-nucleon system, since 
the energy in this system is of the order of 20 Mev, the 
characteristic Fermi energy in a nucleus. In this regard, 
the capture of a K meson in a nucleus may occur in an 
s state more often than it does in the capture by a free 
proton. In the case of the K~—p atomic system, the 
amount of p-state capture depends upon the lifetime 
of this process relative to the lifetime of the radiative 
transition from the 2p to the 1s state.” In any event, 
definite evidence for the presence of even powers of 
cos@ other than zero, whether the 2’s come from hy- 
drogen captures or nuclear captures of K~ mesons, 
would prove that the spin of the J is greater than }. 

Lee and Yang” have shown that if, and only if, there 
is parity doubling for each 2, odd powers of cos# may 
appear in the angular distribution of the decay products. 
Since the amount of fore-aft asymmetry depends upon 
an interference term between two unknown amplitudes, 
no definite prediction is made as to the amount or sign 
of this asymmetry. In principle it can be different for 
y+ and =~ decays and also different for 2+ — p decays 
as compared to 2+ — mt decays. 

We have measured the angle 6s, for 85 = decays. 
These are listed in Tables III-VI. It is permissible to 
include Y decays from rest in the angular distribution 
since, as Wolfenstein® has shown, the probability of 
changing the spin orientation of the 2, via Coulomb 
scattering during the slowing-down process, is very 
small. Figure 6 is a histogram of the angular distribu- 
tion for all 85 © decays. From the folded distribution 
we find that the number of events with | cos#z,| >0.5 is 
50, out of a total number of 85. A x’ test yields a prob- 
ability of about 12% that this sample comes from a 
true distribution that is isotropic. 

This sample has a folded angular distribution that 
lies in between an isotropic and a (1+3 cos’@) dis- 
tribution, but it is certainly not conclusively different 
from isotropic. Alvarez ef al.*® found the number of 2 
decay events with |cos#z,| >0.5 to be 40 out of a total 


*R. Gatto, Nuovo cimento 3, 5 (1956). 
* L. Wolfenstein, Phys. Rev. 75, 1664 (1949). 
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number of 65. The fact that both of these samples of 
data deviate from isotropy in the same direction sug- 
gests that the spin of the 2 may be greater than }."! 

With respect to the possible existence of a forward- 
backward asymmetry, Table X gives a breakdown of 
our events for the various decay modes. The 2 — 
decay modes taken together show a strong asymmetry 
in favor of the backward hemisphere (32 backward 
out of 45 events). The total number of = decays yield 
53 backward out of 85 events. x? tests on these two sets 
of numbers yield probabilities of about 0.7% and 2%, 
respectively, that the true distribution is symmetrical. 
This asymmetry would indicate the existence of parity 
doublets. However, the Brookhaven data®™ show a large 
asymmetry in favor of the forward hemisphere (15 for- 
ward out of 22 events). Furthermore, the data of Alvarez 
et al.*® show no asymmetry for 2 —+m decays and a 
substantial forward asymmetry for 2*+—> p decays. 
Combining all these data together tends to cancel out 
almost all the evidence for forward-backward asym- 
metries. On the other hand, the asymmetries do not 
cancel out if one examines the 2+ — p decays separately 
from the 2+ —>+> wt decays. The absence of a forward- 
backward asymmetry does not disprove the hypothesis 
of parity-doubling since the magnitude of this asym- 
metry cannot be quantitatively predicted. 

Note added in proof.—-A world-wide survey of data 
presented at the 1957 Rochester Conference on High 
Energy Physics on the angular distribution of 2 decays 
obtained from ~10000 A~ meson stars in emulsion 
showed no fore-aft 
asymmetries. 


significant polar-equatorial or 


V. DISCUSSION 


This set of data can help to illuminate many other 
questions concerning hyperons, besides those discussed 
in Sec. IV, including isotopic-spin selection rules for 
decay, matrix elements for A~-nucleon capture proc- 
esses, absorption cross sections for ~’s in nuclear 
matter, and probability of hyperfragment formation. 


A. Isotopic-Spin Selection Rule for = Decay 


If one assumes the selection rule AT =+4 for Y 


decay, where 7 is the total isotopic-spin quantum 
number, then a relationship exists between the branch- 
ing ratio R=(X+—> p)/(X+—>+ wt) and the ratio of 
lifetimes of the 2~ and L*, z= ry-/rz*.4 Given R, z can 
take on either of two values for each assignment of 
spin and parity of the 2. (For detailed discussion, see 
Iso and Kawaguchi and Alvarez et al.2® Assuming 
time-reversal invariance, the spin and parity of the 2 
determines the relative phase of the 7=% and T=} 
matrix elements of the w, nucleon system.) We find 
R=26/22=1.18+0.32 in good agreement with the 


On the other hand, J. Hornbostel (private communication), 
informed us of preliminary Brookhaven results in which a sample 


of 22 X decays from K~ stars shows only a slight asymmetry in 
the folded angular distribution. 
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TABLE X. Forward-backward distribution of @y,. 


No. in 
backward 
hemisphere 


No. in 

forward 

Type of event hemisphere 
19 21 

6 13 

> a* in flight 7 19 


Total 32 53 


ratio 14/14 obtained by Alvarez et al. Combining these 
two numbers, we get R= 1.11+-0.25. If we assume one 
lifetime for each charged 2, our best lifetime values, 
given in Eqs. (11) and (12), yield ry-/rz+=2.6+1.0. 
Alvarez et al. give ry-/ry+=2.2+0.5, again assuming 
one lifetime for each charged 2. For R=1.11, the pre 
dicted values for ry-/ry* are 6.0 and 8.8 for spin and 
parity assignment $+- and 4+ respectively (4— yields 
a value just slightly lower than 4+). These values for 
R, predicted by the AT=-+} selection rule, are in 
clear disagreement with experiment. If the branching 
ratio R is as large as 1.40, the theory yields ry-/ry+= 3.5 
and 5.3. (The second allowed solution for ry-/rz* yields 
a value of ~4 and hence is clearly ruled out by the 
data.) 

In agreement with Alvarez et al., 
the evidence is fairly strong for the lack of validity of a 
rigorous AT = +4 selection rule. Only the assignment 
3+ to the & still has a non-negligible probability of 
fitting the data. This conclusion, however, depends in 
large measure on the assumption that each charged Z 
hyperon has only one lifetime. The presence for each 
charged 2 of two lifetimes, which differed by as much 
as a factor of two, can significantly alter the predic- 
tions of the AT’ = +4 theory. If each charged Y has a 
unique lifetime but parity is not conserved in the decay, 
then again the predictions of the A7 = +4 assumption 
can be altered. 


26 


we conclude that 


B. Matrix Elements for K~-Nucleon Capture 
Process 


Assume that isotopic spin is conserved in the K~- 
nucleon capture process of Eq. (1). Then the number of 
yt” hyperons can be expressed in terms of the two 
matrix elements My and M, corresponding to the total 
isotopic-spin quantum numbers T=0 and 1.” Both 
matrix elements enter in K”>—p capture processes, 
while only M, plays a role in K~—n collisions. Alvarez 
et al.* have analyzed the relative number of 2*, 2~, 
and 2° hyperons observed from K~ — p capture processes 
and have determined conditions on r and g, where 


re‘? M, /M ». (18) 


ry and gy can be determined from the K’ — p observa- 


tions alone except for the uncertainty in the fraction, 
“for example, see S. Gasiorowicz, University of California 


Radiation Laboratory Report UCRL-3074, July, 1955 (un 
published); M. Koshiba, Nuovo cimento 4, 357 (1956) 
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a, of As (from 2s) decaying by the charged mode. 
From their observations that 2~/Z+=2, they obtain 
the inequality r>0.14. 

By combining the observations of Alvarez et al. on 
the relative number of 2+ and Z~ hyperons from K~— p 
capture processes with similar observations from K~- 
nucleus capture processes, one can obtain an estimate 
of r that is independent of the 2's.” We assume that 
inside the nucleus the predominant K~ capture process 
is by one nucleon, with protons and neutrons weighted 
according to Z/A and (A—Z)/A, respectively. One can 
easily show, by applying isotopic-spin arguments to 
Eq. (1), that 


(— ~~) 
Nxt K~-nucleus 


bs aie | Mol24+-4| My |? 
Nx K--p Py 


4 | Mo|*+4(A/Z)|Mi\? 
Py ; 


(19) 


: (20) 


where Ny* are the number of 2+ and Y~ hyperons 
observed, and /’s* is the square of the matrix element 
for 2* production in K~— p capture. 


Py 4|Mo|?— (4)4| MoM, | cose +3|M,|*. (21) 


Taking the ratio of Eqs. (19) and (20), we obtain an 
expression for r°=|M,/Mo|? in terms of the relative 
number of charged 2 hyperons in the two experiments, 
K —pand K -nucleus. 

2(1—c) 


: -, (22) 
3[c(A/Z)—1] 


where 
= sai Fs lta 
t . - = . . 
Ny Kp Ny K~ nucleus 


Experimentally, 


c= (83/28)(201/72) = 1.065+0.2. (23) 


In nuclear emulsion, the average value of A/Z, if one 
assumes a 60-40 distribution of K~ captures in heavy 
and light elements, respectively, is (A/Z)= 2.17. 
Hence Eq. (22) yields the result 


r ~0.034+-0.14, or O<r'<0.11. (24) 
Then 


0<7r<0.33. 


Combining the lower limit on r obtained by Alvarez 
et al., r>0.14, we see that r is approximately in the 
range 0.14 to 0.33." (From Fig. 9 of Alvarez et al., this 
value of r corresponds to 0.35 <a <0.4.) 

The above analysis of A~-nucleus captures has 
assumed that the A~ capture by two nucleons plays a 


® The estimate of r obtained in this way can be seriously in 
error because of the large effect that the Coulomb force can have 
in changing the relative number of Z* and Z~ hyperons that 
actually emerge from the nucleus. See footnote 34. 
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very small role. The small number of high-energy 2’s 
emitted from K~ stars indicates qualitatively that the 
two-nucleon capture is quite small, perhaps about 10%. 
Also the interactions of the 2 hyperons with other 
nucleons in the nucleus have been neglected in the 
above analysis. This is a second-order correction how- 
ever, since if all the nuclei in the nuclear emulsion had 
Z=4A, then Eq. (19) would still hold rigorously, pro- 
vided that isotopic spin were conserved in the 2- 
nucleon interactions. Since |A/2Z|>1, these neglected 
interactions have the effect of increasing the ratio 
(Z~/Z*) observed as compared to the ratio (2~/Z*) 
initial. This tends to make r even smaller than the 
result of (24), hence reducing the upper limit on r 
slightly. 

On the other hand the Coulomb forces between the 
=* or 2 hyperons and the nucleus do not commute 
with the total isotopic spin and hence can alter the 
observed ratio (2~/Z*). Since the ~ must lose energy 
in passing from the surface of the nucleus to infinity, 
those 2~ that arrive at the nuclear surface with less 
energy than the Coulomb barrier energy cannot emerge. 
This effect will decrease the observed ratio (2~/2*) 
as compared to the initial ratio and hence tend to 
increase the upper limit on r.¥ 


C. Absorption of & Hyperons 


We have deduced (Sec. IIT) that the total number of 
» hyperons that emerge from these 1001 K~ stars is 
302. If one knew how many  hyperons as compared to 
A® hyperons were formed in the initial K~-nucleon 
capture process, then one could obtain a qualitative 
idea as to the strength of the absorption cross section 
for 2’s via the reaction of Eq. (3).** When one uses 
the results of Alvarez et al.?* that the relative proba- 
bility of A° production to Z production in a T=1 state 
is about 3, and also the result of Eq. (24), it follows 
that the ratio of A°’s to 2’s produced inside the nucleus 
is S15%. (Again we ignore the two-nucleon production 
of hyperons.) Hence one expects that in at least 85% 
of K~ stars a © hyperon is produced, while we have 
deduced that a Y (of any charge) emerges in only 30% 
of the K~ stars. For comparison, we note that a 
meson (of any charge) emerges from K~ stars in about 
50% of the cases, hence implying an escape probability 
of 250%. Of course, the much lower energy distribu- 
tion of the 2’s increases the trapping probability of a 
y via multiple scattering so that a quantitative com- 
parison of the w and absorption probabilities is not 


“The magnitude of this effect will depend on the unknown 
depth of the nuclear potential for + and Y~ inside the nucleus as 
well as on their energy distribution. The 2+ must penetrate a 
Coulomb barrier before emerging from the nucleus, but if the 
depth of the nuclear potential inside the nucleus were equal for 
=* and =~, the probability for a Z* to escape from the nucleus 
will be larger than for a ~. White ef al.* has discussed this effect 
quantitatively. 

% As discussed in the previous section, some additional ab- 
— can be due to the Coulomb interaction between the 2’s 
and the nucleus. 
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simple. Qualitatively, however, a comparison of these 
two results implies a large nucleon cross section 
(~ geometric) for scattering and absorption of hyperons 
in the energy region 10 to 60 Mev. 


D. Probability of Hyperfragment Formation 


We observed 46 hyperfragments from the K~ starsand 
no hyperfragments from an estimated 115 =~ stars, in- 
cluding zero-prong events.** If one assumes that every 
> absorption yields a A° via reaction (3), then the hyper- 
fragment formation probability is (46/700) =6.6% for 
K~ stars and 0/115 for 2~ stars. The As produced 
either directly or indirectly from the nuclear capture 
of K~ mesons appear to have a higher probability of 
emerging in the form of a hyperfragment than do the 
A°’s, produced by the nuclear capture of 2~ hyperons. 


% There is some possibility of experimental bias in this com- 
parison. The mean number of prongs from =~ stars is much less 
than from K~ stars, and hence the identification of hyperfragments 
that have very short ranges (“double centers” is more difficult in 
=~ events than in K~ events. 


PHYSICAL REVIEW VOLUME 


HYPERONS FROM 


1001 K- MESON STARS 269 
Since the total energy available to the nucleus in A~ 
absorption is much larger than in Y~ absorption, this 
result implies that the process of hyperfragment for- 
mation is more like a boiling off of nuclear matter con- 
taining a A° than like a pickup process by the A° as it 
leaves the nucleus. 
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Acceleration of Cosmic-Ray Particles among Extragalactic Nebulae 
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It is proposed that cosmic-ray particles can be accelerated by the Fermi mechanism acting among galaxies 
in clusters in the same way that Fermi originally proposed for interstellar clouds in our own galaxy, When 
applied to the local group of galaxies this mechanism does not lead to an appreciable increase in energy 
over the limit attainable in our own galaxy. However, the conditions in a highly concentrated cluster such 
as the Coma cluster lead to maximum energies in the range 10'*-10™ ev. Some implications of these results 


are discussed. 


URRENT theories of the acceleration of cosmic- 

ray particles suggest that if the original Fermi 
mechanism! or some variations and refinements of it? * 
are invoked, a reasonable upper limit to the energy 
which a particle can gain in our galaxy lies in the range 
10'*-10'* ev per nucleon. If the effects of diffusion and 
structure in the magnetic field are taken into account, 
Thompson® has shown that energies of the order of 
10"7 ev may be attained. It is the purpose of this paper 
to point out that the Fermi mechanism may well 
operate among extragalactic nebulae,® and the ultimate 
limit on the energy is probably determined only by the 


1E. Fermi, Phys. Rev. 75, 1169 (1949). 

2 E. Fermi, Astrophys. J. 119, 1 (1954). 

3 Morrison, Olbert, and Rossi, Phys. Rev. 94, 440 (1954). 

*L. Davis, Phys. Rev. 101, 351 (1956). 

5 W. B. Thompson, Phil. Mag. 45, 1210 (1954); Proc. Roy. Soc. 
(London) A233, 402 (1955). 

* This suggestion has also been made by G. Cocconi, Nuovo 


cimento 3, 1433 (1956). 


conditions inside clusters of galaxies and to some extent 
by the age of the universe. 

Observations from a number of directions can be 
used to estimate the probable conditions of acceleration, 
The clustering tendencies of galaxies have been realized 
in recent years to be of great importance (see the work 
of Shane and Wirtanen’ and Zwicky*). Also work by 
Zwicky’ has shown that much material exists in regions 
lying between galaxies. Detection of 21-cm radiation 
from the Coma cluster of galaxies and from the 
Cygnus radio source" which consists of two galaxies in 
interaction shows that there is a large amount of neutral 


hydrogen associated with these galaxies. These masses 


7™C. D. Shane and C. A. Wirtanen, Astron. J. 59, 285 (1954) 

*F. Zwicky, Proceedings of the Third Berkeley Symposium on 
Statistics (University of California Press, Berkeley, 1956), Vol. IIT, 
p. 113, and earlier references given there. 

*F. Zwicky, Naturwissenschaften 29, 344 (1956). 

“1D, S. Heeschen, Astrophys. J. 124, 660 (1956). 

UA. E. Lilley and E. F. Met ‘lain, Astrophys. J. 123, 172 (1956). 
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are of the same order as the total masses of the systems 
themselves.”:'? It can be expected that a considerable 
amount of ionized hydrogen is present as well. Further- 
more, both normal and abnormal galaxies which are 
radio sources show in very many cases large radio halos 
which surround the optically brightest regions.*~"® On 
the well-founded assumption that this is synchrotron 
radiation, we can deduce from these halos that the 
systems contain large volumes of low-density gas and 
weak magnetic fields. The presence of these extended 
systems means that the internal hydromagnetic veloci- 
ties must be high (~100 km/sec); otherwise they 
would collapse towards their centers. The existence of 
such extended regions may be a very widespread 
phenomenon in which in the majority of cases in normal 
galaxies the radio emission is too weak to be detected. 
Also a number of intergalactic star clusters in the local 
group of galaxies have been discovered in recent years." 
Finally, the presence of the [O 1] line \3727 in the 
spectra of many elliptical galaxies’ shows that even in 
these systems gas is often present in appreciable 
quantities. 

The velocity dispersion of galaxies within clusters 
ranges from ~100 km/sec in the local group of galaxies'* 
to ~2000 km/sec*:!” in highly condensed and heavily 
populated clusters such as the Coma and Corona 
clusters. The 21-cm observations of Heeschen"” show a 
dispersion ~1000 km/sec in the velocities of neutral 
hydrogen clouds in the Coma cluster; this value is 
compatible with the velocity dispersion of galaxies 
within this cluster, though the clouds may exist either 
within or without the galaxies of the cluster. 

We shall consider the maximum energies that may be 
achieved by a proton moving (i) in the local group of 
galaxies, and (ii) in a large condensed cluster such as 
the Coma cluster. In order to do this we shall make the 
hypothesis that the space between the galaxies is 
pervaded by a weak magnetic field and a very low 
density of matter, both of which must be far lower than 
the corresponding values in the interstellar gas of our 
galaxy. The mean density p must lie in the range 
10°*>>p>p’, where p’ is the mean density in the space 
between clusters (p'=6K10~" g/cc). We shall also 
suppose that all galaxies contain some gas and magnetic 
field. In this case we can consider the acceleration in 
the same way that Fermi originally did, if we replace 
the conditions due to the interstellar clouds in our 
galaxy by the conditions due to the galaxies in a 


"EF. M. Purcell and G. B. Field, Astrophys. J. 124, 542 (1956). 

“J. E. Baldwin, Nature 174, 320 (1954); Monthly Notices 
Roy. Astron. Soc. 115, 690 (1955). G. R. Burbidge, Astrophys. J. 
123, 178 (1956). B. Y. Mills, Australian J. Phys. 8, 368 (1955). 

“4 J. E, Baldwin and F. G. Smith, Observatory 76, 141 (1956). 

%G. R, Burbidge and E, M. Burbidge, Astrophys. J. 125, 1 
(1957). 

1 A. G. Wilson, Publs. Astron. Soc. Pacific 67, 27 (1955); G. O. 
Abell, Publs. Astron. Soc. Pacific 67, 258 (1955). 

17 Humason, Mayall, and Sandage, Astron. J. 61, 97 (1956). 

1®M, L. Humason and H. D. Wahlquist, Astron. J. 60, 254 
(1955). 


BURBIDGE 


cluster. An extra limitation on the duration of the 
acceleration, t, will now be that ¢ must be less than the 
age of the universe. Thus if we suppose that the 
universe is represented by an evolutionary cosmology, 
t<1/H where H is the Hubble constant. We shall put 
1/H~6X 10° years, a value near to that obtained from 
the red-shift data, though there is increasing evidence 
that our own galaxy is ~10" years old.* If the steady- 
state cosmology is assumed this limitation has no 
validity. 

(i) If A, is the injection energy of protons for 
acceleration in the local group, then the maximum 
energy attainable, Z,,, is given by 


Em= Ey exp{(v/c)*N}, (1) 


where NV is the number of collisions which are made. 
Thus 
t=Nd/c<1/H, or Nm=c/(\H). (2) 
FE, must be the highest energy to which particles may 
be accelerated in our galaxy and still escape, either by 
following lines of force which form natural escape paths 
from the galactic disk to the halo and hence to the inter- 
galactic medium," or because their spiralling radius 
becomes comparable with the radius of a spiral arm, 
Thus we put £,=10'*-10" ev. For the local group, 
v= 100 km/sec and X, the mean separation between col- 
liding centers, = 10° parsecs= 3X 10% cm. Thus from (2) 
we find that V,,= 1.9X 10‘, and E,,= £, exp(0.002) = £. 
We can conclude from this result that if the original 
Fermi mechanism is applicable, acceleration of cosmic 
rays among galaxies of the local group will not lead to 
higher particle energies than those already attainable 
in our own galaxy, unless the mean distance between 
colliding centers is not the mean distance between 
galaxies but it is a distance very much smaller than this. 
This would imply that in the intergalactic medium 
within such a cluster there is very fine structure in the 
low-density gas and magnetic field, with a characteristic 
length ~100 parsecs. This would appear to be highly 
improbable. Even a more efficient mechanism similar 
to that proposed by Thompson? in which field irregu- 
larities lead to energy gain from large fluctuations within 
galaxies without reflection would not lead to the pro- 
duction of energies appreciably greater than £. 
(ii) It has been shown by Zwicky” that in the Coma 
cluster in which about 800 member galaxies have been 


* The value of 1/H given by Humason et al." is 5.4 10° years, 
so that, for example, the age and thus the time for acceleration in 
a particular model (Einstein-de Sitter) is 2/3//=3.6X 10° years. 
By effectively putting the age=6X 10* years for the purposes of 
this argument we are somewhat arbitrarily attempting to resolve 
the dilemma of the conflict between the age of our galaxy deter- 
mined by dating star clusters and the presently determined value 
of H, in favor of the cluster-dating method. On the other hand, 
any distances given in this paper have been obtained from the 
red-shift-distance relation given by Humason et al," 
pL. Davis, Phys. Rev. 96, 743 (1954). 

*F, Zwicky, Astrophys. J. 86, 217 (1937); Astrophys. J. 95, 
555 (1942). 
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counted, the density distribution of the galaxies follows 
that of the molecules in an isothermal gravitational gas 
sphere. Thus although the mean distance apart of the 
galaxies in such a cluster is ~2X 10° parsecs, there is a 
tremendous concentration towards the center. Hence 
about half of the galaxies are contained in a volume 
having a diameter of about 9X 10° parsecs, while the 
total diameter of the cluster is about 4X 10® parsecs. 
The mean separation of these inner members is < 10° 
parsecs, while nearer to the center the separations begin 
to approach the average sizes of galaxies themselves. 
The effect of this concentration together with the high 
random velocities (2000 km/sec) means that collisions 
between galaxies become frequent.?! For example, the 
calculations of Spitzer and Baade show that a galaxy 
passing within about 2.2 10* parsecs of the center 
of the cluster will make between 79 and 490 collisions 
(depending on the cross section which is assumed) in a 
time of about 6X 10° years. The collisions will tend to 
sweep the gas, dust, and magnetic field out of the 
systems, though the effect of glancing collisions will be 
that in a single collision not all of the galaxies will be 
swept clean. Also some of the gas may fall back into 
the systems after the collision is over. The gas swept 
out in this way may tend to condense into new galaxies, 
or fall towards the center and begin to condense into 
stars. The point which we wish to emphasize here is 
that the collisions together with the concentration 
towards the center will tend to increase the number of 
scattering centers for cosmic-ray particles trapped in 
this region. ‘Thus a mean separation of scattering 
centers ~10* parsecs would not appear to be im- 
probable. In this case, we have from (2) 


Nm=1.9X 105, 
and if v= 2000 km/sec, 
En= E, exp(8.4)= E\X%4.4&X 108. 


Thus if £, lies in the range 10-10" ev, E,,=4x 10!" 
4X10” ev. If the nucleon is to gain energies as high 
as those estimated above without being destroyed by 
nuclear collision, the mean density of the material p is 
given by 
p£1.66K 10°" /(ac), 


and if 7=3X10"-** cm*, p< 9 10-* g/cc. Although this 
density limit is far lower than the mean density in the 
disk of our galaxy, it may be comparable with the 
density in the halo," and it is higher than that in the 
intergalactic medium in clusters where the nucleon will 
spend most of its life. 

A further limitation on the energy gain will be ob- 
tained because when the radius of a spiraling proton in 
the cluster becomes comparable with the size of the 
scattering center, i.e., the galaxy with which it collides, 


11 [,, Spitzer and W. Baade, Astrophys. J. 113, 413 (1951). 
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the mechanism of acceleration breaks down. In galactic 
magnetic fields of 10~° or 10~® gauss, these radii are 
10-10 parsecs or 10*-10° parsecs, for protons in the 
energy range 10'*-10” ev. Since the size of a galaxy is 
of the order of 10* parsecs, it is clear that energies near 
10” ev are the maxima attainable by this mechanism. 
A proton can either escape from the inner parts of a 
cluster by moving about magnetic field lines which 
naturally lead it to the outer parts and thence to the 
intergalactic medium between clusters, or else it will 
escape when its spiralling radius becomes comparable 
with the size of the inner part of the cluster. This latter 
condition is fulfilled if the magnetic field in the outer 
part decreases to a value <2 1077 gauss (for a 10”-ev 
particle). 

We conclude that nucleon energies of 10!'*-20” ev 
per particle may be attained by acceleration among 
galaxies and the remnants of galactic collisions in the 
inner parts of highly concentrated clusters. If this is 
the only mechanism by which such energies can be 
attained then if such particles are detected by exten 
sive air-shower experiments, we may conclude that they 
have arisen in clusters of galaxies other than our own 
since this is far too loose an aggregate to accelerate 
particles appreciably above the energies that can be 
attained in our own galaxy. The nearest cluster which 
is highly effective is the Coma cluster which lies at a 
distance of 3.7107 parsecs. (The Virgo cluster which 
lies at a distance of only 610° parsecs has a large 
number of members. However, it is not highly con 
densed and it seems that the upper limit to the energies 
which might be attained there is ~10'* ev.) If more 
distant clusters are also of importance, it should be 
remembered that if particles are accelerated in clusters 
for which the red shift is large the maximum energies 
which may be detected will be lower than those from 
the Coma cluster, both because of the red-shift effect, 
and also because in an evolutionary cosmology they 
have had less time in which to be accelerated in that 
cluster. 

If this mechanism is operative, we would not expect 
that above ~10!* ev the spectrum of cosmic radiation 
necessarily has the same form as that observed due to 
particles accelerated in our galaxy. If an isotropic 
distribution of such high-energy particles is found, it 
may be due either to the effect of a large number of 
clusters covering an appreciable volume of the universe, 
or alternatively to the effect of intergalactic magnetic 
fields on particles escaping from one or two nearby 
clusters. 
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A°-Nucleon Potential and the Binding of Hyperfragments* 


Laurig M. Brownt AND Murray PESHKIN 
Northwestern University, Evanston, Illinois 
(Received March 20, 1957) 


The volume integral Q of the effective interaction potential between the A hyperon and the nucleon has 
been calculated from the observed binding energies of hyperfragments of mass number 3, 4, 5, 7, and 9. 
An assumption of short-range, central, spin-independent forces leads to a single value of Q=(240+20) 
x10” Mev cm’, independent of experimental uncertainties in the size and shape of nuclei and in the 
observed binding energies, except for the case of ,He®. The additional freedom gained by assuming central 
spin-dependent forces does not permit the fitting of jHe® and the other hypernuclei. It is concluded that 
the explanation of the anomalously low value of 2 for ,He® is to be found in the nuclear properties of its 


alpha-particle core 


I, INTRODUCTION 


HE binding energies of the hyperfragments pro- 
vide the most quantitative information now 
available concerning the interaction between the nu- 
cleon (NV) and the A hyperon.' These binding energies 
increase smoothly with mass numbers from about 0.4 
Mev for ,H?® with about 1 Mev extra for each additional! 
nucleon, Since these energies are small compared to the 
mass defects of the hyperfragments, it seems reasonable 
to suppose that the hyperfragments possess compara- 
tively undistorted nuclear cores, as has been assumed 
by previous authors,’ and to consider the dynamics of 
the A°® hyperon moving in a given distribution of nuclear 
matter. A further simplification is obtained by assuming 
that the effective A°-N interaction in hyperfragments is 
a short-range, spin-independent, central potential. 
Under these assumptions, we have calculated the 
volume integral of the effective A°-.V interaction which 
must be assumed for each hyperfragment. From the 
constancy of 2 we have concluded that these assump- 
tions are in good agreement with all the observed hyper- 
fragment data excepting only the case of ,He®. While 
the assumption of spin independence seems rather 
drastic, we shall show that no central spin-dependent 
force is in agreement with all the data. This conclusion 
is insensitive to the assumption of very short range and 
to the experimental uncertainties of the binding 
energies. 
The effect of distortion has been calculated in the case 
of ,4H* and will be discussed in the concluding section, 
together with the anomalous case of ,He’®. 


*A preliminary account of this work was presented at the 
Midwest Conference on Theoretical Physics, March 15 and 16, 
1957 at lowa City, Iowa. 

t Research supported in part by the National Science Foun- 
dation. 

! Binding energies of hyperfragments have been measured in 
nuclear emulsion by various investigators, especially Fry, Schneps, 
and Swami, Phys. Rev. 101, 1526 (1956), and Slater, Silverstein, 
Levi-Setti, and Telegdi, Bull. Am, Phys. Soc. Ser. II, 1, 319 
(1956). A graph summarizing the measurements is given by L. M. 
Brown, Phys. Rev. 106, 354 (1957). 

*R. H. Dalitz, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, Rochester, 1956 (Interscience 
Publishers, Inc., New York, 1956), p. V-40. 

*R. Gatto, Nuovo cimento 1, 372 (1955). 


II. CALCULATIONS 


The wave function in the relative coordinate r of A® 
and nuclear core satisfies 


{ (—h?/2n)V?—Q(A —1)p(r)+| El jy(r)=0, (1) 


where {2 is considered to be the eigenvalue. 

Exact numerical solutions have been obtained for the 
ground states of the hyperfragments (,H*, ,He*), ,He’, 
aLi’, sBe* with the binding energies | #| and nucleon 
densities p(r) given in Table I. For ,He® and 4Li’, p(r) is 
obtained from the Stanford electron scattering data‘ 
for He‘ and Li®. For ,Be’, the electron scattering data 
for normal Be’ was used. Its rms radius is in satisfactory 
agreement with the Coulomb energy radius for Be’. 
For the charge doublet (,H‘, ,He*) a Gaussian shape 
was used, adjusted to give the observed Coulomb 
energy difference of H® and He*. The form of the 
potential term in (1) corresponds to assuming for the 
A°-V potential 

Van = —26(ta— Ty). (2) 


Thus @ is the volume integral of the A°-N interaction 
potential energy. 

We have also considered in some detail the problem 
of the hypertriton, for which we write 


(H—E)p(q,r) =9, (3) 


H=—(h?®/m)V2— (h?/2u)V,2+ V (q) 
—O[5(r—43q)+6(r+4q)]. (3a) 


Here —E is the energy needed to dissociate the 
hypertriton into three particles, q is the vector from 
neutron to proton, r is the A° coordinate with respect 
to the deuteron center of mass, m is the proton mass, 
and yu is the reduced mass of the A°-d system. V(q) is 
the Yukawa potential with parameters adjusted to give 
the correct deuteron binding energy and effective 
range,® namely 


V (q)=51.19(aqg)~! exp[ —aq ] Mev, (4) 
with a=0.7185X10" cm. If ¥(q,r) is written as a 


‘R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
5 J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 
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Taste I. Data used in the calculations for A >3. | E| is the observed binding energy of the hyperfragment ; a is the electron scattering 
or Coulomb radius as described in the text, while a’ is reduced for finite proton size. The nuclear shape p(r) is taken from reference 4 
Note that the normalization given there for the modified exponential shape (,Li’, ,Be®) is incorrect. 


Hyperfragment 4ra‘p(r) 


(aH‘, ,Het) 
aHe® 
ALi? 
ABe® 


3(6/x)4 exp[ — 4 (r/a)® 
3(6/m)* exp[ — 4 (r/a)* 


27 (8)~4L1+- (18) ~4/a] exp 


product of deuteron and hyperon wave functions, 


¥(q,0) =Yalqalr), (5) 


then upon multiplication on the left by pa(q) and 
integration over the space of q, Eq. (1) is obtained. We 
have, however, chosen to obtain Q for this case by a 
Thomas variation procedure in which Wa and Wa are 
each represented by Hulthén trial functions® 


va=ri(er—e~), 
va=q'(e“—e), (6) 


and the parameters are obtained by joint variation to 
minimize {. In this case we have therefore included the 
principal effects of distortion. For the undistorted 
deuteron, a=0.2316, b=1.37. The variation principle 
yields c=1.69, n=0.045, Q=290K10-" Mev cm’. 
Simultaneous variation of the four parameters yields 
a=0.2763, 6=1.52, c=2.04, n=0.062, 2=255K10~" 
Mev cm’, The variation parameters are in units of 
10" cm™!. The linear distortion of the deuteron is of the 
order of ten percent.f 

The results of our calculation for 2 are given in 
Table II. Excluding ,He®, all the other values of {2 lie 
within about 10% of their average value which is 240 
«10° Mev cm*. The smaller radius given for each 
species of hyperfragment is obtained by unfolding from 
the charge density a Gaussian proton shape of radius 
0.8 10~'* cm as deduced by Hofstadter et al.‘ At the 
same time it displays the insensitivity of the agreement 
of the model (always excepting ,He*) to reasonable 
changes of the assumed nuclear radii, The principal 
effect of a finite range of the A°-V force will be to fold in 


*It is interesting to note in this connection that the trial 
function must be given the flexibility to peak at short distances 
independently of its asymptotic form. For example, the use of an 
exponential wave function results in a serious overestimate of Q. 
The Hulthén wave functions deduced here bring the nucleon and 
hyperon peaks very close together in spite of their very different 
binding energies. 

t Note added in proof.—B. W. Downs has remarked (in a private 
communication) that the zero range A°-N force, taken literally, 
leads to a zero value for @ if the deuteron core is permitted to 
collapse to an arbitrarily small size. This zero is, however, spurious 
from the physical point of view; our Q, corresponding to the local 
minimum obtained by continuous variation of the parameters 
from the undistorted case is the one of physical interest (and rather 
insensitive to the range of forces). We are greatly indebted to Dr. 
Downs for pointing out a small error in the value of the Yukawa 
well depth which we had originally used. The corrections for ,H# 
have been incorporated in the text and lead to no changes in the 
conclusions, Our results for 4H’ agree with those of G. H. Derrick, 
Nuovo cimento 4, 565 (1956) and with Downs, who is undertaking 
more extensive three-body calculations. 


a(107-"% cm) 


1.84 
1.61 


3.04 


a’ (10 em) 


1.67 
1.40 
2.67 
2.94 


|R| (Mev) 


1.45 
2.50 
5.45 
6.35 


27(8) Tit ape et or CaByes a4 2.78 
nai (18)4r ‘a 


the A°-V potential, so that assumption of a range 
having the order of magnitude of the proton size 
cannot affect our conclusion, In the course of our caleu- 
lations it was ascertained that present experimental 
uncertainties in the binding energies do not sensibly 
affect our calculated values of 2. 

An additional piece of information can be obtained 
from the apparent nonexistence of the hyperdeuteron. 
Representing the interaction as a square well whose 
volume integral is Q= 240 10-" Mev cm’, we conclude 
that to have no bound state the square-well radius 
must exceed 0.60 10~" cm, If a spin dependence of the 
interaction were assumed, such that a favored spin 
orientation would give a larger value of 2, this minimum 
range would be increased proportionally. 

At the heavy end of the mass scale, we expect the 
binding energies to rise smoothly with mass number and 
to saturate at about 19 Mev.’ 


III. DISCUSSION 


Our principal conclusion is that a central, spin 
independent A°-V potential having a volume integral 
(= (240+ 20) 10-" Mev cm* leads to agreement with 
the observed binding energies of the hyperfragments, 


Tase II, Calculated values of the volume integral Q of the 
A°-N interaction, and nuclear volume per nucleon. The smaller 
radius given for each hyperfragment core is the value after 
correction for the finite size of the proton. 


Volume per 
nucleon 
(10% em!) 


Root-mean 
square radius 
(1074 em) 


i] 
(10° Mev cm!) 


Hyperfragment 


(undistorted) 290 
(distorted) 255 


aH? 


AH‘, ,Het 84 275 
240 


aHe® 179 
148 


247 
232 


239 
225 


7 This is based on the assumption of a constant @ and an 
asymptotically constant nuclear density. If the A® possesses a 
parity-doublet structure [T. D. Lee and C. N. Yang, Phys. Rev 
102, 290 (1956) ] the effective value of 2 will probably be some 
what larger, owing to the admixture of higher orbital states. See 
L. M. Brown, reference 1 
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if one assumes that the alpha-particle core of ,He® is 
responsible for the anomalously low effective value of 2 
for that case. It is especially important that this con- 
clusion holds independent of variations of the experi- 
mental parameters going beyond present experimental 
uncertainties, 

Since the difference between the effective values of 2 
for A=4 and A=5 has been previously attributed to a 
strong spin dependence of the force,’ it is interesting to 
observe that assignment of spin-dependent central po- 
tentials to explain A=5 and any other hyperfragment 
is inconsistent with at least two other hyperfrag- 
ments. For example, ,Be’ has a spin-saturated core; 
nevertheless, it has an effective Q of 239 10-% Mev cm’, 
not 179X10-” Mev cm*. To bring it into agreement 
with ,He® would require a reduction of its radius by 
more than 30%. Similarly, from ,He*t and ,He® we 
would deduce that = 460%10-" Mev cm for a spin- 
favored alignment of the A° with a nucleon. This is in 
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evident disagreement with 2= 255 10-" Mev cm for 
aH, including effects of distortion. 

To explain the ,He*® anomaly as a distortion effect, 
we would have to suppose that all the hyperfragment 
cores except the alpha particle must be reduced in 
radius by about 35%. In view of the small calculated 
distortion of 4H’, this appears to be impossible. 

The anomalously low effective 2 for ,4He® must then 
find an explanation other than those mentioned above. 
Such an explanation could relate to the large nucleon 
density of He‘ (see Table II), or to its closed nucleon 
shells. A detailed interpretation of this anomaly may 
well contribute greatly to our understanding of the 
A°-N force. 


ACKNOWLEDGMENTS 


We wish to thank Dr. D. G. Ravenhall for valuable 
suggestions and Mr. S. H. Ahn for assistance with 
numerical integrations. 


107, NUMBER 1 JULY 1, 4937 


Pair-Creation Cross Section of Spin One-Half Particles Possessing 
an Anomalous Magnetic Moment*t 


Georce H. Rawirscuert 
Stanford University, Stanford, California 
(Received March 21, 1957) 


The electromagnetic pair-production cross section of spin-4 particles possessing an anomalous magnetic 
moment A (in units of eh/2mc) is calculated. The result is compared with the experimental measurement 


of the pair production of mu mesons, and it is found that 


INTRODUCTION 


ERY recently the pair production of 4 mesons by 

gamma rays was measured at Stanford Uni- 
versity.'! ‘The experimental cross section is used in the 
present paper to estimate the magnetic moment of the 
w meson, 

Since the ~ meson does not seem to possess any 
strong nuclear interaction, and since its spin’ is most 
likely 4, its magnetic moment is expected to be close 
to the value eh/2mc, predicted by the Dirac equation. 
The deviation from the Dirac value is expressed in 
terms of a dimensionless parameter A, such that the 


value for the total magnetic moment is given by 


* Supported in part by the U. S. Air Force through the Air 
Force Office of Scientific Research, Air Research and Development 
Command, 

t This work contains part of the research the account of which 
has been submitted by George H. Rawitscher in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy to 
the Department of Physics, Stanford University. 

t Now at the Department of Physics of the University of 
Rochester, Rochester 20, New York. 

' Masek, Lazarus, and Panofsky, Phys. Rev. 103, 374 (1956). 

*H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. II, p. 365. 


0.4<A<0.2. 


(1+A)eh/2mc. Fowler’ reviewed the various sources of 
experimental information concerning the u meson, with 
the conclusion that A«1. This result is based mainly 
on the high-energy bremsstrahlung processes which 
give rise to cosmic-ray bursts. However, the method of 
calculation used in Fowler’s analysis has questionable 
validity at these high energies. The pair-creation 
experiment mentioned above, being done near threshold, 
therefore provides welcome additional information on 
the u meson. 

The assumptions used in this calculation are the 
following: The ~ meson is treated as a spin-} particle 
and its anomalous magnetic moment, taken as being 
small but different from zero, is described phenomeno- 
logically by means of a Pauli term 


A(eh/2mc) (AF yur): (1) 


The effect of this additional interaction upon the 
pair-creation cross section is calculated in first Born 


3G. N. Fowler, Nuclear Phys. 1, 119 and 125 (1955); see also 
Hirokawa, Komori, and Ogawa, Nuovo cimento 4, 736 (1956). 
*W. Pauli, Revs. Modern Phys. 13, 223 (1941). 
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approximation using the Feynman rules for writing 
the matrix element. The physical processes and inter- 
actions which give rise to ’ are thereby ignored. 
Nevertheless, the present calculation is expected to be 
valid for energies which are sufficiently large so that the 
interactions of the u mesons in the final state can be 
neglected, but small enough so that no additional 
particles will be created. The value of A, used in the 
type of phenomenological procedure characterized by 
the term (1), can be taken as a measure of the deviation 
from the behavior of the ‘“normal”’ spin-} particle, and 
the limits for \ obtained below indicate that the yu 
meson is indeed close to being a “heavy electron.” 

In Sec. 1 the main steps for the calculation of the 
differential cross section for pair production as a func- 
tion of \ are described. In Sec. 2 the result is integrated 
over the variables of one of the pair particles in order 
to obtain the experimentally observed cross section. 
The finite size of the bombarded nucleus is taken into 
account by means of a nuclear form factor in a manner 
similar to a procedure previously presented.6 The 
details of the calculation and complete theoretical 
formulas, which are too lengthy to be given here, are 
contained in the author’s dissertation.’ 


I. OUTLINE OF THE CALCULATION 


The addition of the term (1) to the Dirac equation 
yields, for the total interaction Hamiltonian, the 
expression 


H ing= iey,A,— ird(eh/2mc) (AF wry), (2) 


where F,, are the components of the electromagnetic 
field tensor given by F,,=0A,/0x,—0A,/0x,, A, are 
the electromagnetic potentials and y, are the Dirac 
matrices. In the momentum representation, the effect 
of the added term of Eq. (2) can be accounted for by 
the substitution 


VOY ut hid(y up ~ pra) (3) 


for the Dirac matrices associated with the interaction 
vertices. Here p stands for p,y,, where p, are the 
momentum components transferred to the particle from 
the electromagnetic field at the interaction vertex. 

For the case of pair creation the Feynman diagrams 
contain two interactions: one with the electromagnetic 
field of the incident photon and the other with the 
electrostatic field of the recoiling nucleus. In the matrix 
element for this process the replacement (3) is therefore 
used twice, with p standing for either the recoil mo- 
mentum g or the photon momentum &. Since the 
initial and final states are described by the plane-wave 
spinors u(—p,) and u(p_), where p, and p_ are, 

5 Schweber, Bethe, and de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. I, p. 234. 

*G. H. Rawitscher, Phys. Rev. 101, 423 (1956). 

7G. H. Rawitscher, Doctoral dissertation, Stanford University, 
1956 (unpublished). Available in microfilm Mic, 57-1400 from 


University Microfilms, 313 North First Street, Ann Arbor, 
Michigan. 
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ONE-HALF PARTICLES 

respectively, the momenta of the positively and nega- 
tively charged pair particles, the pair-creation matrix 
element can be simplified by the use of the following 
relations: 


(ip,—1)u(— p,) =90, 
u(p_)(ip_+1)=0, 
k+q= py +b. 
ab-+- ba=2(a-b)=2a,b, 
2(agbg— a,b, — aghy aybs), 


where a and } are any two sample four-vectors. 

The spur which represents the square of the absolute 
value of the matrix element summed over the spin 
states of the pair particles is a very lengthy algebraic 
expression in the momenta and polarization vectors 
involved in the process. To insure the correctness of 
the final result, the aforementioned simplification of 
the matrix element was carried out by two different 
methods and the two spur calculations were followed 
through independently. One of these methods makes 
use of a convenient grouping of the final terms, and 
the other combines terms of equal powers of X. 

The result for the differential pair-creation cross 
section can be expressed in the form 


do Zr App i R 
F(q) .. 


dQ,dQ_dE, e137 k Gdn (5) 


R R, +R, +-d?Rot+A Ra +R, 


where p, and F, are, respectively, the absolute value 
of the momentum and the energy of the positively 
charged particle emitted into the solid angle dQy; the 
subscript (—) indicates the corresponding quantities 
for the negatively charged particle. The number of 
protons contained in the recoiling nucleus is denoted by 
Z, °/137= (e?/mce)?/137 = 1.35 10-" cm?, m= 207 elec- 
tron masses, k and q are the absolute values, respec- 
tively, of the photon and recoil momenta, and F is the 
nuclear form factor. The expressions for R are given 
in Eq. (2.2) of reference 7. The Ry term, describing 
normal spin-} pair creation, is equal to 4k? times the 
expression written in curly brackets in Eq, (6) in 
Heitler’s book.* The coefficient R, is equal to 


Ri =2(Ro+Rj), (6) 


where Ko is the expression for RK in the case of spin-zero 
pair creation.” The other terms are of less simple 
interpretation. 

The high-energy limit of the expressions is derived 
and an estimate of the total cross section is obtained in 
reference 7. Since in the case of electrons, A incorporated 
the effect of some of the radiative corrections to pair 
creation, the energy dependence of our results is of 

*W. Heitler, Quantum Theory of Radiation (Clarendon Press, 


Oxford, 1954), third edition, p. 257. 
*W. Pauli and V. Weisskopf, Helv. Phys. Acta 7, 709 (1934). 
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Fic. 1. Pair-creation cross section as a function of the anomalous 
magnetic moment \eh/2mc. The quantity A(o,/o4), plotted with 
a solid line, represents the difference between the cross sections 
for the emission of a pair particle at 12° and 23°, divided by the 
same quantity assuming no anomalous moment. The limits of 
the corresponding experimental quantity A(oexp,/o4) measured 
by Masek et al.* are represented by the two dotted lines, and 
they give the limits —0.4 and +4-0.2 for X. 


some interest. Because of the relation (6), it can be 
seen that the coefficient of the first power of \ depends 
logarithmically on the photon energy k. The coefficient 
of * depends quadratically on k. The remaining 
coefficients have not been examined in any detail, but 
they seem to depend even more strongly on the photon 
energy. The higher the power of \, the more the large 
angles, and therefore also the high recoil momenta, 
contribute to the cross section. As a conclusion one is 
led to expect that the radiative corrections to electron 
pair creation of order (e*?/hc)? should be examined at 
cosmic-ray energies and might be responsible for the 
anomalous trident production which has been observed 
recently!” 


II. COMPARISON WITH THE EXPERIMENT 


In the experiment of reference 1 a target of aluminum 
is bombarded by a 600-Mev bremsstrahlung photon 
beam and emitted mesons (with 180-Mev kinetic 
energy) are observed at 12° and 23° with respect to 
the incident beam. The two cross sections o(@) (per 
effective photon) thus obtained are subtracted and 
divided by the corresponding difference calculated® for 
the case of normal spin-} particles. The following 
experimental value for the quantity A(oex,/o4) is 
obtained : 


Ooaxp 
A 
v5 
In order to compare this result with the present 
calculation, the differential cross section, Eq. (5), is 
integrated over the variables of one of the pair particles 


by a method previously presented. A nuclear form 
factor, corresponding to a uniformly charged nucleus of 


Oexp(12°) —Geny(23°) 


1.6+0.86. (7) 
a4 (12°) —04(23°) 


 M. Koshiba and F. Kaplon, Phys. Rev. 100, 327 (1955). 
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radius 1.2 10~%A‘* cm, where A is the atomic number, 
is used. The result is given by 


T 
dQ,dE, 2n 137 


(8) 


T= f (4p, p_/k)(R/2n) (F*/q)ae, 


where the expressions for T can be obtained from 
reference 7. Instead of averaging 0, over the photon 
spectrum, the following method, which is adequate for 
the present experimental accuracy, is used. A sample 
value for the photon energy of 550 Mev is chosen, and 
the contributions to T from the terms in \°, A, and \? 
are calculated for the two angles. The result is the 
following: 

T (12°) =0.714+2 1.234 13.680%, 

T (23°) =0.24420.313A4-4.17X?. 


Their difference is divided by 74(12°)—7 (23°) and 
the result, denoted by A(o,/o,), is equal to 


A(ay/04) =1+3.9+2002. 


(9) 


(10) 


Figure 1 shows the quantity (10) plotted as a function 
of A. The higher powers of A, for \<}4, give a contribu- 
tion to (10) of less than 10% and can therefore be 
neglected. The experimental value (7) is inserted in 
the form of dotted lines in Fig. 1 and gives for the 
limits of \ the result" 


—0.4<r<0.2. (11) 


It should be noted that the procedure just described 
does not take into account the possibility of exciting 
the nucleus into one of several final states. This effect 
increases the cross section by a certain amount, the 
upper limit of which can be estimated® by replacing the 
static form factor squared, F?, by F”?= F?+-(1—F*)/Z. 
If T is calculated using F” instead of F?, the difference 
T,(12°)—T7,(23°) increases only by 6%, and the 
inelastic effect on the expression (7) can be neglected 
for the present purpose. 
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"A very recent experiment peg: Lederman, and Weinrich, 
Phys. Rev. 105, 1415 (1957) ] gives the value 2+0.10 for the 
gyromagnetic ratio of the mu meson. If one assumes the spin of 
the muon to be 4, the resulting limits for \ are +0.05. The calcu- 
lations presented in this paper were completed prior to the 
above-mentioned experiment. (Our result may be regarded as 
additional evidence that the muons produced in pairs by direct 
electromagnetic production are the same particles as those 
originating from w-y decay.) 
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Study of K~ and K° Meson Stars in Emulsion 
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108 K~ stars were found by area-scanning. The secondaries were followed and the hyperons were analyzed. 
The lifetime for 2+—+p+ 7° is (1.38_0.63*! 3%) KX 10~ sec and for 2*—+n+-r* is (0.31_0.10t°*) KX 10~" sec. The 
latter figure is apparently in disagreement with the bubble chamber data on lifetimes of hyperons. Two 
events which were caused by K® mesons are described. 


HE study of K~ interactions with nuclei is of 

interest, not only for its own sake but also because 
it provides a potent source of hyperons, and in the case 
of interactions with heavy nuclei, hyperfragments.! In 
order to study these interactions, a stack of 600 
Ilford G-5 pellicles was exposed to a momentum- 
analyzed (400 Mev/c) negatively-charged secondary- 
particle beam at the Berkeley Bevatron. The beam 
consisted of a large number of pions and muons and a 
much smaller number of K~ mesons. The stack was 
area-scanned in the region in which K mesons of beam 
momentum should come to rest (by ionization loss) for 
stars caused by stopping A~ mesons. During the scan- 
ning, two events which can be interpreted as caused by 
nuclear interaction of long-lived neutral mesons were 
found.? 

The K~ stars found by the area-scanning technique 
are not typical since the efficiency for finding 0-prong 
stars or stars with only a light prong is very low. The 
probability of missing stars with at least one dark 
prong is comparatively low, however, so that while no 
absolute numbers for any processes involving K-meson 
interactions can be given, certain relative numbers can 
be derived from data found by area-scanning. In the 
75 cm’ of emulsion scanned, 108 K~-meson stars were 
found. These stars had the following characteristics: 


29 stars contained charged pions among the sec- 
ondaries, 

17 stars contained a prong which in turn caused a star 
interpretable as a hyperfragment (5 are mesonic hyper- 
fragments and 3 or 4 cannot be definitely identified as 
hyperfragments). 

15 stars contained a charged 2 hyperon which de- 
cayed in the emulsion either in flight or at rest. 

6 stars contained a negative 2 hyperon which came to 
rest and interacted; 4 of these are 0-prong events and 
the identification rests on the presence of an Auger 
electron. Owing to a relatively high electron back- 


' Fry, Schneps, Snow, and Swami, Phys. Rev. 100, 1448 (1955); 
Haskin, Bowen, and Schein, Phys. Rev. 103, 1512 (1955); both of 
these contain references to previous work. Also see Proceedings 
of the Sixth Annual Rochester Conference (Interscience Publishers, 
Inc., New York, 1956), Chapter VI; Gilbert, Violet, and White, 
Phys. Rev. 103, 248 and 1825 (1956); S. C. Freden and H. K. 
Ticho, Phys. Rev. 99, 1057 (1955). 

* R. G, Glasser and N. Seeman, Bull. Am. Phys. Soc. Ser. I, 1, 
320 (1956). 


ground, our identification here must be considered 
tentative. 


Table I summarizes the data on the decaying 
hyperons. The particles are classified according to 
decay scheme. The second column gives the cosine of 
the Yang-Lee angle 6y,°™. This angle is the angle 
between the direction of the hyperon at emission and 
the direction of emission of its decay pion, referred to 
the hyperon rest system. If this angle has a distribution 
which is asymmetric about 90° for any decay mode, 
then the existence of two parities would be demon 
strated.’ The sum of all the 2 decays gives 6 forward to 
9 backward cases. The decays leading to charged pions 
separately have 2 forward to 7 backward cases, while 
the decays leading to protons have 4 forward to 2 back 
ward. These data (for all the 2 decays) can be compared 
with the bubble chamber data of 31 forward to 34 back- 
ward,’ the Wisconsin emulsion data giving 32 forward 


TABLE I, Data on Y-hyperon decay events. Column 1 identifies 
the individual K-meson events, Column 2 gives the Yang-Lee 
angle (see text), Column 3 the potential time, 7’, for each hyperon 
to come to rest, Column 4 the actual time of flight, ¢, for each 
hyperon which decayed in flight, and Column 5 the kinetic energy 
of the hyperon at emission. 


Decay scheme cosy he 710° gec) 10107 gec) Ky (Mev) 


Zt +n (rest) 
K-27 
K-Al 
K-113 


0.95 41 
0 54 26 
0.09 59 


+-0.641 
0.180 
0.70 


+p (rest) 
K.-1 
K-3 
K-55 
K.77 


1.19 
O18 
0.25 
0.32 


0.38 
+0.33 
+0,80 

0.53 


*p (flight) 
K-7 
Ko 


+001 
+027 


om* (flight) 
K-2 * 
K-29 
K-34 
K-44 
K-50" 
K-62 


+-0.55 
0.47 
0.86 
0.22 
0.43 
0.59 


* Event K-50 is a Z* hyperon 
+ Event K-34 was a Z with an initial kinetic energy of 115 Mev which 
would have left the stack after 1.9 cm had it not decayed firat 


4T. D. Lee and C. N. Yang, Phys. Rev. 104, 822 (1956). 

4 Alvarez, Bradner, Falk-Vairant, Gow, Rosenfeld, Solmitz, and 
Tripp, University of California Radiation Laboratory Report 
UCRL-3583 (unpublished). 


277 





GLASSER, Z~MAN, AND SNOW 


Fic. 1. 
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to 53 backward,® and the Brookhaven data, 15 forward 
to 7 backward.® The next two columns give the times 
appropriate for a Bartlett’-type analysis of lifetimes. 
T is the potential time during which a particle’s decay 
would be observed, and / is the actual lifetime of those 
particles which decay in flight. The last column gives 
the hyperon energy at emission. 

Two of the hyperon events deserve special mention. 
The hyperon from event K-7 decays at rest into a 
proton. Associated with the point of decay is an electron 
pair which may be interpreted as due to a direct decay 
of a neutral pion into an electron pair plus a photon. 
The hyperon from event K-34 is emitted with an energy 
of 11547 Mev. In order for a hyperon to acquire this 
much energy in the reaction 


K-+pozt+n, 


where the A~ meson is assumed at rest, the proton 
must have an energy inside the nucleus of almost 
80 Mev. This unreasonably high energy is not required 
if the collision mechanism assumed does not require 
pion emission, A possible reaction is 


K>+n+n- >> +n. 


This reaction is similar to the sort which must be in- 
voked to explain absorption of pions in nuclei. 
From the limited sample of data in Table I, we derive 


* Fry, Schneps, Snow, Swami, and Wold, Phys. Rev. 107, 257 
(1957), this issue. 

* J. Hornbostel (private communication to G, A. Snow). 

™M. S. Bartlett, Phil. Mag. 44, 249 (1953). 


a lifetime for }+—>p+ 9° of (1.38_0.63*') XK 10-™ sec and 


»rt+tn a lifetime of (0.31-9.,9t*?) 
x 10~" sec. These numbers should be compared with 
the bubble chamber values ry+= (0.86+0.17) 10~™ 
sec and ry-=(1.86+0.26)K10~™ sec. In spite of the 
poor statistics there is an apparent anomaly in the 
y+—t+n lifetime, as previously indicated by the 
Wisconsin group.® * 

During the scanning two noteworthy events not 
initiated by K~ mesons were found. The first event is a 
4-prong star initiated by a neutral particle (Fig. 1). 
The prongs include a 70-Mev pion and a &* hyperon. 
This hyperon goes 2.41 mm, scatters inelastically, and 
comes to rest after another 1.35 mm, decaying into a 


for the mixture ># 


proton. The other event is also induced by a neutral 
particle and contains a 60-Mev pion, a helium hyper- 
fragment, and 3 evaporation tracks. In both events 
a “strange” particle and a pion are emitted from a star 
which contains no evidence of a high-energy interaction 
such as is seen typically in proton or pion stars of 
sufficient energy to produce strange particles by associ- 
ated production. This, plus the low density of stars 
caused by high-energy neutrons in these plates, leads 
to the conclusion that these stars were caused by a 
neutral secondary of negative strangeness. This particle 
must have lived for about 10~* sec to reach the stack, 
since the observed ratio of stars initiated by neutral 

* Davies, Evans, Fowler, Francois, Friedlander, Hiller, Iredale, 


Keefe, Menon, Perkins, and Powell, Suppl. Nuovo cimento 9, 
472 (1956). 








STUDY OF £ AND Ko? 
particles to stars initiated by K~ mesons is much too 
high to be accounted for by production of neutral K 
mesons in the emulsion. This time is long compared to 
the lifetime of the decay #®—>mr++7-, attributed in the 
scheme of Gell-Mann and Pais® to the @;. The 02, with 
a possibly longer life, has then a component which is 
and would interact as a particle of negative strangeness. 
It could alternatively be a 7° which causes these events, 
if the r meson is a different particle from the @ meson.” 


9M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). The 
decay of particles produced in the # mode have been observed 
by Alvarez et al., reference 4. 

 G. A. Snow, Phys. Rev. 103, 1111 (1956). 
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Similar events have been described by the Wisconsin 
group.!! 

We would like to express our appreciation to Dr. M. 
M. Shapiro for exposing the emulsion, to Professor E. J. 
Lofgren and the Bevatron staff for arranging the 
exposure, to F. W. O'Dell and B. Stiller for their aid in 
processing the emulsion, and to Mrs. G. Rones, Mrs. J. 
D. Leek, and E. Witterholt for their invaluable assist- 
ance in scanning the plates. We would also like to thank 
the Berkeley bubble-chamber group and the Wisconsin 
and Brookhaven emulsion groups for sending us their 
data prior to publication. 


' Fry, Schneps, and Swami, Phys. Rev. 103, 1904 (1956) 
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Scattering of Kt Mesons by Protons* 


Dona. I. MEYER, Brookhaven National Laboratory, Upton, New York and 
University of Michigan, Ann Arbor, Michigan 


AND 


MARTIN L. PERL AND DONALD A, GLASER, University of Michigan, Ann Arbor, Michigan 
(Received March 15, 1957) 


The scattering of 20- to 90-Meyv K* mesons by protons has been investigated by using a propane bubble 
chamber. On the basis of 32 events, a total cross section of 9.44 1.7 mb is obtained. The experimental angular 


distribution is not isotropic. 


INTRODUCTION 

HIS paper describes a study of the elastic scatter- 

ing of positive K mesons by hydrogen nuclei at 
kinetic energies of less than 100 Mev. The experiment 
was carried out in the University of Michigan 12-inch 
propane bubble chamber using A*t mesons from a 
specially purified beam at the Cosmotron of the 
Brookhaven National Laboratory. 

The study of the scattering of K mesons on nucleons 
is of basic importance to the elucidation of the nature 
of K_meson-nucleon interaction. One may hope even- 
tually to obtain the same type of information from K 
meson-nucleon scattering experiments as has _ been 
obtained from m meson-nucleon scattering experiments. 
A step toward this goal is the study of the elastic 
scattering of positive AK mesons on protons at suffi- 
ciently low energy so as to drastically restrict the 
number of angular momentum states involved in the 
interaction. The information which is*required is the 
total and differential scattering cross* sections over a 
range of K-meson kinetic energies. 

Previous to this work all A* meson-proton scattering 
data was collected in nuclear emulsions.’ While the 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1N.N. Biswas et al., Nuovo cimento 3, 1481 (1956). 


2M. Ceccarelli (private communication of a collection of data 
from Gottingen, Padua, Berkeley, Bristol, Dublin, and Rochester). 


use of emulsions has the advantage of not requiring a 
particularly pure K+ beam, the scanning for K*-proton 
scatterings is extremely laborious. ‘The low kinetic 
energy of the K+ meson also makes the use of counters 
difficult. However, a propane bubble chamber of 
reasonable size is suitable for this experiment, because 
for these low-energy scatterings both the scattered K* 
meson and the recoil proton stop in the chamber 
Moreover, the speed of scanning in a bubble chamber is 
much greater than in an emulsion, and the separation 
of carbon from hydrogen scatterings is direct at these 
low energies. The present experiment was undertaken 
for these reasons with a propane bubble chamber. 


EXPERIMENTAL APPARATUS 


K* mesons were obtained by allowing the external 
beam of the Cosmotron to bombard a 3-inch-thick 
copper target. Because of the large number of m' 
mesons of a given momentum produced with the K* 
mesons, it was necessary to find some means of separat 
ing the two kinds of particles. For example, for 3-Bev 
protons producing mesons of momentum around 400 
Mev/c, this ratio of wt/K* at the target is about 100 
in the forward hemisphere. Allowing a reasonable 
distance for momentum analysis, in which distance a 
large fraction of the K* mesons decay, one K* meson 
could have been accepted in about every 40 pictures 
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Fic. 1. The external proton beam from the Cosmotron strikes 
a 1.5-inch-thick copper target. A mixed beam of K and » mesons 
and protons is momentum-analyzed and focused, their energy 
degraded in Be, then reanalyzed and focused to obtain a mass 
separation. 


without the accompanying m* mesons being so numerous 
so as to prevent the scanning of the pictures. Protons of 
the correct momentum have such a short range that 
they are stopped in the chamber wall and cause no 
trouble. 

The method used to separate the two types of mesons 
consisted of a magnet to momentum-analyze the beam, 
followed by a moderator of Be which reduces the K* 
momentum more than that of the mt, and a second 
magnet to reanalyze the beam. The system is shown in 
lig. 1. In order to attain reasonable K*-meson inten- 
sities, it was necessary to incorporate some focusing in 
the system. To keep the distances short so that not too 
many Kt mesons would decay, momentum analysis 
was combined with strong focusing in a single magnet.’ 
By using a large gradient, both horizontal and vertical 
focusing were attained with an object-to-image distance 
of 3 meters for each magnet. The beam of particles 
focused and analyzed at the chamber was 2.5 cm high 
by 5 cm wide. A figure of merit for the separation is 
that the wt/AK?* ratio at the chamber is a factor of 50 
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Fic, 2. Hydrogen and carbon events can be distinguished by the 
recoil in the hydrogen case. The minimum laboratory scattering 
angle at which this recoil is visible is shown as a function of the 
kinetic energy of the incoming A meson 


*R. M. Sternheimer, Rev. Sci. Instr. 24, 573 (1953). 
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smaller than it would be if the Be were removed and the 
magnet readjusted for the unseparated beam. With this 
system about one K*+ meson entered the chamber in 
every 6 pictures. 

The University of Michigan propane bubble chamber 
has a sensitive volume of 12 by 12 by 30 cm, and was 
operated at 52.8°C. The K+ mesons enter the chamber 
with an energy of about 100 Mev, and the stopping 
power is sufficiently high so that they come to rest in the 
chamber and decay. Stereographic pictures were taken 
at five-second intervals using 70-mm film. 


METHOD OF ANALYSIS AND RESULTS 


About 25 000 pictures were taken, of which 20 400 
pictures were scanned. The remainder were not scanned 
because of excess beam intensity, no beam being 
present, or damage in the developing process. The 
large size of the pictures made it possible to scan with 
the naked eye directly from the film. The scanning was 
done by looking along the edge of. the picture where Kt 
mesons entered the chamber. Tracks having the ap- 
propriate number of bubbles per cm were then followed. 
A decay into a lightly ionizing particle or the character- 
istic r+ decay would then identify the K* meson. No 
attempt was made to distinguish the various decay 
modes except that of the 7+. In a few percent of the 
tracks, where absolute bubble density was not sufficient 
to distinguish K mesons from or u mesons, the criteria 
involving multiple scattering of the track and rate of 
change of bubble density along the track were used. 
Occasionally a K+ meson would be found by a general 
area-scanning of the pictures which was done after the 
above procedure was completed. Finally all tracks which 
were counted as K mesons were required to enter the 
chamber within perscribed angles and to have a length 
equal to at least half the chamber length if they did not 
scatter in the chamber. The total cross section was 
corrected for this second requirement which eliminates 
a known small fraction of K mesons which decay in 
flight. 

3507 K* mesons were found, including 189 7+ mesons, 
giving a ratio of the number of 7+ mesons to the total 
number of K mesons of 5.4%. This ratio agrees well 
with other published ++ to K* ratios and is a direct 
verification that the method of identification of Kt 
mesons was correct. 

The separation of K-meson scatterings on hydrogen 
from those on carbon depends upon the presence of a 
recoil track in the former case. In the elastic scattering 
on carbon of K mesons with kinetic energies in the 
range of this experiment, the velocity of the recoiling 
carbon nucleus is always much too low to produce a 
visible track. However, the elastic scattering on free 
protons gives a visible proton recoil track, if the 
scattering angle of the K meson is above a minimum 
angle which depends on the energy. This minimum 
angle, as shown on Fig. 2, varies from 33° at 30 Mev to 
17° at 90 Mev. The minimum angle is sufficiently small 
so that there is only a small fraction of the solid angle 





SCATTERING OF Kt 
about the forward direction where the separation of 
hydrogen from carbon events cannot be made. 

All entering tracks which satisfied the bubble density 
criteria were scanned for scatterings. Since the minimum 
scattering angle for hydrogen-carbon separation is 
much larger than the minimum discernable scattering 
angle, all measurable hydrogen scatterings, that is, all 
scatterings with a visible recoil, were detected. Scatter- 
ings without visible recoils were noted, but will not be 
discussed in this paper. Measurements from the stereo- 
graphic photographs provide the angles of the scattered 
and recoil tracks with respect to the incoming tracks. If 
either of these tracks stop in the chamber, the range is 
also known, or if they leave the chamber a minimum 
range is determined. Since K mesons have almost non- 
relativistic energies, the relation between the scattering 
angle and the recoil angle is almost energy independent. 
These angles combined with the requirement of co- 
planarity are the first test as to the genuineness of a K 
meson-proton collision. When the ranges can also be 
measured, the kinematics is considerably overdeter- 
mined and the genuineness of the event can be ensured. 

34 events were found in which the recoil track and 
scattered track stopped in the chamber and the scat- 
tered track had the characteristic K-meson decay. 32 of 
these events were shown by all of the aforementioned 
criteria to be K meson-proton scatterings. Of the 
remaining 2 events, one involved a K meson of less than 
20 Mev and could not be satisfactorily analyzed. The 
other event was an inelastic K meson-carbon scattering, 
which could be separated from K meson-proton scatter- 
ings since the binding energy of the carbon nucleus is 
important at these low energies. 

The chamber was sufficiently large so that no recoil 
track could leave the chamber, but at the higher 
energies some of the K mesons which are scattered by 
protons through certain angles should leave the chamber 
before decaying, if the K meson is traveling near a 
chamber wall. While this should not often occur, an 
extensive search was made for such events, by measur- 
ing all scattered incoming tracks which obeyed the 
bubble density criteria but did not decay in the cham- 
ber. To decrease the possibility of such bias, the bubble 
density criteria were relaxed to include probable 
m-meson tracks, if the track was too short positively to 
identify the nature of the incoming particle. One 
possible K meson-proton scattering was found in 56 
such events. However, the recoil proton track was too 
short to be measured accurately and the nature of the 
event was not clear. 

The distribution of the K meson-proton scattering 
angles in the laboratory system is shown in Fig. 3. The 
minimum angles for hydrogen-carbon separation are 
also shown; line A indicating that angle for 30 Mev and 
line B that angle for 90 Mev. On the basis of the 
analysis of the aforementioned 56 events, no more than 
two or three events have been missed in the range of 
laboratory angles of 30° to 60° in which the K meson 
could decay outside of the chamber after scattering on 
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Fic. 3. The distribution of events in the laboratory system. 
Lines A and B correspond to the minimum angle at which hydro- 
gen recoils can be detected for 30-Mev and 90-Mev K mesons 
respectively. 


a proton. The small number of events in the backward 
hemisphere of the laboratory system is believed to be 
representative of the true angular distribution because 
a special effort was made not to miss these possibly 
obscure events. The distribution of the K meson-proton 
scattering angles in the center-of-mass system is shown 
in Fig. 4 divided into six groups. ‘The center-of-mass 
angles of 50° and 26° correspond to the minimum angles 
for carbon-hydrogen separation for 30-Mev and 90-Mev 
mesons, respectively. 


CONCLUSIONS 


The total cross section for the scattering of K* mesons 
on protons is 9.4 mb averaged over the meson kinetic 
energy range of 20 to 90 Mev. The statistical mean 
square deviation is 1.7 mb and systematic errors are 
expected to be of about this magnitude. The number of 
events is too small to obtain a definite relationship 
between total cross section and energy, but Fig. 5 
indicates that the total cross section may increase with 
energy in this range. 

The differential cross section averaged over the meson 
kinetic-energy range of 20 to 90 Mev can be derived 
from Fig. 4. Unfortunately the number of events is not 
large enough to permit a meaningful determination 
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Fic. 4. The center-of-mass distribution of K meson-proton 
scattering in terms of equal solid angle intervals 
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Fic. 5. The total cross section for K meson-proton scattering as 
a function of the A-meson kinetic energy. 


of the parameters in Eq. (1). 


da /d(cos6) 


2ark*?(A + B cos6+-C cos*0+ D cos*0+E cos#). (1) 


The inclusion of the cos*#@ and cos‘# terms in Eq. (1) are 
necessary because most of the events are at an energy 
where d-wave effects may be expected. If it is assumed 
that only s and p waves are involved in the scattering, 
then Eq. (2) can be fitted by least squares to obtain 


best values of A, B, and C. 
da /d(cos0) = 2rX*(A+ B cos6+C cos’é). (2) 


There are, however, some general restrictions on the 
values of A, B, and C from the requirement that the 
differential cross section, Eq. (2), cannot be negative. 
This leads to the following restrictions 


A+B+C>0, 
A—B4+-C>0. 


(3) 
(4) 


There is a stricter condition on the sum of A, B, and C 
if the polarization density matrix of the incoming meson 
beam and of the target protons has only diagonal 
clements, namely, 


A+ B+-C> (a/4i*)*, (5) 


where o is the total cross section. 

Table I lists the values of the coefficients, A, B, and 
C for the unrestricted least-squares fitting, for the 
least-squares fitting subject to Eq. (3) and Eq. (5), and 
for the assumption that only s waves are involved. 
These values are for a value of \? averaged over the 32 
events. This last column gives the probability based on 
the x” test for the experimental distribution to be 
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TaBLe I. The least-squares fit of the experimental data with 
various restrictions, and the x? probability that these coefficients 
agree with the experimental data. 


x? 
probability 


5% 


Restriction A 


None 0.201 
A+B+C2>0 0.171 
Eq. (5) 0.166 
Only s-wave 0.120 


B c 
—0.050 —0,245 
—0.017 —0.154 


~0.012 ~0.139 
0 0 


produced by each set of coefficients. The first section in 
Fig. 4 is not used in this test. 

From Table I it is clear that the probability is very 
small of the experimental distribution coming from 
either of the restricted sets of coefficients. Therefore, if 
it is assumed that there have been no substantial 
systematic errors, it can be concluded that the data 
cannot be interpreted with only s and p waves. It is 
believed that the systematic errors are not so sub- 
stantial as to negate this conclusion, but only a repeti- 
tion of the experiment can confirm this belief. The 
presence of d waves would not be surprising. The use 
of only low-energy events in the angular distribution is 
not possible because the statistics are too small to 
permit a division into energy ranges and still give 
meaningful angular distributions. 

Emulsion data which have been published! give a 
higher total cross section and different angular distribu- 
tion than has been found in this bubble chamber work. 
But unpublished additions’ to the published emulsion 
results have considerably modified those results and 
brought the total cross section closer to the bubble 
chamber value. 

The results of this experiment indicate both the great 
need for a substantial increase in K* meson-proton 
scattering statistics and the fruitfulness of the bubble 
chamber approach to this problem. Therefore we are 
now working toward the repetition of this experiment in 
a larger bubble chamber, with an improved K-meson 
beam. In this way it is hoped that statistics can be 
increased and bias problems considerably reduced. 

We wish to thank Dr. Gustave Zorn for his close 
collaboration in the design of the separation system and 
Mr. John L. Brown for his help in the taking of data. 
We also wish to thank Dr. George Collins, Dr. William 
Moore, and the staff of the Cosmotron Department for 
their aid, encouragement, and patience. 

Note added in proof.—A compilation containing most 
of the observed At hydrogen scatterings in nuclear 
emulsions has been published by Ceolin, Cresti, Dalla- 
porta, Grilli, Gueiriero, Merlin, Saladin, and Zago, 
Nuovo cimento V, 402 (1957). They find a total cross 
section of 14.6+3.3 mb. The differential cross section is 
small in the backward direction in agreement with our 
results. The emulsion data give many events in the 
forward hemisphere in contrast to our more backward 
peak. Our bubble chamber results have an experimental 
bias against very small scattering angles, so the results 
cannot be compared in the most forward directions. 
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Characteristics of x’ Production from Proton-Proton Collisions near Threshold* 


Burton J. Moyer AND Ropert K. Squire 
Radiation Laboratory, University of California, Berkeley, California 
(Received March 25, 1957) 


The angular distribution and excitation function for neutral mesons produced by proton-proton collisions 
near threshold have been measured. It is found that P-state production of the mesons dominates at all en 
ergies except those quite close to threshold, where some S-state production can be detected. 

The total cross section, at an energy where the maximum attainable c.m. meson momentum is noM,c, 


can be stated as a(mb) =0.02n¢? (S state) +0.57no® (P state) 


I. INTRODUCTION 


T has been found possible to simplify greatly the 
analysis of the production of pions at low energies 
by applying various levels of phenomenological theories 
to the reactions in which they occur. In many cases this 
has amounted to no more than the application of some 
general quantum-mechanical principles. In fact, by 
assuming that pions are produced chiefly in P states, 
and by treating the nucleon-nucleon interaction phe- 
nomenologically, it has been possible to explain the 
energy spectra and angular distribution of pions and in 
some cases to predict the excitation functions for the 
producing reactions.'” 
One can make three major assumptions in the general] 
analysis of pion-nucleon interactions. 


1. Charge independence is valid. 

2. The pion-nucleon interaction range is finite and is 
of the order of h/yc. 

3. A pion-nucleon system in the state ]=}, J =} has 
an especially strong (attractive) interaction. 


In meson production by two colliding nucleons, at 
energies near threshold (7,<60 Mev), only the states 
of angular momentum equal to 0 or 1 will be important. 
We therefore have to consider that the meson may be 
in an § state or a P state with respect to the center of 
momentum (c.m.) of the two-nucleon system, and these 
nucleons may be in an S or P state with respect to each 
other. For the nucleons, there is a strong tendency for 


TABLE I. #° production by p-p collisions.* 


Excitation 
function 
(c.m,) 


Angular 
distribution 


Reactions (c.m.) 


Ss 3Po— ('Sos)o 
Pp 5p, > (Pop): 
5Po 1,2 OF af, 
sP,, 2 0r af, 3 
Ps 1So — (*Pos)o 
1D, sd (P25) 
Sp none 


isotropic ~A.01 ne? 


4b+cos A). 2no* 


* @Pip)oi2 
> (*Pop)ia3 
6 


isotropic «no 


* See reference 1. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1A. H. Rosenfeld, Phys. Rev. 96, 139 (1954). 

2M. Gell-Mann and K. M. Watson, Annual Review of Nuclear 
Science (Annual Reviews Inc., Stanford, 1954), Vol. 4, p. 219. 


the S state to predominate, with low nucleon energies 
in the final system. 

If we list the reactions according to their (experi- 
mental) order of importance, we have: Sp (nucleons in 
S final state, meson in p state), Ss, Pp, and Ps. 

Brueckner and others have applied the above prin- 
ciples to the production of mesons from nucleon 
nucleon collisions and have found it possible to express 
in terms of only three fundamental cross sections, the 
seven reactions that occur.*-° The excitation functions 
and angular distributions for these cross sections can 
be derived. If one adopts the notation of Rosenfeld,' in 
which o,,, is the c.m. cross section for a reaction, then 
a is the initial isotopic spin and 6 the final isotopic spin 
of the two-nucleon system. In these terms, the three 
C.m. cross sections are oo, oo, and oy. The reaction 
p+p— r°+p+p involves the term o,, only, and a 
study of it therefore should yield an unequivocal 
measure of this term. 

The reactions which occur are shown in Table I. 

One can derive the excitation functions as follows: 


1. Class Ss. 
do\,/dT, «(To 
2. Class Pp. 
doy;/dT, «(To 
3. Class Ps. 
do\;/dT, «(To 


T)§/(To—T+B), 


[ O11 ls a no’ ; 


T)4, 


fou |pp no’; 


T)3, [ou |pe® no’; 
where n=meson momentum (c.m.) in units yc, no 
=maximum meson momentum (c.m.), 7'=nucleon 
energy (c.m.), 7=total (c.m.) nucleon energy avail 
able, and B=binding energy of the two nucleons in a 
(virtual) ‘So state, assumed to be small 

Previous experimental work thus far®* has detected 
only the term [oi }»,« 0%. By carrying the measure 
ments down to energies close to the threshold, one may 
hope to detect the other classes of production, and to 

4K. A. Brueckner, Phys. Rev. $2, 598 (1951). 

* Chew, Goldberger, Steinberger, and Yang, Phys. Rev. 84, 58 
(1951) 

*K. M. Watson and K. A. Brueckner, Phys. Rev. 83, 1 (1951) 

* Marshall, Marshall, Nedzel, and Warshaw, Phys. Rev. 88, 
632 (1952) 

7 J. W. Mather and E. A. Martinelli, Phys. Rev. 92, 780 (1953) 

* Stallwood, Fields, Fox, and Kane, Bull. Am. Phys. Soc. Ser 
II, 1, 71 (1956) 
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Fic. 1. Experimental arrangement in the cave area of the 
cyclotron, with the telescope at the 67° position. 


therefore get a measure of the relative importance of 
the various production modes. 


Il. APPARATUS 
A. Arrangement 


The experiment was performed by allowing protons 
to pass through a liquid hydrogen target. The photons 
from the decay of the neutral mesons formed in the 
proton-proton collisions were detected by a gamma 
telescope. 

The source of the protons was the 340-Mev Berkeley 
synchrocyclotron, The external beam from this machine 
was deflected by a steering magnet into the experi- 
mental area, where it was analyzed by a 12 000-gauss 
magnet, was deflected here by about 20°, passed 
through the target, and finally passed through an 
ionization chamber which served to measure the proton 
flux. 

A counter array referred to below as a “telescope” 
was located to one side of the target, at a desired angle, 
and collimated so that it viewed only the region of 
intersection of the beam with the liquid hydrogen in 
the target. 

The general layout is illustrated in Fig. 1, which also 
indicates the position of the pair of ion chambers used 
to measure the beam energy. 


B. Beam 


The proton beam emerging from the collimator is 
contaminated with neutrons. Deflecting the protons 
with a magnet made it possible to offset the target so 
that the neutrons were prevented from striking the 
target. The proton beam traversed the magnet without 
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striking the pole tips or any other material, so as to 
avoid any further neutron production. 

For maximum-energy protons, i.e., 342 Mev, it 
suffices to use the beam as described above. To measure 
the excitation function, however, several energies are 
needed. These are achieved by introducing carbon ab- 
sorbers in the path of the beam while it is still in the 
fringing field of the cyclotron. In this experiment, a 
rapid decrease in cross section with decreasing energy, 
coupled with a decrease in the beam intensity, made it 
impractical to work below 327 Mev. 

The beam cross section was about 2 by 3 inches at 
the entrance to the target, and the target container was 
so constructed that at no point did the protons come 
closer than 2 in. from the side walls or internal struc- 
tures. This was done to insure that events really oc- 
curred in the liquid hydrogen only. 


C. Target 


The target was a volume of liquid hydrogen 6 by 22 
by 14 in. Very little material could be tolerated in the 
beam path—material on which protons could produce 
neutrons by charge-exchange scattering, or m~ mesons 
that could be captured in the liquid hydrogen. For these 
reasons we chose a double-walled Styrofoam target, as 
indicated in Fig. 2. The total amount of material 
traversed by the beam before entering liquid hydrogen 
was 0.175 g/cm’. 

The liquid depth was monitored by means of a float 
driving a light reed inside a graduated glass tube. 
After a few hours of operation, the rate of consumption 
of liquid hydrogen was found to be quite steady at 
about 4 liters per hours. 


D. Monitor 


The flux of protons was measured by allowing the 
beam to pass through a calibrated ionization chamber 
filled with helium gas. The beam size and shape were 
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Fic. 2. Liquid hydrogen target. 
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such that the entire beam passed through the sensitive 
region of the ion chamber. 


E. Telescope 


The detector was required to be an instrument with a 
high efficiency for detecting gamma rays in the presence 
of the very large background of radiation that one finds 
typical of the experimental ‘‘cave” area of the cyclotron. 

In Fig. 3, the first unit is a plastic scintillator, some- 
what larger in cross section than the following units, 
and designed to be 100% efficient for the detection of 
minimum-ionizing charged particles. This is called the 
“antiscintillator,” and is electronically placed in anti- 
coincidence with the rest of the telescope. It rejects 
charged particles incident upon the array. This is 
followed by a lead sheet 2 by 2 by 0.206 in., which con- 
verts the gammas into electron-positron pairs. These 
emerge from the lead and pass successively through a 
1-in. thick plastic scintillator, a 4-in. Cerenkov counter 
of Lucite and another 1-in. plastic scintillator. The two 
scintillators are placed in electronic coincidence and 
serve to state that a charged particle passed through 
them, and hence had an energy equal to or greater than 
that necessary to penetrate the intervening 4 in. of 
Lucite. The Cerenkov counter served to identify the 
counting event as due to a charged particle having 6 
approximately equal to 1. It was this counter which 
allowed discrimination between electrons and the very 
much more intense “background” of neutrons and stray 
radiation of other forms in the experimental area. The 
identification of a gamma consisted of simultaneous 
pulses in the two photomultipliers viewing scintillator 
No. 1 (Sc 1) and scintillator No. 2 (Sc 2) and in the 
two tubes viewing the Cerenkov radiation block, un- 
accompanied by a pulse from the “‘antiscintillator.”” The 
manifold-coincidence requirement was satisfactory in 
eliminating accidental counts. 


F. Collimation 


A collimator was constructed of lead bricks, which 
were machined for close fitting. It was 16 in. deep 
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Fic. 3. Gamma telescope less all shielding. 
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COINC, CIRCUIT 
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Fic. 4. Electronics block diagram. 
towards the target and contained a 2-by-2 in. hole 
aligned with the telescope. Enclosed by the lead was a 
block of beryllium, 2 by 2 by 8 in., which attenuated 
the flux of low-energy charged particles. 


G. Electronics 


The circuitry associated with the gamma telescope 
was composed of several fast-coincidence circuits, 
(5X 10~* sec) followed by slower amplifiers and mixing 
circuits (Fig. 4). Comprehensive descriptions of the fast 
electronics have been presented by Madey® and by 
Squire.'° A gamma event was identified by a coincidence 
between Sc 1 and Sc 2, and Cerenkov tubes 1 and 2, 
not associated with a pulse in the “anti-’”’ counter. 


III, PROCEDURE AND EXPERIMENTAL 
CONSIDERATIONS 


A. Monitor Calibration 


The proton flux was measured with an ion chamber, 
which was calibrated with a Faraday cup. This cali- 
bration was repeated for the various energies and at 
the various beam levels used in the experiment. 


B. Beam Energy Measurements 


The energy of the cyclotron beam is not a constant, 
but varies for different operating conditions by as 


® Richard Madey, University of California Radiation Labora 
tory Report UCRL-1880, October, 1954 (unpublished) 

Robert Squire, University of California Radiation Laboratory 
Report UCRL-3137, September, 1955 (unpublished), 
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Tasie II. Beam energies in the various runs. 


T (bombarding) 
(Mev) 


329.0 
319.5 
314.5 
329.0 


T (cyclotron) 
(Mev) 


342.5 
333.3 
327.5 
342.5 


Lab angle 
(degrees) 


67 
67 
67 
135 


much as 5 Mev. Because the cross section that was to 
be measured was a sensitive function of the energy, 
an exact value of the energy was needed. To determine 
this, two ion chambers were used, between which copper 
absorbers were placed to trace out the Bragg curve. 
For our standard of range-energy relations we took the 
tables of Rich and Madey." In addition to the carbon 
absorbers introduced to degrade the beam energy to 
desired values, the protons traversed 1.95 g/cm? of 
liquid hydrogen on the average in reaching the sensitive 
region of the target. This additionally degraded their 
energy by a few Mev. The resulting energies are given 


in Table I. 


C. Gamma Telescope Efficiency 


The determination of the efficiency of the telescope 
for the detection of gamma rays of different energies 
was accomplished in the following manner. First, an 
experimental test was made of the ability of electrons 


of various energies to penetrate various thicknesses of 
lead from 0 to 0.25 in., and register in scintillator No. 1, 
scintillator No. 2, and the Cerenkov counter. These 
electrons were obtained by allowing the bremsstrahlung 
beam of the Berkeley synchrotron to create a spectrum 
of electrons in a thin converter, analyzing these elec- 
trons in a magnet, and selecting the desired energy. 
Upon emerging from the magnet, the electrons are 
caused to pass through an auxiliary electron monitor 
consisting of two plastic scintillators, each } in. thick 
(Fig. 5). In area, these scintillators are } the area of 
the 2-by-2 in. lead plate in the main telescope con- 
verter position, so as to allow for exploration of various 
regions of this plate. The number of electrons through 
the monitor gave the number of electrons incident on 
the telescope “converter” plate in the area covered by 
the monitor, and the number of events in which the 
telescope and the monitor pulses occurred in coinci- 
dence was the number of “successful” traversals of the 
telescope by the monitored electrons. The efficiency for 
counting electrons is then 


Eff. ( 
x 100%. 


The arrangement of this method, and the electronics 
employed, are shown in Fig. 5. 


No. of coincidences (monitor+ telescope) 


No. of coincidences in monitor 


“M. Rich and R. Madey, University of California Radiation 
Laboratory Report UCRL-2301, March, 1954 (unpublished). 


D R. K. SQUIRE 

Finally, for deriving the efficiency for gamma rays, 
a numerical integration was performed in which the 
production of electron-positron pairs by photons was 
calculated for different depths of the 0.206-in. con- 
verter. Then the probability that an electron be pro- 
duced with an energy E at the depth x in the converter 
was multiplied by the experimentally derived efficiency 
for the recording of a count from an electron of energy 
FE that has to penetrate (0.206—x%) in. of Pb before 
entering the telescope. 

The results of this determination are indicated in 
Fig. 6. From the accumulated errors introduced into 
the problem it is felt that about +10% accuracy is a 
realistic expectation. 


D. Background and Subtractions 
1. Background 


Since the cross section for the reaction studied was 
quite low, particularly careful attention had to be 
given to possible sources of background. 

There are two essentially different causes of spurious 
counts in the gamma telescope: multiple accidental 
coincidences of the kind to cause the electronics to 
respond as to a gamma ray, and gamma rays having 
their origin in other than proton-proton collisions. 

To eliminate the first kind of background a manifold 
coincidence requirement was used, parts of which had 
resolving times of the order of a few millimicroseconds. 
Experimental checks were made for these accidentals. 
Blocking the channel in the collimation with lead 
reduced the counting rate to zero. 

The second kind of background might arise from a 
number of different kinds of events. Admitting the 
possibility of a ‘“‘spray” of neutrons from the brass 
collimation, and of some protons being outside the beam 
pattern at the telescope entrance window, we consider 
the following possibilities : 


(a) ° production by neutrons on the air behind the 
target, in the target walls, the collimation, etc. ; 


Pb SHIELDING OMITTED 
FOR CLARITY 


MAGNETIC FIELD 


NOT TO SCALE 


MONITOR f 
6 
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NESSES 


O TO '& INCH 


Sei Sc2 Ceri Cer2 
MONITOR 2 


GAMMA TELESCOPE 
Less ANTI COUNTER 


Fic. 5. Experimental arrangement for the determinations of 
the penetration of electrons through various thicknesses of lead 
and the counter telescope. 
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(b) x® production by stray protons on the target 
walls, collimation, etc.; 

(c) w® production by protons in the beam on the 
deuterium “contamination” in the liquid hydrogen ; 

(d) r° production by protons multiply scattered from 
the beam into the target walls; 

(e) m capture in the liquid hydrogen, the x~ mesons 
coming from protons striking the carbon nuclei in the 
target entrance windows (the capture” leads to r+ p— 


n+y+ or mr +p—n+n"). 


A number of other possible sources of background 
were eliminated by the design of the telescope. Elec- 
trons, charged mesons, or protons incident on the array 
were rejected by the anticounter. Neutrons, by making 
charge-exchange or ordinary scatterings, could eject 
protons that could cause counts in Sc 1 and Sc 2, but 
not in the Cerenkov counter. By capture in lead, neu- 
trons could give 8-Mev gamma rays which could be 
detected in the Cerenkov counter, but by virtue of the 
approximately 40-Mev threshold of the telescope, these 
could not cause a count in the Sc 1-Cer-Sc 2 combination. 

The possible sources were dealt with as follows: 

(a) All neutron-induced events were subtracted by a 
process outlined below. 

(b) Stray proton production is similarly subtracted. 

(c) The normal deuterium content of hydrogen is 1 
part in 7000. The contribution from this source was 
about 0.3%. 

(d) (@*),,, the mean squared angle, for the scattering 
of protons by liquid hydrogen in the path length of 50 
cm is about 5X10~° (radian)*. The probability of a 
proton’s scattering into the sensitive region of the target 
walls is entirely negligible. 

(e) The surface density of the entrance window of the 
target is 0.175 g/cm’, and its composition is essentially 
CsH7. The carbon cross section for m production by 
protons at this energy, at 0°, and within the energy 
range which would stop within the sensitive hydrogen 
volume (1.33 g/cm’), gives a calculated ratio: 


( m events from mr capture 


)- (),2° (- 
r events from p-p production 


Y ’ r r r r 


TELESCOPE EFFICIENCY 
@ 


on 2 @ 





a 4. 4 a n - + — 4 
50 60 60 90 100 "0 120 130 140 
GAMMA ENERGY 
Fic. 6. Efficiency of the telescope for the detection of 
gamma rays of various energies. 


 Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951). 
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TaBLe IIT. Runs involved in the subtraction procedure. 


Run Contents of target Beam* 


deflected* 
deflected 
undeflected* 
undeflected 


A Liquid hydrogen 

B Gaseous hydrogen (STP) 
Cc Liquid hydrogen 

D Gaseous hydrogen 


* The magnet in the cave could be turned on and off alternately; it was 
thus possible to steer the proton beam into the target or to allow it to pass, 
undeflected, beside the target 


TABLE IV. Corrected data for the four runs. 


10 & No. of 
counts per 
proton 


2.3340.10 
1.36+0.11 
1.03+0.11 
0.57+0.03 


Lab Proton 
angle energy 
(degrees) (Mev) 


67 329 

67 319.5 

67 314.5 
135 329 


2. Subtractions 


The subtraction procedure used is shown in Table IIT. 
If one takes the net counting rate as (Run A—Run B) 

(Run C— Run D), it can be shown that all the sources 
of background cancel and the resultant is simply the 
difference between the yields from protons traversing 
liquid and gaseous hydrogen, respectively. 


IV. EXPERIMENTAL RESULTS 


The data, reduced to counts per proton incident on 
the active target volume and corrected by the sub 
traction procedure of Sec, IV-D, are shown in ‘Table IV 


V. ANALYSIS OF EXPERIMENT AND 
INTERPRETATION OF DATA 


A. x'-Meson Decay Spectra 


The neutral meson lives about 107! second and de 
cays into two oppositely directed photons in its own 
rest frame, each of which has an energy equal to half 
the meson rest mass. When viewed from a frame other 
than the meson rest frame, these photons may appear 
with Doppler-shifted energies and with the 180° angle 
of emission altered by aberration. In this experiment, 
where the mesons are created near threshold, the meson 
generally has some velocity with respect to the center 
of-momentum frame of the colliding protons. In addi 
tion, this c.m. frame is moving in the laboratory system 
with a velocity dependent upon the initial kinetic 
energy of the incident proton, 

For an isotropic ¢.m. distribution of neutral mesons, 
the photon emission (in the c.m. frame) is isotropic, 
although there is an energy spread whose breadth de 
pends upon meson velocities in the c.m. system. 

If, however, the mesons are emitted in the P state 
with a cos’@ contribution in the c.m. system, there 
tends to be another kind of photon distribution. Where 
the meson has zero velocity, the photon distribution 
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must be isotropic, but as the meson velocity increases, 
the distribution tends to take on some of the cos’6 
shape. This can be seen in the limiting case of very high 
velocities, with 8 approximately 1, where the aberration 
of the photons is so great that they appear to go in 
almost the same direction as the originating meson. 

The meson velocities dealt with in this experiment 
are low, and only a mild modification of the spherical] 
distribution is achieved ; nevertheless, it is sufficient to 
be detectable. 

If mesons are created with velocity Bg in the c.m. 
system, and with angular distribution >-,a,?,,(cos6’) 
in this system (6 being the polar angle with respect 
to the proton beam direction in the c.m. system), then 
the photon spectrum and angular distribution in the 
laboratory will be"®: 


1 . cos — B 
pan (oe) 
Buvoko 1- B cos6 


1 ky dQdk 
xPa( 1 — ))( ), 
Bo vovk(1—B cos#) 7(1—£8 cos#) 


where Bac=velocity of meson in c.m. frame, Yo 
= (1—B)*)~4, ko=4M, 0c", Bc=velocity of c.m. motion 
in laboratory system, y= (1—*)~4, 0=angle of photon 
emission in laboratory system with respect to proton 
beam direction, dQ=observer’s solid angle in labora- 
tory system, and k=photon energy in laboratory 
system. It is of course further necessary to know the 
distributions in the velocity Boc with which mesons are 
created in the c.m. frame to obtain the actual photon 


1 (0,k,Bo)dQdk 


spectra, 


B. Solid Angles and Transmission Factor 


The average solid angle subtended by the telescope 
from the target region was computed as the average 
of the solid angles subtended from various parts of 
the target. 

Inserted into the collimation channel was an 8-in.- 
long block of Be. This served to attenuate by dE/dx 
any charged particles incident upon it. A certain small 
fraction of the incident gammas was also converted by 
it and subsequently rejected by the “anticounter.” We 
define a “transmission factor” as the fraction of gamma 
rays that get through the Be as well as through one- 
half the anticounter without conversion. This factor is 
fy=0.85, and is assumed to be independent of the 
photon energy. 


C. Folding Operations and Calculations 
of Cross Sections 


For a given proton bombarding energy, mesons may 
be created that have energies ranging all the way from 
zero to some kinematically determined maximum. For 
the apparatus described here, high-velocity mesons are 
detected more effectively than low-velocity ones by 
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virtue of the Doppler shifting of the gammas into 
higher energy regions where the telescope is a more 
efficient detector. For this reason, an analysis of the 
data requires knowledge of the relative numbers of 
mesons created with different velocities. 

The theoretical treatment of meson production as 
done by Gell-Mann and Watson? and by others gives 
specific predictions for meson energy spectra for the 
S and P states. 

As an example, consider the case where the maximum 
c.m. meson energy is 24 Mev. There are 3 “classes” of 
meson production contributing to the cross section, 
each with a different energy spectrum. If we normalize 
to 1 meson, we have for the spectra of kinetic energies 
in the c.m. system: 


dn(Ss) 2 a i 
Class Ss (0 «?): ————= (. hs ) ; 
dT, rly To- Le 


T)=24 Mev; 
)rity- T,)}; 
T)=24 Mev; 


dn(Pp) 128 
Class Pp (a « 0°): = ( 


di; 3nT “4 
dn(Ps) 16 
Class Ps (a « o°): -( )rare-P)' 
dT, rl? 
Ty =24 Mev. 


These three populations are plotted in Fig. 7. 

If we write the total meson-production cross section 
(c.m.) as a function of available pion momentum, in 
terms of the three contributions, for a particular bom- 
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Fic. 7. Probability for a meson to be produced with c.m. 
energy T,-+>T,+dT,, where To is the maximum attainable 
energy (c.m.), for the three classes of production: Pp, Ps, Ss. 
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barding energy giving no maximum momentum, we have 
a(no) = ag no +ap moo tap,(b+ 1 )no’, 


where 6 is the variable previously introduced in the Pp 
angular distribution. The number of counts registered 
by the telescope, per incident proton, then becomes'® 
(if one assumes the pion energy spectra to be inde- 
pendent of angle ): 


C(mo) =NAQfr 


dn(Ss) 
x[asont fi: s(T p,T,,0,k)€(k) dkdT, 
T«* Gi. 


dn(Ps) 
tarint f fis (T p,T,,0,k)€(k) - dkdT, 


Gis 


dn(Pp) 
+appno" (of fr (T p,T ,,0,k) €(k) 
ls Gls 
hei p) 
+f fi p(T p,T,,0,k) €(k) ————dkd T .) | 
dT 


rT 


dkdT, 


where 7, is integrated from T,=0 to T,=maximum 
meson energy (c.m.); & is integrated from minimum to 
maximum y-ray energy (lab); V=number of target 
protons/cm? for the run in question; AQ= average solid 
angle for the run in question; fr= transmission factor ; 
I s(T p,T,,0,K) = spectral intensity of gamma rays in the 
laboratory system, for the laboratory viewing angle 
and incident proton energy Tp, resulting from the 
decay of neutral mesons created with isotropic sym- 
metry and energy 7’, in the c.m., normalized to emission 
of one meson; I p(7'p,7',,0,k) = same for cos’#’ angular 
distribution of the neutral mesons in the c.m. system, 
and ¢(k)=efficiency for the detection of gammas of 
energy k by the telescope. 

Since there are four experimental points, there are 
four equations such as this: one for the angle 135°, 
and one for each of the three different bombarding 
energies at 67°. If we designate the integrals by F; 
through F’\., we can write 
Ci= N AQ frlasmor’l it+apmo'l 2 

t bap no®Fs+appno'l's |, 
2= N AQ rLasenor’l’s t ap nor l¢ 

+ ba ppnor®l’7+-ap pnor® ls |, 

C3 = NAM frlasanosl’s + ap nos 10 
t bap pnos®F 1 t apnos®F 12 |, 

AQ: frlassno?F starr l i4 
tba pynor®F ist+-ap nol 16 |. 
The values V,; AQ, and Ny AQ, refer respectively to 

conditions for telescope angles of 67° and 135°. 


Because the only unknowns are the ag,, ap,, ap», 
and bap,, this is a set of four linear equations in four 
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Fic. 8. Cross section (c.m.) for m production in proton-proton 
collisions as a function of no, the maximum ¢.m. meson momentum 
in units of ye. 


unknowns. We have solved these by standard methods 
to arrive at the values given below. The 
have been attached are from the 
minancy of the data. 

The values are 


errors that 
statistical indeter- 


0.020+0.010 mb; 
0.081+0.21 mb; 


0.084+-0.11 mb; 
0.574-0.11 mb. 


Sa Ops 


bap» Pp 


Here ap, and bap, are consistent with zero within the 
statistical spread shown. Furthermore the contribu- 
tions from these terms are small for small values of no 
and small in comparison with ap, when no is large. 
They are included in the statistical spread of the final 
cross section, 


VI. RESULTS 
A. Cross Section versus Energy 


The total cross section for x production near thresh 
old expressed as a function of the kinematic maximum 
possible c.m, meson momentum divided by ye is a sum 
of two terms: 


a1:(mb) = 0.02n¢ 
+-[ (0.01 o2)?-+ (0.110%)? + (0.310%)? |! 
| 0.57mo'! 
ge [ (0.016)? + (0.119%)? }8 


This function is plotted in Fig. 8. The terms ap, and 
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bap, are possibly not zero and serve in this figure to 
make the two statistical limits unequal. 


B. Angular Distribution 


The terms with coefficients as,, ap,, and bap, con- 
tribute mesons having an isotropic distribution in the 
c.m. system, while the term in ap, contributes mesons 
having a cos’@’ distribution. Including the possibility 
that ap,, bap, are not zero, within the statistical errors 
attached, we have, for the angular distribution, 


day,(mb) /dQ= (1/42) (0.027) 


+[ (0.010)? + (0.1 Io)? + (0.210%) }! 
0.01n¢ 


+ (3/4a)[0.574-0.11 }no* cos’. 


If we express this as 


da /dQ= A+B cos*#’, 


we can plot the ratio A/B versus no. This is done in Fig 9. 

At very low c.m. energies, isotropic production 
dominates, At a value of no of about 0.5, the spherically 
symmetric and cos*#’ production are equal, and for 
higher energies the cos’#’ production rapidly becomes 
the dominant term, 


VII. CONCLUSION 


The data presented in this paper indicate that some 
meson production does occur in the § state,’ although 
with a much smaller probability than for production in 
the P state at all energies except those quite close to 
threshold. At higher energies, the production is nearly 
pure P state, and this conclusion is in substantial 
agreement with other experimental work®* and current 
theoretical ideas on meson production. 

The extreme energy dependence of the cross section 
at these energies must be modified at much higher 
energies, and this appears to be the case from the work 
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. 9, Ratio of the spherical to cos*@ contributions to the 
c.m. cross section as a function of no. 


by Tyapkin et al."* Experiments are planned to be done 
here, when the conversion of the Berkeley cyclotron is 
completed, that will measure this cross section to a 
bombarding energy of 730 Mev. 
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The proton-proton interaction is examined at high energies. A phenomenological potential is derived 
from the scattering data. In the triplet state, this potential has a strong short-range (~0.4 10°" cm) 
repulsive core region, outside of which a long-ranged tensor force and extremely short-range spin-orbit 
(L-S) force are effective. Good fits can be obtained to all the p-p data below 310 Mev. More important, 
at 310 Mev the calculated phase shifts are very close to the phase shifts which give the best fit found in 
a phase-shift analysis of the 310-Mev data, and at all lower energies precision fits to the experimental 
data can be obtained by very slight (if any) changes in the calculated phase shifts 


I. INTRODUCTION 


PREVIOUS attempt to fit the two-nucleon data 
by means of central and tensor potentials,' 
while successful in many respects, failed to reproduce 
the proton-proton polarization data at 170 and 310 
Mev. A phase-shift analysis? of the 310-Mev p-p scatter- 
ing data shows that the reason for this failure is that 
the triplet p-wave phase shifts are split in a manner 
inconsistent with the tensor force. Some additional 
force which splits the triplet ? phase shifts differently 
than the tensor force is necessary. The spin-orbit 
(L-S) force is such a force. 
For this reason the potentials discussed in this work 
are assumed to be of the form: 


V(r) =Velr)t+-Vir(r)SipotV rs (*)L-S, (1) 


where the subscripts C, 7, and LS stand for central, 
tensor, and spin-orbit, respectively, and where Sj» 
is the tensor operator,’ L-S is the spin-orbit operator 
with eigenvalues 


L-S=}3[J(J+1) 


It is also assumed that Ve(r), Vr(r), and Vzs(r) have 
a general spin and parity dependence, but are energy- 
independent. 

It will be shown below that a potential of the form 
of Eq. (1) can reproduce all the proton-proton data 
below 310 Mev to good accuracy. More important, the 
phase shifts calculated from this potential are very 
close to the phase shifts of solution 1 of Stapp et al. 
at 310 Mev, and at all lower energies precision fits to 
the experimental data can be obtained by very slight 
(if any) changes in the calculated phase shifts. 


L(L+1)—S(S+1)]. (2) 


II. 310-MEV PROTON-PROTON SINGLET 
PHASE SHIFTS 


Examination of the phase shifts resulting from the 
phase shift analysis? of the Berkeley p-p data at 310 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

‘Gammel, Christian, and Thaler, Phys. Rev. 175, 311 (1957) 

*Stapp, Ypsilantis, and Metropolis, Phys. Rev. 105, 302 
(1957). 

4 J. Ashkin and T.-Y. Wu, Phys. Rev. 73, 986 (1948). 


Mev immediately discloses the possibility of under 
standing the singlet even-parity part of the nucleon- 
nucleon interaction in terms of a simple potential (a 
repulsive core with a monotonic attractive potential 
outside). Three solutions (1, 3, and 6) of the five 
best solutions (1, 4, and 6) found by Stapp et al. 
have singlet even-parity phase shifts which are close 
to singlet even-parity phase shifts calculated from 
potentials which fit the singlet scattering length and 
effective range.! These potentials were taken to be 
of the form 


-+ QD, r<'ryt 
1V+(r)= (3) 
—'Vor exp(—'wet r)/wet 1, >" rot. 
The singlet even-parity potential which fits the low 
energy data and which also yields phase shifts at 
310 Mev which are close to those of solutions 1 and 3 


of Stapp ef al. is described by Eq. (3) with 


lygot=0.4, 'uet=1.45, 'Vet=425.5 Mev, (4) 
where here and throughout the paper we specify r 
in units of 10°" cm and yp in units of 10" em", 

The potential of reference 1 with 'rp=0.3, wet = 1.26, 
and 'V¢t = 227.4 Mev yields phase shifts at 310 Mev 
which are close to the singlet even-parity phase shifts 
of Stapp’s solution 6. 
eliminate solution 6 on other grounds.’ The remaining 
two solutions (2 and 4) have singlet phase shifts which 
cannot be understood in terms of a simple potential 


which fits the low-energy data. Solutions 2 and 4 are 


However, it is possible to 


‘H. A. Bethe (private communication). Professor Bethe 
observes that “the phase shifts of solution 6 give a very small 
result for the coefficient C in the notation of Wolfenstein as used 
in the paper by Chamberlain, Segré, Tripp, Wigand, and Ypsilantis 
[Phys. Rev. 105, 288 (1957) ]. C determines the polarization 
obtainable in scattering from a complex nucleus. This polarization 
is known to be large. The phase shifts of Stapp et al. give only the 
contribution of 7 =1 states to C. Solutions 1-4 give about 6OY 
of the total value of C required. The remaining 401, has to come 
from T=0 scattering which seems reasonable. The phase shifts 
of solution 6 give less than 20% of the required C from T=1 
states, which seems unreasonable.” 

The authors believe that the phase shifts of solution 6 would 
be very difficult to fit with a potential. Moreover, such a potential 
would have to be in qualitative disagreement with what we 
would expect from meson theory 
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TasLe I. A comparison of the 310-Mev triplet even-parity 
phase shifts as calculated from the potential of Eqs. (3) and (4) 
and as obtained from the phase-shift analysis of Stapp et al., 
solutions 1 and 3. The entries are twice the nuclear Blatt-Bieden- 
harn shifts in radians. 


Calculated 
from potential 


~0),3280 


0.5328 
0.0893 


Solution Solution 
1 3 


0.3526 
0.4485 
0.0349 


—(),3822 
0.4643 
0.038 


therefore not considered in this paper. The singlet 
phase shifts for solutions 1 and 3 of Stapp ef al. are 
compared with the singlet phase shifts calculated from 
the potential of Eqs. (3) and (4) in Table I. 

The fact that it is possible, then, to fit the singlet 
scattering length and effective range and the 310-Mev 
singlet even-parity phase shifts by the same potential 
leads to a basic assumption of the present work, 
viz., that the singlet even-parity interaction is given by 
Eqs. (3) and (4) for E<310 Mev. 

The 'D, phase shift calculated from the potential 
of Eqs. (3) and (4) is considerably larger than pos- 
tulated by many other workers.’ It will be shown 
below (Sec. ILI) that such small or negative 'D, phase 
shifts are inconsistent with the description of the 
singlet even parity interaction in terms of a potential, 
and that this conclusion is not at all influenced by the 
potential shape which has been chosen in the present 
work. 


III. 'D, PHASE SHIFT 


For all of the five best solutions of Stapp et al., 
the 'So phase shift is negative and the 'D, phase shift 
is positive at 310 Mev. Since the interaction in the 
1S state is attractive at low energies, it is difficult to 
avoid the picture of a potential which has a repulsive 
core and is attractive outside. One way to produce a 
small 'D, phase shift at 310 Mev might be to use a 
potential which is repulsive at short distances, attractive 
at intermediate distances, and repulsive again at 
large distances, At 310 Mev the impact parameter for 
D waves is about 1,1. Thus, the outermost repulsive 
part of the potential would have to extend beyond 1.1. 
Otherwise, it is clearly possible to produce a larger 
rather than a smaller 'D, phase shift at 310 Mev 
than that calculated from a simpler potential. This 
follows from the fact that addition of a repulsive tail 
requires Compensation by an increase in the depth of 
the attractive region in order to fit the low-energy data 
(the size of the innermost repulsive region must be 
maintained to give negative 4S» phase shiftsat 310 Mev). 
The increase in depth may increase rather than decrease 
the 'D, phase shift at 310 Mev, if the attractive region 
extends beyond 1.1. 

*See Proceedings of the Sixth Annual Rochester Conference on 


High-Energy Physics (Interscience Publishers, Inc., New York, 
1956), Session II. 
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The effective range p is given by® 


w r 2 
p=2f (“-1) -1 |i, (5) 
0 a 


where a is the singlet scattering length. Since the 
singlet scattering length is large, this is approximately 


p~2f (1=wi)dr= 2ro+2 f (1—w*)dr, (6) 
0 ro 


where ro is the radius of the hard core. Since u(ro)=0 
and u(*)=1, the contribution to the effective range 
from the attractive region cannot exceed 4s, where s 
is the size of the attractive region. Thus 


p<2rot+ 4s, (6.1) 


s> 3[ p—2ro |. (6.2) 


Since p=2.7 and 'o+=0.4, this gives s21.4, so that 
the attractive region must extend to at least r~1.8, 
even if there is no repulsive tail. The inclusion of a 
repulsive tail implied that the attractive region must 
extend beyond r=1.8. However, for D-waves the 
impact parameter is less than 1.8 for energies greater 
than 130 Mev, so that it is clear that at high energies 
the addition of a repulsive tail tends to increase rather 
than decrease the 'D, phase shift. 

This conclusion is in agreement with the results of 
reference 1. Table II, reference 1, shows that as the 
core size increases the attractive potential is drawn in 
towards the core edge (‘u,* increases). The ‘D2, phase 
shifts at 310 Mev for various core sizes are shown in 
Table Il. The 'D. phase shift increases rather than 
decreases as the potential is drawn in. 

An extreme model is an attractive potential drawn 
right against the core edge (sticky hard core). For sucha 
model one may use an energy and angular momentum 
boundary condition that the derivative of the wave 


TABLE II. The 'Sp and ‘Dz, phase shifts calculated from various 
potentials and compared with the 4\So and 'D, phase shifts of 
Stapp et al. 


pat iV,* yet 
(10-4 em) (Mev) (10% cm~'!) 1So 
0.1 77.24 0.97 0.712 
0.2 128.8 1.1 0.343 
0.3 227.4 1.26 0.000 
04 425.5 1.45 0.328 
0.5 896.6 1.70 -0).632 
0.6 2078 2.00 0.924 : 
0.8 23 207 3.00 1.424 0.976 
0.353 
0.382 
0.681 
0.941 
+-0.009 


0.449 
0.464 
0.152 
0.169 
0.483 


Solution 1 of Stapp et al. 
Solution 3 
Solution 2 
Solution 4 
Solution 6 


*H. A. Bethe, Phys. Rev. 76, 38 (1949), Eq. (14) and ac- 
companying discussion. 
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function vanish at the edge of the core. This boundary 
condition makes the singlet scattering length infinite. 
The singlet effective range and the 310-Mev 'S» phase 
shift for solution 1 of Stapp ef al. cannot be fitted 
simultaneously with such a model. If we choose not to 
fit the effective range, the core size determined by 
fitting the 310-Mev 'S» phase shift is about (1/4). 
(For this core size the effective range is about 1.6 
instead of 2.7.) It is now easy to calculate the 'D, 
phase shift as a function energy. At 310 Mev, 6('D.) 
~14.5°, which is close to the least 'D, phase shift 
shown in Table IT. 

As long as it is assumed that the interaction is the 
same in the 'S9 and 'Dy states, it appears that the 
310-Mev 'D, phase shift is largely determined by the 
singlet scattering length, effective range, and 310-Mev 
1S» phase shift, and must be about 15° regardless of the 
shape of the potential. 

Only solutions 1, 3, and 6 of Stapp et al. satisfy this 
condition. As previously noted, solution 6 is ruled out 
on other grounds.‘ Moreover, there appears to be no 
reason at present not to adopt the more detailed 
potential given in Eqs. (3) and (4). 

The problem of determining a shape for the singlet 
even-parity interaction which fits the singlet scattering 
length, effective range, and the singlet phase shifts for 
Solution 1 of Stapp ef al. more precisely should be 
investigated. It seems adequate at present, however, 
simply to characterize the potential by a core size, and 
a depth and range for some given shape of the attractive 
part. In this work the Yukawa shape is chosen. 


IV. EVIDENCE ABOUT THE SPIN-ORBIT FORCE 
FROM THE 310-MEV DATA 

From the order of the triplet P phase shifts for 
either solutions 1 or 3 of Stapp et al., it is evident that 
both a spin-orbit and a tensor term must be present 
in the triplet odd-parity interaction.’ 

In order to fit either solution 1 or 3, the spin orbit 
term must be attractive in the 3P, state and repulsive 
in the *P) and *P, states. As is shown now, this follows 
from the order of the triplet P phase shifts, 6(*P2) 
>6(®Po)>6(*P)). 

For any potential let 


(7) 


1 
farvin gece, 


where V(r) represents the radial part of the central, 
tensor, or spin-orbit potential. Then in Born approxi- 
mation,*” the phase shifts are 
5(*Po) = Ve- 4MVr _ 2V xs, 
6(?@P1)=Vet2Vr—Vis, 
6(?P2)=Ve—4Vrt+V 1s, 
7 See Sec. V of reference 2. 


8 Of course, the *P, state is coupled to the 47; state, and it 
matters exactly what parametrization of the S matrix is meant, 


(8.1) 
(8.2) 
(8.3) 
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TABLE IIT, Order of the P-wave phase shifts for various signs 
of the tensor and spin-orbit forces. 


Tensor Spin-orbit Comment 


Attractive in *Po 
Repulsive in *Po 
Repulsive in *Po 
Attractive in *Po 


Attractive in *P9 
Repulsive in *Po 
Attractive in #P 
Repulsive in *Po 


5(Po) >5(@P9) 
5(8Po) <d(4P)) 
5(@P\) >5('P») 
Allowed 


where the subscripts C, 7’, and LS stand for the central, 
tensor, and spin-orbit potentials, respectively. The 
various possibilities are shown in Table ILI. Thus 
the signs of the tensor and spin-orbit forces are fixed 
by qualitative arguments. This argument, however, 
favors solution 1 of Stapp ef al., since solution 3 has 
the wrong sign for the J=2 coupling constant when 
the tensor force has the sign determined above. 

The order of the F-wave phase shifts of solution 1 
is such that no spin-orbit force is short-ranged, of a 
range such that it is important for ? waves but not 
for F waves. 


V. EVIDENCE ABOUT THE SPIN-ORBIT FORCE 
FROM LOW ENERGIES 


A phase-shift analysis of the 18.3-Mev p-p data for 
the triplet P phase shifts based on the assumption that 
the singlet even-parity phase shifts are given by the 
potential Eq. (4) results in two solutions; for both of 
these solutions the order of the triplet ? phase shifts is 
that expected from a tensor force." 

Since no spin-orbit force is required at low energies, 
it may be concluded again that the spin-orbit force is 
short-ranged. 

There is evidence from the position of the minimum 
for 90-Mev n-p scattering that the order of the triplet 
P phase shifts is more nearly that expected from a 
tensor force rather than a spin-orbit force. However, 
this conclusion is based on experience gained in making 
detailed calculations, and it is difficult to make even a 
convincing qualitative argument for it. 

Some evidence for both these points is found in the 
results of Feshbach and Lomon.” The order of their 


5(§P,) is what Stapp calls the nuclear bar phase shift. It is perhaps 
a little more accurate to think of 6(*/’,) as the element x, of the 
tangent matrix; see Eq. (A.10) of Stapp et al. For small x, 
5(§P,) =x, according to Eq. (A.12) of Stapp et al. 

® Born’s approximation suffices for this discussion. Presumably 
there are no bound triplet P states, and from the n-p total cross 
section data it appears that none of the triplet P phase shifts 
passes through 90° at any energy. We are only going to draw 
qualitative conclusions from Born’s approximation, which is 
qualitatively valid under these conditions. 

The factors in front of Vr and Vig come from Eq. (2) and 
the expressions for the diagonal elements of Sj2, the tensor 
operator, given in reference 3, 

uJ, L. Gammel and R. M. Thaler (unpublished). For one 
solution the tensor force would have to be attractive in the 
§P, state, for the other the tensor force would have to be repulsive 
in the #7» state. We have already concluded that the tensor force 
is attractive in the *Po» state and so could have fit the phase shifts 
However, we chose to fit the angular distribution directly. 

H{, Feshbach and F. Lomon, Phys. Rev. 102, 891 (1956). 
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Fic. 1. The proton-proton differential cross section for several] 
different energies. The solid curves represent the fits to the data 
with the Yukawa-shaped tensor force. The dashed curves represent 
the fit with the tensor force given by Eqs. (11) and (12). Where no 
dashed curve appears, the dashed and solid curves are nearly 
identical. The differential cross sections calculated from a given 
potential are practically indistinguishable for 170, 240, and 310 
Mey. The calculated curves shown are for 310 Mev. The data 
points shown are for 170 Mev. The 310-Mev_ experimental 
differential cross section is 3.7 mb independent of angle for 
angles greater than 10°. The alternately long- and short-dashed 
curve shows the result of using the singlet phase shifts of solution 
1 of Stapp et al. together with the triplet phase shifts calculated 
from the triplet potential of Eqs, (11) and (12) 


triplet ? phase shifts cannot be explained by a tensor 
force so weak as not to produce *P? bound states or 
resonances. They failed to get the correct sign for 
the Coulomb interference in p-p scattering at low 
energies," and the position of the minimum for 90-Mev 
n-p scattering is incorrect. 


VI. DETAILED CALCULATION 


The arguments presented in the two preceding 
sections suggest that a potential which fits the low- 
energy scattering data and the phase shifts of solution 1 
of Stapp ef al. should have the following qualitative 
features: (1) The tensor force is long-ranged and 
attractive in the *Py state. (2) The spin-orbit force is 
short-ranged and repulsive in the */p state. 

We have assumed that the form of the triplet 


9A. G, Saperstein and L. Durand, TIT, Phys. Rev. 104, 1102 
(1956) 
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Fic. 2. The polarization at 170 and 310 Mev. The lower set of 
curves and data points are for 170 Mey, the upper set for 310 Mev. 
The curves are coded as in Fig. 1. 
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odd-parity potential is 


V +-~, r<T 
. [SiVr(r)+L-SVzs(r) |, 


(9) 
r>To 


where V7(r) and Vzs(r) have the form 


V (r)=V exp(—ur)/ur. (9.1) 


No long-range central force (the hard core is a 
short-range central force, of course) is used in fitting 
the data. Only slight improvement of the fit can be 
obtained with the addition of a long-range central 
potential, and for these slightly improved fits the central 
force is very weak and repulsive. We have thought it 
best to omit the triplet odd central potential entirely. 

We first adjust the core size, and the ranges and 
depths of the tensor and spin-orbit potentials to fit 
the triplet P and F phase shifts and the *P,+5F, 
coupling constant for solution 1 of Stapp ef al. As 
expected, the spin-orbit force was found to have a 
very small range (<0.3). Consequently, only the tensor 
force plays a role at low energy. 

We found, however, that the 90° differential cross 
sections calculated at 18.3 and 70 Mev were too small; 
it was necessary to increase the depth of the tensor 
force to fit these low-energy data. 

The core size and spin-orbit force were then held 
fixed at the values determined from the fit to the 310- 
Mey phase shifts, and the range and depth of the tensor 
force were readjusted to reproduce the 90° differential 
cross section at 18.3 and 70 Mev. The deeper and 
shorter-ranged tensor force so determined was then 
used at 310 Mev and the core size and spin-orbit range 
and depth readjusted to fit the triplet phase shifts. 
Although the fit to the 310-Mev phase shifts was 
necessarily worsened, the resulting potentials provide 





Fic. 3. The polarization at 
45° as a function of energy as 
calculated from the potentials 
of Eqs. (9), (11), and (12) 


Fic. 4. The triplet phase 
shifts calculated from the 
potentials of Eqs. (9), (11), 
and (12). The dots at 310 Mev 
are the phase shifts for solution 
1 of Stapp et al. 


Fic. 5. The singlet phase 
shifts calculated from the 
potential of Eqs. (3) and (4). 
The dots at 310 Mev are the 
phase shifts for solution 1 of 
Stapp e¢ al. 
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TABLE IV Singlet and triplet phase shifts versus energy. The tabular entries are 
twice the nuclear Blatt-Biedenharn phase shifts in radians 


(a) Singlet phase shifts calculated from the potential of Eqs. (3) and (4). 
Ds Gs E (Mev) 1So 


0.003 0.000 160 0.351 
0.013 0,000 180 0.240 
0.028 0.000 200 0.134 
0.048 0.001 220 0.039 
0.094 0.003 240 —0,049 
0.145 0.006 260 —0.137 
0.192 0.011 280 —0.219 
0.241 0.017 300 —0,292 
0.283 0.022 320 —0.365 


(b) Triplet phase shifts calculated from the Yukawa-shaped triplet odd-parity potential given by Eqs. (9), (9.1), and (10), 
Po y; sy, ‘1, Vs Py Uy 2«(2) 7 Hs 


0.195 0,088 0.001 0.000 0.000 0.038 —0,002 0.551 0.000 0.000 
0.354 0.174 0.006 0.000 0.000 0.093 —0.006 0.678 0.003 0.000 
0.438 0.242 0.013 0.001 0.000 0.048 —0,008 0.710 0.007 —0.002 
0473 0.298 0.022 0,002 0.000 0.199 —(0).008 0.705 0.012 —0.003 
0.473 0.388 0.039 —0.005 0.002 0.291 —0,002 0.663 0.025 —0,006 
0.426 0.462 0.056 0.009 0.004 0.367 —0,005 0.605 0.037 —0.009 
0.365 0.525 0.070 0.014 0.005 0.433 0.015 0.545 0.051 —0.011 
0.294 0.584 0.085 0.019 0.007 0.485 0.021 0.490 0.062 —0.013 
0.225 0.637 0.095 0.022 0.010 0.531 0.029 0.439 0.076 ~0.011 
0.153 0.684 0.107 0.029 0.009 0.565 0.032 0.393 0.086 —0.013 
0.081 0.734 O.119 0.031 0.013 0.593 0.033 0.354 0.099 —0.011 
0.017 0.776 0.125 0.034 0.015 0.618 0.037 0.317 0.113 ~0,008 
0.051 O.818 0.136 0.042 0.013 0.631 0.032 0.284 0.122 —0.009 
O117 0.862 0.147 0.044 0.017 0.642 0.029 0.256 0.135 0.005 
0.176 0.900 0.151 0.045 0.021 0.653 0.028 0.229 0.152 0.000 
0.234 0.934 0.160 0.052 0.018 0.653 0.021 0.204 0.165 0.000 
0,296 0.974 0.171 0.057 0.018 0.649 0.010 0.183 0.177 0.000 
0.353 1.010 0.177 0.056 0.024 0.649 0.004 0.163 0.196 0.006 


(c) Triplet phase shifts calculated from the triplet odd 
Pp, P, Ws Hes 


0.001 0.000 
0.007 0.000 
0.014 0.000 
0.024 0.000 
0.041 0.002 
0.059 0.004 
0.072 0.006 
0.087 0.007 
0.097 0.011 
0.108 0.009 
0.119 0.013 


1Ds 


0.325 
0.362 
0.393 
0.427 
0.455 
0.477 
0.502 
0.525 
0.539 


1G 
0.031 
0.037 
0.427 
0.054 
0.061 
0.066 
0.077 
0.087 
0.091 


‘So 


1.496 
1.717 
1.542 
1.390 
1.136 
0.932 
0.757 
0.608 
0.471 


26(4) 


0.916 
0.850 
0.804 
0.752 


parity potential given by Eqs. (9), (11), and (12), 
Ps Fs 2e(2) aF, 


0.038 0.002 0.593 0.000 
0.091 0.007 0.730 0.003 
0.143 0.009 0.766 0.008 
0.189 —0.010 0.762 0.013 
0.271 —0.003 0.716 0.027 
0.335 0.005 0.651 0.040 
0.391 0.017 0.581 0.053 
0.433 0.024 0.515 0.064 
0.472 0.033 0.454 0.078 
0.501 0.036 0.398 0.087 
0.524 0.038 0.349 0.099 


Hs 


0.000 
0.000 
0.002 
0.003 
0.007 
0.010 
0.011 
0.013 
0.012 
0.014 
0.011 


*Po 


0.199 
0.353 
0.426 
0,452 
0.435 
0.376 
0.306 
0.229 
0.154 
0.078 
0.003 


0.000 
0.000 
0.001 
0,002 
0.006 
0.010 
0.015 
0.020 
0.024 
0.031 
0.033 


0.091 

0.176 
0.242 
0.295 
0.378 
0.446 
0.502 
0.555 
0.003 
0.646 
0.091 


0.037 
0.044 
0.046 
0.047 
0.054 
0.059 
0.057 


0.064 
0.134 
0.203 
0.263 
0.323 
0.386 
0.445 


0.730 
0.768 
0.809 
0.844 
0.876 
0.913 
0.950 


0.124 
0.135 
0.144 
0.147 
0.155 
0.166 
0.170 


the best over-all fit to the data in the energy range 
Ey» <310 Mev within this framework (hard core, no 
triplet odd-parity central force, and Yukawa-shaped 
potentials.) 

The potential so obtained is characterized as follows: 


Vr 


7317.5 Mev, 


*v¥y~ = 0.4125, 


Vis 


22 Mev, Sur 0.8, (10) 
Sus rf 


The fits to the data obtained from the potential of 
Eqs. (3), (4), (9), (10) are shown in Figs. 1 and 2 
(solid curves). 

The fact that the best fit to the 310-Mev phase 
shifts required a somewhat weaker tensor force than 


0.016 
0.014 
0.018 
0.021 
0.019 
0.019 
0.024 


0.008 
0.009 
0.005 
0.000 
0.000 
0.001 
0.008 


0.546 0.042 0.304 0.112 
0.556 0.037 0.264 0.121 
0.565 0.033 0.229 0.132 
0.574 0.033 0.196 0.148 
0.575 0.025 0.167 0.159 
0.570 0.014 0.141 0.169 
0.570 0.008 0.117 0.187 


that required by the lower energy (18.3-70 Mev) data, 
suggests that a change in the shape of the tensor 
force may result in considerable improvement of the 
over-all fits. To obtain a smaller effective potential at 
high energies than at low, a less singular potential is 
indicated. To test this hypothesis, calculations were 
performed with a tensor force having the shape : 


Vr(r)=Vr(1—1/r) exp(—yur)/yr. (11) 
This potential vanishes at the core edge. For such a 
tensor potential with a Yukawa-shaped spin-orbit 
potential, no triplet central force, and the singlet 
interaction as given by Eqs. (3) and (4), the triplet 





SPIN-ORBIT 


interaction which best fits the data is described by 
the following parameters : 
*5-=0.4125, *"Vr-=—26 Mev, *ur-=0 
*V1s°=7122.5 Mev, = 3.7. 


ra 
(12) 


Sur” 


An interaction of this form is negligibly different from 
the interaction given by Eqs. (9) and (10) at low 
energies, while it improves the fit to the 310-Mev 
phase shifts. This is illustrated in Figs. 1 and 2. The 
dashed curves are drawn for the potential of Eqs. 
(3), (4), (11), and (12) wherever this potential is 
significantly different from the potential of Eqs. (3), 
(4), (9), and (10). The polarization at 45° as a function 
of energy calculated from the potential of Eqs. (3), 
(4), (11), (12) is shown in Fig. 3, and the triplet phase 
shifts as a function of energy calculated from this 
potential are shown in Table IV and Fig. 4. The 
singlet phase shifts calculated from the potential 
Eq. (4) are shown in Fig. 5. 


VII. PHASE SHIFT ANALYSIS OF THE 
170- AND 310-MEV DATA 


The calculated 170-, 240-, and 310-Mev angular 
distributions do not give a precise fit to the experimental 
angular distributions. This is not a serious difficulty. 
At 310 Mev all of the calculated phase shifts are close 
to the phase shifts of solution 1 of Stapp et al. (see 
Table V) and these latter phase shifts provide a preci- 
sion fit to all of the experimental data at 310 Mev. 

In Figs. 1 and 2, the curves drawn with alternating 
short and long dashes and the curves drawn with the 
dashes are calculated with the triplet odd-parity phase 
shifts calculated from the potential of Eqs. (3), (4), 
(11), and (12). The long-short dash curvesare calculated 
with the singlet phase shifts of Stapp et al. and the 
dash curves with the singlet phase shifts calculated 
from the potential given by the singlet even-parity 
potential of Eqs. (3) and (4). Even this slight change 
in the singlet phase shifts results in a marked improve- 
ment in the shape of the 310-Mev angular distribution, 
and an improvement in the fit to the 310-Mev polariza- 
tion data at low angles. Singlet even-parity potentials 
of different shape (different from hard core with Yukawa 
attraction outside) would have to be considered in 
order to get a better simultaneous fit to the singlet 
zero-energy scattering length and effective range and 
the singlet phase shifts of Stapp ef al. at 310 Mev. 

It has also been checked that at 170 Mev, small 
changes in the calculated phase shifts (changes similar 
to the difference between the calculated phase shifts at 
310 Mev and the phase shifts of Stapp ef al. for solution 
1 at 310 Mev; see Table V) provide a precision fit to 
the experimental data, as shown in Fig. 6. 

The most important differences between the phase 
shifts calculated from the potentials of Eqs. (9), (11), 
and (12) and the phase shifts of solution 1 of Stapp 
et al. occur in the *P) and *F, phase shifts and the 
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Fic. 6. The cross section and polarization at 170 Mey, The 
dashed curves represent the differential cross section and polariza 
tion calculated with the potentials of Eqs. (9), (11), and (12) 
The solid curves represent the differential cross section and 
polarization calculated from the adjusted phase shifts shown 
in Table V. 


J=4 coupling constant. The origin of difficulties 
encountered in trying to better fit the phase shifts of 
solution 1 is that the L-S potential is not entirely 
negligible in the F states (see Table VI). 

that 
improvement in the fits can be 


Investigation reveals no further significant 


obtained without 


allowing modifications in the shapes of the potentials 
The authors plan to return to the problem of finding 


TABLE V. Comparison of phase shifts calculated from potential 
and phase shifts obtained from phase-shift analyses." 


170 Mev 


Calculated 
from 
potential 


0.295 
0.345 
0.035 
0.0399 
0.669 0.670 
0.114 0.100 
0.033 0 

0.011 0.022 
0.512 0.472 
0.036 0.04 
0.373 0.373 
0.092 0.08 
0.013 0.013 
1.162 1.40 


$10 Mev 


Calculated Solution 
from (1) of 


Adjusted potential Stapp etal 


0.260 
0.290 
0.017 
0.050 


0.328 
0.533 
0.089 
OA17 
0.932 
0.169 
0.058 
0.021 
0.570 
0.010 
0.12% 
0.177 
0.004 
0.799 


0.3534 
0.499 
0.0349 
0.499 
0.940 
0.143 
0.003 
0.045 
0.575 
0.015 
0.125 
0.130 
0.040 
0.934 


5('S9) 
6('Ds) 
6(CG,4) 
(Po) 
6(P)) 
5(*F;) 
6(@H;) 
5 (#116) 
6(*P.) 
6(*Fs) 

(2es) 
5 (414) 
5(411,) 

(2e,) 


* A sign convention opposite to that of Stapp ef al. ie used for the coupling 
constants. 





GAMMEL 
Taare VI. Effect of spin-orbit potential in F states. 


Phase shifte calculated 
from the same potential 
except that the spin 
orbit term is omitted. 


Phase shifts calculated 
from the potential of 
Eqs. (9), (11), and (12) 


0.169 
0.177 
0.799 
0.010 


0.148 
0.110 
1.40 

0.137 


the best over-all fit to the data when the potentials are 
allowed to have arbitrary shapes. 


VIII. DISCUSSION 


(A) For small distances, the nucleon-nucleon inter- 
action must really be of the form of a (nonlocal) 
potential matrix V(r,r’). For the energy range in 
which we are interested, it does not matter what 
form of this matrix is; all that 
is the logarithmic derivative which the wave function 
has when it emerges from this region. Presumably this 
logarithmic derivative is energy-independent in the 
energy range (0-310 Mev) because the interaction is 


the exact matters 


strong. 

The spin-orbit force we find sticks right against the 
edge of the hard core. Its main function is to give a 
boundary condition which is different for the *Po, 
4P,, and */P, states for at a core radius which is some- 


thing like the radius of the hard core plus the range of 


the spin-orbit potential. For a core size ro= 0.7, bound- 
ary conditions rou’/u= + for the *P> and *P, states 
and rou’/u= 0.6 for the *P, state, together with a tensor 
potential similar to the tensor potentials found in the 
main work, give the same sort of *P phase shifts as 
shown in Fig. 4. 

Qur results may be summarized as follows: the core 
region (r)<0.7) is much less repulsive for the */. state 
than for the *P> and *P, states. 

(B) If the long-range nucleon-nucleon interaction 
is a consequence of the interaction of nucleons with a 
pseudoscalar symmetric pion field, then the long-range 


nucleon-nucleon potential should be of the form 


AND R. M. 


THALER 


central plus tensor potentials. There should be no 
long-ranged spin-orbit potential. We make this judgment 
on the basis of calculations of the nucleon-nucleon 
potential by Brueckner and Watson," Gartenhaus,!® 
Lévy,'® Taketani,'” and others. 

Thus it is very satisfying that we find a spin-orbit 
potential which has a short range. Possible origins of 
short-range spin-orbit force (or explicitly J-dependent 
force with an interval rule different from the tensor 
force) are interaction of nucleons with mesons of mass 
larger than the pi-meson mass, or perhaps nucleon 
recoil or some other effect not included in usual calcula- 
tions of the nucleon-nucleon interaction from pi-meson 
theory. 

(C) We have not discussed the problem of charge 
independence in this paper. Presumably there may be 
a short-range spin-orbit interaction in the triplet 
even-parity states which might affect the *D phase 
shifts at high energy (310-Mev). It is to be expected 
that such a short-range spin-orbit interaction would not 
be effective at low energies or in the bound state of 
the deuteron, because, on the one hand, L-S=0 for 
the 4S, state and, on the other, the D states do not 
penetrate the core region at low energy. 

We have made a preliminary fit of the 90-Mev 
n-p data using triplet even-parity potentials given in 
reference 1, triplet odd-parity potentials and singlet 
even-parity potentials given in this paper, and adjusted 
the singlet odd-parity interaction to fit the data. The 
fits have the same quality as those found in our earlier 
work (reference 1). In particular, the difficulty of finding 
calculated angular distributions which are too V-shaped 
remains (as might be expected since the new feature 
used in this work—the short-ranged triplet odd-parity 
spin-orbit force—is not effective at 90 Mev). Work is 
in progress to determine the origin of this difficulty 
and the possible role of a triplet even-parity short- 
range spin-orbit interaction in n-p scattering. 

MK. A 
(1953). 

6 Solomon Gartenhaus, Phys. Rev. 100, 900 (1955). 

'M. Lévy, Phys. Rev. 84, 441 (1951); H. Gelernter, Phys. 


Rev. 105, 1068 (1957). 
17M. Taketani, Progr. Theoret. Phys. (Japan) 7, 35 (1952). 


Brueckner and K. M. Watson, Phys. Rev. 92, 1023 
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Weak Decay Interactions* 


F. CoErsTEeR 
Department of Physics, State University of Lowa, Lowa City, Lowa 
(Received March 25, 1957) 


The time-reversal properties of a weak-decay Hamiltonian affect the possible observation of interferences 
This effect is discussed and a general proof for a theorem by Lee, Oehme, and Yang is given 


N a recent paper’ Lee, Oehme, and Yang state two 
important theorems about weak decay interactions 
and prove them for spinless particles. They remark that 
the proof for the general case follows the same lines. 
The extension of the proof of theorem 2 of LOY is not 
entirely trivial and I believe some worthwhile insight 
can be gained from the general proof given below. 
The time-reversal properties of the Hamiltonian 
provide the key to the proof. The time-reversed state 
WV’ is defined by ? 


vr=Uv"*, (1) 


where U is a unitary operator and the asterisk denotes 
complex conjugation. The time-reversed operator H/” is 
then defined by the condition that 


(W HV") = (WH) (2) 


mn ey 
for all ¥. There follows 


(B|H"|A)=(A|UtHU |B). (3) 


In a representation in which the square and one compo- 
nent of the total angular momentum are diagonal, one 
can easily construct an explicit representation for U* 
For a Hermitian operator H which is invariant under 
proper rotations there follows in this representation: 


(B|H'| A)=(B|A|A)*. (4) 


The general proof of the equality of lifetimes for particle 
and antiparticle (theorem 1 of LOY) follows from (4) 
exactly by the steps given by LOY. 

Any angular distribution function W can be written 
in the form 


W= > (B\|H|A)(B'\H|A)*(B'\C|B), (5) 


BR’ 


where (B’|C' B) is defined by 
(B'\C| B)=  (B'M'\e|BM)(M\p|M’), (6) 


MM’ 


¢ is the projection operator into the observed con- 
figuration, and p is the density matrix describing the 


* Supported in part by the U. S. Atomic Energy Commission 

1 Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957); quoted as 
LOY. I am indebted to the authors for sending me a preprint of 
this paper. 

2E. P. Wigner, Gott. Nachr. 31, 546 (1952). 

3 F. Coester, Phys. Rev. 89, 619 (1953), Eq. (12). 


spin distribution of the source. Both ¢ and p are 
Hermitian. M is the magnetic quantum number of the 
total angular momentum. Applying the time-reversal 
transformation to C, we obtain 

(B’\C'| B)= (BC) B)* (7) 
in the same manner as Eq. (4). (B’'C) B) is therefore 
real if the time-reversal 
invariant. 

If we observe the angular distribution of free particles 
with respect to a spin-alignment axis, we observe 
essentially p:I where I is the spin of A and p is the 
momentum of the product. ‘The 
quantity p-I is invariant under time reversal. If the 
observed decay product is not a free particle, then ¢ does 
not project into an eigenstate of p but into a super 
position of spherical waves which describes asymp 
totically particles moving in a definite direction. ‘The 
asymptotic form of these wave functions is a plane wave 


observed configuration is 


observed decay 


plus an ingoing spherical wave. The: observation is 
therefore not time-reversal invariant. Methods for 
calculating (B’| C| B) explicitly are well known from the 
general theory of angular correlations.* ‘The density 
matrix (M |p| M’) is diagonal if the spin-alignment axis 
is chosen as axis of quantization. If one observes in 
8 decay the directional correlation of the electron with 
the spin-alignment axis, (B’M | «| BM) is 


(B'M\«| BM 


(= 1) (4M — MRO) (20 44-1) (20 +1)! 
k 


KW (Lal phd’. JT 1 )¢ '.(B’,B)P,(cosv). (8) 


1, and /y are the spins of the initial and final nucleus, 
respectively. J is the total angular momentum of the 
electron-neutrino system. W is a Racah coefficient. 
(la4laM —M\kO) is a Clebsch-Gordan coefficient 
P,(cosd) is a Legendre polynomial and # is the angle 
between the initial spin alignment and the direction of 
the electron propagation. C,(B’,B) is Racah’s radiation 
parameter.®* It is of the form 


C, (BB) C,°(B’,B) exp (Ay Ap’) |, (9) 


*See, for instance, F,. Coester and J. M. Jauch, Helv. Phys 
Acta 26, 3 (1953). 

*G. Racah, Phys. Rev. $4, 910 (1951) 

* For an explicit expression for the case of 6 rays, see I. Hauser, 
Suppl. Nuovo cimento (to be published), Eq. (66) 
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where Ay are the Coulomb phase shifts which vanish in 
the limit Z—»0. C,°(B’,B) is the radiation parameter for 
free electrons. It is real. 

In general the effect of final-state interactions on 
(B’|C\ B) can be given explicitly as follows: 

(B’|\C| B) = (B'\C*| B) exp[i(Az—Az’)}. (10) 

Ay and Ay are the phase shifts produced by the final- 
state interactions and (B’|C®| B) describes the observa- 
tion of free particles. 

From (4), (5), and (7) we can draw the following 
conclusions: 


(1) If H is time-reversal invariant, only the real part 
of (B'\C\ B) contributes to the observation. 

(2) Interferences between the real and imaginary parts 
of H can be observed only if C is not time-reversal invariant. 
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COESTER 


According to Liiders? and Pauli,’ any local interaction 
which is invariant under proper Lorentz transforma- 
tions is also invariant under the combination time 
reversal, space inversion, and charge conjugation 
provided arbitrary phases are chosen appropriately. 
Therefore if H is invariant under charge conjugation 
the real part of H is invariant under space inversion and 
the imaginary part changes sign in our representation. 
We can now conclude further: 

(3) If H is invariant under charge conjugation, inter- 
ferences between final states of different parity cannot be 
observed if the observation is time-reversal invariant. 

It is evident from our discussion of (B’|C| B) that 
this is a generalization of theorem 2 of LOY. 

7G. Liiders, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
28, No. 5 (1954). 


®W. Pauli in Niels Bohr and The Development of Physics 
(McGraw-Hill Book Company, Inc., New York, 1955). 
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Vertex Corrections to the Pion K-—Meson Interaction* 


S. F. Tuan 
Department of Mathematics, University of California, Berkeley, California 
(Received January 21, 1957) 


A vertex correction to Schwinger’s fundamental pion-K-meson interaction is calculated to second order 
by the covariant S-matrix formalism. Certain prescriptions are made with regard to coupling constant re 
normalization such that the analogy with similar procedures in quantum electrodynamics become evident. 


N recent developments of K-meson theory, con- 

sideration has been given to the hypothesis that K 
mesons possess an interaction with the m-field that is 
analogous to the pion-nucleon coupling.’ (See Fig. 1.) 
It appears of interest to calculate to lowest order the 
vertex corrections shown in Fig. 2 
Conservation of strangeness’ is taken into account as 
well as the suggestion that A®° exists as degenerate 
states A,° and A_® of opposite parity.’ Since strong 
interactions prevail at each vertex, we assume con- 
servation of parity—considerations to the contrary 
have been investigated for weak interactions, notably 
in the case of B decay.‘ 

Our method of calculation is based on the usual 
Feynman-Dyson formalism; in particular we follow 
closely Karplus and Kroll® in their treatment of the 
analogous vertex problem in quantum electrodynamics. 
References to previous works are given in that article. 


to such a process. 


* Supported in part by the Office of Naval Research and the 
National Science Foundation. 

! Julian Schwinger, Phys. Rev. 104, 1164 (1956). 

2M. Gell-Mann, “The Interpretation of the New Particles as 
Displaced Charge Multiplets,” lithoprinted notes, Institute for 
Advanced Studies, Princeton, New Jersey (unpublished). 

*T. D. Lee and C. N, Yang, Phys. Rev. 102, 290 (1956). 

‘T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

*R. Karplus and N. M. Kroll, Phys. Rev. 77, 536 (1950). 


Our analysis yields a similar logarithmic divergence and 
thus coupling constant renormalization is required. 
Unlike quantum electrodynamics however, renormaliza- 
tion of the coupling constant in meson theory is not 
unique, since alternative prescriptions for defining the 
mesonic charge lead to ambiguous results.®? For the 
purpose of our discussion, renormalization is defined in 
terms of an idealized scattering experiment—that of K 


aN 
ba 


~“ 
“N 


Fic. 1. Feynman diagram for the K-meson-pion interaction; 
dashed lines denote K-fields while the pion field is represented 
by dotted lines. 


®N. M. Kroll and M. A. Ruderman, Phys. Rev. 93, 233 (1954). 
7 Deser, Thirring, and Goldberger, Phys. Rev. 94, 711 (1954). 
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Fic. 2. Feynman diagram for the second-order vertex correc- 
tions to Fig. 1; baryons are denoted by solid lines; (gavs,gs) and 
(ga,2275) correspond to the two situations A,° and A_°, respectively. 


mesons by pions of zero frequency in the limit of van- 
ishing meson mass. The advantage of this definition is 
that correlation with the analogous charge renormaliza- 
tion in quantum electrodynamics becomes immediately 
evident. 

The diagrams for our process are shown in Figs. 1 
and 2. Let the K-meson and pion fields be denoted by 
¢x and g,, respectively. Isotopic spin formalism is 
introduced for K-particle doublets and nucleon n in the 
following manner: 

ve]. 
v , wv 
Wn 


t 

YK\ 
¢x=(¢xK1,¢K2], x’ | 
1 
PK2 


[yr,vw ], (1) 


(2) 


where gx: creates K+ and annihilates K~; gx creates 
K° and annihilates K°, and vice versa for the Hermitian 
conjugates gxi*, ¢gx2*. The interactions at the vertices 
in Fig, 2 are 


igh (xo) VT ¢x' (Xo) (Xo), 
iWao(xot-x’’) (gov583) eK (Xot x” W(xot+x’”), 
iW (xo— x’ bx '(xo— x") (gs,8276)Wae(Xo—2’), 
where £1, £2, gs are the couplings at the vertices while 
wae is the spinor field for A°. 

Let I'(x’,x’’) be the vertex function for our process, 
and A®(x’,«’’) the second-order contribution to it 
Performing the necessary computations along lines in- 
dicated in the introduction, we have 
I(x’ x’") 


= Gb (x")6(x"") +A (x7 x"") 


2 B 
= g +—~-£ 18 283 


h'¢ (2x)* 


(3) 


fooerow $A (x’ x"), (4) 
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where Go is the coupling for the direct interaction 
(Fig. 1), B is a logarithmically divergent constant, 


1 1 - 41d LR? +m? — (1-2)? | 
B -f dude f dy fae (5) 
0 0 B Lk? t Ag » 


and 


A®(x!,x”) =A, (2) (4 ye!) $A (2)( vx"), (6) 


The + designations in Eq. (6) refer to the cases for A°,, 
respectively ; m, x and X are the masses of nucleon, K 
meson, and A°, 


1 1 


Lik 2ks 
2,2 / 
( 


Ay ® (x" x”) 
h* 


The renormalized vertex operators Ay are 
LT 


favaprersone 

)i2 

1 I , 

xf dude f dy -K t (p',p”’: v,V) tra? (A? Av?) 
0 0 9 


. dz m? — x? (1—x)? 
x| [ { | | (7) 
Jo Ag?+ (A?—Ao’)z 2A iA? 


p”’)*y(1—y) J4+A7(1— x) 
«)L(p?+m*) y+ (p+ m?*) (1 


ir’ 
2A 


with 


A? = x" m?+ (p’ 


t+ax(1 (8) 


y) | 


Ag? = x?m?+-d?(1 — x) + (m?—x«?)x(1—2), 


and 


Ki(p',p”; x,y) Ain{ (p’”?+-x*) (1 —%) (ay—a+-4) 
b(p-+x°) (2ey—1)(1—x)+(p’— p’”)? , 
x Lxy(xy—1)4+4(2xey—1)(1—2x) ]) + 2im{ x( p’?+42) 


a(p’*+-x*)+-2(p’— p’”)*(1—2y)}. (10) 


According to the renormalization scheme adopted in 
this discussion, it is evident that 
G=Got (2/h'c*) gig2g3B/ (20) (11) 
gives the renormalized coupling constant. In the frame- 
work of a renormalizable field theory, therefore, a 
fundamental pion—A-meson coupling term must ap- 
pear in the Lagrangian, 
In conclusion, we remark that an interaction density 
(12) 


ton (xotx”’)rign!(xy—x') G,'(xX0) I (x',x”’), 


where I'(x’,x’’) is the renormalized vertex function, 
provides the necessary corrections to the Schwinger 
interaction. 

The author wishes to thank Professor R. Karplus 
for suggesting the problem. In addition he acknowledges 
the financial support of the Office of Naval Research 
through a Research Assistantship. 
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It is shown that if the wave function of a nonrelativistic particle 
satisfies the Schrédinger equation with a velocity-independent 
potential, then its scattering amplitudes (and the S matrix in 
general) satisfy the same dispersion formulas as those derived for 
the scattering of light. In the present derivation, the validity of a 
perturbation expansion and certain integrability of the potential 
are assumed, and the requirement of the outgoing wave Green’s 
function replaces the condition of strict causality for the scattering 
of light. The scattering amplitude for fixed momentum transfer is 
also shown to satisfy the dispersion relations. Together with the 


I. INTRODUCTION 
R" ‘ENTLY, many authors have derived dispersion 


relations for the S-matrix of light! and of nonzero- 
mass relativistic particles,’ based on the causality 
principle that “no signal can travel faster than the 
velocity of light in vacuo.” When one considers the 
scattering of nonrelativistic particles, such a principle 
must be modified for reasons’: (1) Maximum 
velocity does not exist. (2) There are no ingoing or 
outgoing wave packets that are rigorously zero up to a 
certain time. In spite of this difference between relativ- 
istic and nonrelativistic particles, the corresponding 
scattering matrices may be shown to satisfy essentially 
the same dispersion relations. In fact, Van Kampen* 
has modified the causality principle for nonrelativistic 
particles to the following: “If the ingoing wave packet 
is so normalized as to represent at /= — # one incident 
particle, the total probability of ¢=¢, of finding a 
particle outside of any sphere of radius 7;> a cannot be 
greater than 1.’’ Under this condition, he has shown 
that S,(k) exp(2ika) satisfies the ordinary dispersion 
relation except for the addition of residue terms corre- 
sponding to simple poles on the positive imaginary axis 
of k, due to the presence of bound states. Here, S;(k) 
is the S-matrix corresponding to angular momentum 
quantum number / and magnitude of momentum 
p=hk. It is the purpose of this note* to show that all 


two 


other dispersion formulas for the scattering of light for 
various combinations of the S-matrix elements! are 
satisfied by nonrelativistic particles, except again, for 


* Supported by the U.S. Air Force. Based on part of a disserta 
tion to be submitted to the University of Maryland in partial 
fulfillment of the requirements for the Doctor of Philosophy 
degree 

t Frank M. Shu Fellow 

1D. Y. Wong and J. S. Toll, Ann. Phys. 1, 91 (1957); hereafter 
this paper will be referred to as WT 

*R. H. Capps and G. Takeda, Phys. Rev. 103, 1877 (1956), 
where many further references are also given. 

§ These are first pointed out by N. G. van Kampen, Phys. Rev. 
91, 1267 (1953). 

‘ This is a revision of the Physics Department Technical Report 
No. 62, University of Maryland, January, 1957 (unpublished). 


unitarity of the S matrix, the complete S matrix is determined 
by the Fourier transform of the potential through an iterative 
procedure using the dispersion relations. If the potential possesses 
bound states, then all the dispersion formulas are modified to 
include residue terms corresponding to singularities on the positive 
imaginary axis of the momentum plane. The necessity of these 
modifications is related to the divergence of the perturbation 
series for small wave numbers. Essential singularities of the S 
matrix due to exponentially damped potentials give no additional 
contribution to the dispersion formulas. 


residue terms due to bound states. In the present 
derivation, the causality principle is simply the require- 
ment of the out-going wave Green’s function. In 
addition, we assume the existence of a velocity-inde- 
pendent real potential with certain integrability and 
the validity of a perturbation expansion. The essential 
part of the results given in this note has also been 
obtained recently by Klein and Zemach® without 
recourse to a perturbation expansion. In Sec. II, forward 
scattering amplitudes for incident plane waves and 
off-center spherical waves are shown to satisfy the usual 
dispersion relations. In addition, the integrability of the 
potential implies that a somewhat stronger dispersion 
relation is also satisfied. An inversion of the relation 
between the S matrix and the scattering amplitudes 
gives the dispersion formula for the S matrix. In Sec. 
III, the scattering amplitude corresponding to a fixed 
momentum transfer is also shown to satisfy the disper- 
sion relation. Both Secs. II and III assume uniform 
convergence of the perturbation series for all real k. 
Section IV considers the unitarity condition of the S 
matrix and an extension of the cross-section theorem is 
given. It is then shown that the complete S matrix is 
determined by the Fourier transform of the potential 
through the dispersion relation. An illustrative example 
is given using the dispersion relations to determine the 
finite-angle scattering amplitude for the Yukawa well 
up through the second Born approximation. In Sec. V, 
bound-state contributions are examined and shown to 
be related to the divergence of the perturbation series 
for small k. Essential singularities, for each S,(k), due 
to potentials of exponential type, are shown to give no 
contribution in the scattering amplitudes. 


II. DISPERSION RELATIONS FOR THE S-MATRIX 
The Schrédinger equation in proper units reads: 


VY +ky—AU (ry =0. (1) 


®A. Klein and A. C. Zemach (private communication). The 
author wishes to thank Professor Klein for a preprint of their 
work, 
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Solutions of (1) also satisfy the integral equation 


etkir— rl 


vin) = Vale) —— ~ f° Uinwirdds, —@) 


where y,(r) is the incident wave and (1/|r—r;!) 
Xexp(ik|r—r;,|) is the outgoing wave Green’s function. 

The scattering amplitude is obtained from the 
asymptotic expression of (2): 


A 
A (0,k) = — fesesucnwanans, (3) 


4dr 


where k, is the momentum vector along the direction 
of r making an angle @ with respect to the polar axis. 
The usual Born series gives 


A(6,k) = > \"A\™ (6), (4) 


n=! 


with 


es (- n—1U (tm) U (tn) 
n) 6, = 
-) ‘flit (fa—Teos| 


xexp| ~ ih, rt > tk| fm— ravi [dV -dV,. (5) 


¥i(Fn) 


We shall assume that (5) exists for every n and (4) 
converges uniformly with respect to &. The possible 
divergence of (4) will be related to the existence of 
bound states which will be considered in Sec. V. We 
shall now choose some particular incident waves and 
investigate the analytic properties of A‘ (0,2). 

First, let 


¥i(r) =exp(ik,-r), (6) 


where |k,| = {k,| =|] and k;, is taken along the polar 
axis. The k-dependent part in (5) becomes 


nl 
exp| —iky rit ikirat >» it| toto | 


= exp (hk, -n1ik| ta cos(k;, (r1—r,)) 


n—l 
+ > tk| ta— fms! | 


m=! 


For forward scattering, (k,—k,)=0. From the tri- 
angular inequality }> moi” |fm—fmy1|> |fi-tal, the 
exponential function (7) is clearly the boundary values 
of an uniformly bounded function of {=k+iK on the 
upper half-plane of ¢. It has been shown by Toll® that 
such analytic behavior is sufficient for (7) to satisfy 
the dispersion relation which involves an integration 


‘J. S. Toll, Phys. Rev. 104, 1760 (1956). 
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over k. We now assume that the potential diminishes 
sufficiently rapidly that interchange of the r and k 
integrations is permitted. This then implies that the 
forward-scattering amplitude satisfies the dispersion 
relation for each order in A, The existence of (5) and 
the validity of interchange of integrations will be 
loosely referred to as the integrability of the potential. 
Upon using (7) again, the assumption of the uniform 
convergence of (4) for real & also implies uniform 
convergence on the whole upper half-plane. Hence 
A(0,k) satisfies the dispersion relation 


2k * ImA (0,v) 
ReA (0,k) = —P f — dv+ReA(0,0) (8) 
0 


v(v?— k*) 


where ? means the principal part of the integral. 

The boundedness of A‘(0,k) implied by (7) can 
be made more stringent for our present problem. In 
fact, for n>1, the space integration will introduce a 
factor (1/k) in the limit of large k, and hence 
[ A(0,k)-AA“ (0,2) | goes at least as (1/k) for large k. 
The dispersion relation that [A (0,k)— A (0,k) | satis- 
fies is simply the Hilbert transform formula,’ which 
can be rewritten as: 


2 * vy ImA(0,v) 
: pf dv+A“ (0,0), (9) 
7 y— k? 


0 


ReA (0,k) 


after we have used the symmetry property A*(k) 


A(—k) and the relation 


1 
- fucou, 
4dr 


A“ (0,0) 


A“ (0,k) = 
ReA“ (0,0). (10) 


Equation (9) is stronger than (8) in the sense that 
there is only one constant in (9) as compared with the 
infinite number of constants in (8); one for each order 
in A. In what follows, we shall use the dispersion formula 
(9) with the understanding that (8) is also satisfied. 
Incidentally, if the extent of the scatterer is finite 
(\r| <a), then it is clear from (7) that 


exp 2ika sin(0/2) |A (0,k) 


also satisfies the dispersion relations (8) and (9). 

Next we consider the incident wave to be a spherical 
wave originated at a distance ro from the center of the 
scatterer, along the negative polar-axis: 
ro r9 
—eik(r’ ro) — 

r’ f— ro! 


| 


yi = etkle~rol~ ik ro, (1 1) 


where r’ is the radial distance from the point source, 


An argument similar to that for the plane wave case 
shows that the forward-scattering amplitude for the 
spherical wave (11) also satisfies the dispersion relations 
(8) and (9). In what follows, we shall assume a spheri- 
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cally symmetric potential. In terms of the S matrix, 
this forward-scattering amplitude is given by! 


1 « 
A'(0,k) = m Dd (214-1)05i(k)— 1 ]qilkro), (12) 
1k l~0 


where 


Si(k) = exp[_2ini(k) J 


is the S-matrix element with 4, being the /th partial 
wave phase shift. g,(kro) is an Ith degree polynomial in 
(1/kro), given by 


(13) 


t im(l+n)! 1 
qilkro) = > —, (14) 
n—0 n!(L—n)! (2kro)” 
As in WT, an infinite set of functions of k can be 
constructed from (12), each satisfying the dispersion 
relation. These functions are 


* (l+-n)! 
> (21+1) [Si(k)—1]. (15) 
2ik?*! tn (l—n)! 


A,(k) = 


Upon inverting the relation between A,(k) and 
Si(k), the dispersion formula for the S matrix is 
obtained : 


ImS,(k) : } bk?" 
n=l 


Dd danv®" Rel 1—S,,(v) } 


2 2 mn 
x rf dp 
sa y’— k? 


0 


+AA 4" (0) |, 


where 

(m+n)! 
Anm=4(2m+1) —, 
(m—n)! 


2(—1)" l 
Page secure, 
(n—I)\(n+1+1)! 
A, (0) = 4 (2n+- 1) ![ImS, (&)/k?** Jeno, 


and we have used (9) for each A,(k). If (8) had been 
used instead, we would have obtained dispersion 
formulas identical with those for the scattering of 
light.! The implication of (16) is essentially the same 
as Eq. (30) of WT except that the low-energy limit 
here is only a singly infinite set of parameters instead 
of the doubly infinite set in WT. 


III. DISPERSION RELATION FOR SCATTERING 
AMPLITUDES WITH FIXED MOMENTUM 
TRANSFER 


Returning now to (7) again, if we consider A=k,—k, 
as a fixed vector, then as a function of A, k, and {r,}, 
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(7) becomes 
1 
exp| —ia ~~ -R,—tkR, (1 — A?/4k*)§ 


n~l 
Xsin(A,R,) cosg+ > ik| tm—tm+1| | (18) 


m=l 


where R,=(r,—r1;), (A,R,) is the angle between the 
vectors A and R,, ¢ is the angle between the plane 
containing A and R, and the plane containing A and 
k,, and 


k,;- R,=kR,[.cos(A,R,,) cos(k;,A) 
+sin(A,R,,) sin(k;,A) cos¢g } 
= —4Aa-R,+hR,(1—A?/4k*)4 


<sin(A,R,) cosy. (19) 


It is easily seen by the triangular inequality that 
(18) is uniformly bounded on the upper half-plane of 
f=k+ik. Again, if the perturbation series converges 
uniformly, A(A,k) satisfies the dispersion relation 


2 
ReA(A,k) = “pf 
us 0 


Here, A (A,k) is defined, for all k, through the expression 
(18). For k> 4/2, A(A,k) has the physical meaning of 
the scattering amplitude for fixed momentum transfer 
A. In the unphysical region k<A/2, A(A,k) is just an 
analytic continuation through (18). 


* vy ImA(A,v) 


dv+dA“(A,0). (20) 


yr— 


IV. UNITARITY CONDITION 


For real potentials,’ the phase shifts are real and we 
have the simple relation 


Im[.S,(k) —1]=sin2n(k). 
Re[ S:(k)—1] = —2 sin*n:(k) = —3|Si(k)—1|2. 


Since [.S,(k)—1] to any order in \ can determine 
Re[_S,(k)—1] to the next higher order by (21), one can 
combine (16) and (21) to form an iterative procedure 
with A,“ (0) as the first approximation. Hence this 
singly infinite parameter A,“ (0) may take the role of 
the potential when all the assumptions leading to (16) 
holds. The example of a square-well potential has been 
given in WT where it is referred to as a dielectric 
sphere of refractive index n=(1+(U/k*) |'. Similarly, 
we shall show that an iterative procedure can also be 
set up for A(A,k) by using an extension of the well- 
known cross-section theorem : 


ImA (0,2) = (k/ 49 )o total. 


(21) 


(22) 


t Note added in proof.—It has been pointed out by N. N. Khuri 
(private communication) that, in the unphysical region, (18) is 
applicable only for A<a/2 if the potential falls off like exp(—ar). 

7 Tf the potential is taken to be complex, then both the symmetry 
property and the dispersion relations have to be modified. This 
extension should be straight forward and may be of interest for 
some problems. 
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Consider the integral 
k 
iad f A*(k|k) A (| k,) dQ, 
4 


where 


|ki| = |k,|=|k], 


and the notation for the argument of the scattering 
amplitude A (6,k) is replaced by A (k;,|k,), etc. 

Upon expanding A*(k;|k) and A(k|k,) in partial 
waves and using the integral relation® for the Legendre 
polynomials, 


k,-k, =k cos6, 


4ar 
frat Pe(klkayae. = Pi(ky| k, dw, (24) 
~I 


21-4 


“ 


it is easily verified that® 


k 
ImA (6,k) =- 
4 


Tv 


Arlt Uk kaa, (25) 


We shall call (25) the extended cross-section theorem. 

From (25), one can determine Im(6,k) in terms of 
lower orders of A (0,k). Changing the variable to (A,k) 
and substituting ImA(A,k) into (20), we see that an 
iterative procedure is closed. The starting term is 
4A“(A,0) which is nothing more than the Fourier 
transform of the potential: 


— 
- J ex(-ia-nuenars (26) 


4 


A“ (4,0) = 


We shall consider the Yukawa well as an illustrative 
example: 
\U=)e“"/ (ur). (27) 
The Fourier transform is 


A (A,0) = —d/Tu(u?-+-d2) J. (28) 


By (25), we have 


ImA® (6,k) 


dQy 


k i 
go on eer eer 
1 i 
~ 4h sin6/2 w{u*+-4e[u2-+-k sin?(0/2) ])) 
_(— sin’(0/2) )'+-2# sin(@/2) ). 
(u'-+-4k°[u2-+k? sin?(0/2) ])!— 2k? sin (0/2) 
(29) 


®§P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 1327. 

® This result has been obtained by R. Glauber and V. Schomaker 
[Phys. Rev. 89, 667 (1953) ] 
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Changing the variable back to (A,k) and substituting 
(29) into (20), one obtains 


2 @ yA (Avy) 
ReA®(A,k) = pf - dv 
0 


T yv— k? 


1 1 
A p'Lut+4k? (u?+- 4.4") }} 


hud 
X tan (- ). (30) 
[ut 4h? (u? + 4.*) |! 


Equations (29) and (30) agree with the usual pertur- 
bation calculation." Furthermore, the present calcu- 
lation appears to be simpler. Here the usual integration 
over intermediate states is replaced by two separated 
integrations, i.e, the angular integration in the ex- 
tended cross-section theorem and the magnitude of 
momentum integration in the dispersion relation. More 
drastic simplifications are seen in examples of forward 
scattering in quantum electrodynamics." 


V. SINGULARITIES OF THE S MATRIX 


Thus far, we have derived the dispersion relations 
under the following assumptions: (1) outgoing wave 
Green’s function; (2) velocity-independent potential ; 
(3) integrability of the potential (this depends on the 
form but not the size of the potential); (4) uniform 
convergence of the perturbation series for real k. It is 
known’ that, when bound states are present, the S 
matrix, and hence also the scattering amplitude, has 
simple poles on the positive imaginary axis. Conse- 
quently, the dispersion relation cannot be satisfied. 
Since the first three assumptions listed above are inde- 
pendent of the strength of the potential, we conclude 
that the perturbation series must fail to converge 
uniformly for some k. In particular, this is expected to 
occur in the limit of small k, since k=0 gives an upper 
bound for each term in the perturbation series when 
the potential is nonpositive for all r. We shall illustrate 
the relation between bound states and divergence of 
the perturbation series by the example of the square 
well: AU (r) \ for r<a and zero for r>a. 

The perturbation series for the scattering amplitude 
at zero energy is 


n AY" a1 U(r.) 
A(0,0)= >° ( ) f( II ) 
n=! \ 4 m=! | fm —Em41! 


KU (r,)dVi---dV, 
17 


1 2 
| (a*d)-+-—(a*r)*+- (a*r)*+--- (31) 
3 315 


15 


© P.M. Morse and H. Feshbach, reference 8, p. 1084 
4 For example, J. S. Toll, thesis, Princeton, 1952 (unpublished) ; 
F. Rohrlich and R. L. Gluckstern, Phys. Rev. 86, 1 (1952), 





306 


This series converges to (\)~*{tan(ad4)] for — @ <d 
<(x/2a)*. The latter is exactly the condition for bound 
states to occur. Incidentally, since A(0,0) converges 
for all square wells possessing no bound state and each 
term in A (0,0) is greater or equal to the corresponding 
term in A(0,k), we conclude that >>A"A‘”(0,k) con- 
verges uniformly for \< (r/2a)*. This result may be of 
greater generality; however, we shall not consider it 
any further in the present investigation. 

Next we come to the question of what modifications 
are necessary in the dispersion relations for scatterers 
that possess bound states. Since we can no longer use 
perturbation series for all k, the existence and the form 
of the dispersion relation must be derived from some 
other arguments. It is reasonable to assume that, for 
any potential satisfying the integrability previously 
considered, there exists a positive number &,,, such 
that the perturbation series converges for |{|>kn» on 
the upper half-plane, and hence A(0,¢) is analytic and 
properly bounded on the exterior of the half-circle. 
Since the Born series is usually rapidly convergent for 
extremely large k and (7) also gives a convergent factor 
for the upper half-plane, the above assumption should 
cover most physical cases. Now, excluding a neighbor- 
hood containing the positive imaginary axis, Van 
Kampen* has shown that $/(¢) is an analytic function 
on the interior of the half-circle with finite radius kp. 
In summing $,(¢) to form the scattering amplitude, we 
see that the sum is uniformly convergent with respect 
to ¢ since ¢ is bounded and S;(¢) becomes very small for 
1 much greater than k,, times the mean width of the 
potential. We thus conclude that A(0,k) is analytic 
also in the interior of k,, except, perhaps, in a neighbor- 
hood containing the positive imaginary axis. Hence 
A(0,k), and similarly A,(k) and A(A,k), satisfies the 
usual dispersion relations (8) and (9) except for contri- 
butions from the positive imaginary axis. Van Kampen*® 
has also shown that for scatterer of finite extent, the 
only singularity of S,(¢) appears as simple poles located 
at (=1Ki,, where (Ki,)* is the energy of the mth 
bound state for the /th partial wave. For infinite 
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potentials that are exponentially damped, it is well 
known that essential singularities will also occur in 
each S,(¢) on the positive and negative imaginary axes. 
This is, however, independent of the value of \; hence 
it should give no contribution to the scattering ampli- 
tudes. Otherwise, even for A small enough that the 
perturbation series converges, the scattering amplitudes 
would still have singularities on the upper half-plane, 
and this would be a contradiction. We shall again 
illustrate this point by the example of the Yukawa 
well (27). 


The S-matrix in the first order is 


” \e~#r 
S,Y(¢)—-1=— ait f qiltr) qiler)rdr 
0 ur 


A (pw +26? 
ut 2? 


where Q, is the Legendre function of the second kind 
which has essential singularities at (=+iu/2. How- 
ever,” 


(32) 


(+15 (¢)—-1) 
2it 10 


2 2 


» * w+ 29? » 
=— 5 cai+1o( )- ert a, 
9 oe Th 


2ys? to 


has no singularity and is equal to the first-order 
forward-scattering amplitude. 

The final conclusion is: When bound states occur, 
residue terms due to the corresponding poles on the 
positive imaginary axis of ¢ should be added to the 
dispersion relations in Secs, IT and II. 
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The Majorana theory for a particle with mass is reformulated in terms of a two-component field. In this 
form it is seen that the theory goes over continuously to the Weyl-type two-component equation as the 
mass tends to zero. The asymmetries obtained in 8 and yw decay experiments are shown to imply only that 


the neutrino mass is small 


not that it is zero. Also the asymmetries are shown to be no more implied by 


the use of a two-component theory than by the use of a four-component one. Two-component theories do 


imply certain relations between mass, parity nonconservation, and double 8 decay 


That there are asym 


metries is due to the fact that the interactions necessary to describe the physical world are not reflection 


invariant. 


I. INTRODUCTION 


N the following the Majorana theory is reformulated. 

There are two objects in mind. First we want to 
investigate the relation of this theory to the ‘“two- 
component neutrino theory” suggested by Lee and 
Yang! and Landau and Salam.’ Secondly it would seem 
worthwhile to have this theory developed completely on 
its own rather than as an afterthought when treating 
the Dirac equation. (In the development a number of 
interesting aspects of quantized field problems are seen.) 

In the new form we can at any stage put the mass 
equal to zero. The result is then just the “two-compo- 
nent neutrino.’”’ However, it will be shown that this 
limit is not necessary to describe present experiments. 
For a sufficiently small neutrino mass the theory is 
essentially indistinguishable by experiment from the 
case of mass zero. 

The reformulation also suggests a slightly different 
view on parity. This view is shown to be in agreement 
with the treatment of parity in discussing the electro- 
magnetic field. It is also such that when “parity” is 
conserved there are no left-right asymmetries to be 
observed. From this viewpoint the mere use of a two- 
component theory by itself has no more implications as 
to whether 8 and yu decays** are asymmetric than does 
the use of a four-component theory. The essential 
point is that the experiments tell us only that the weak 
interactions responsible for these decay processes are 
not reflection-invariant. It is noted that from this point 
of view parity nonconservation in the decay of K 
particles into 24 and 3m modes is neither more nor less 
peculiar than for decays involving neutrinos. 

In Sec. II the wave equations for the Majorana 
neutrino are deduced from the Dirac equation. After 


*Permanent address: Physics Department, University of 
Michigan, Ann Arbor, Michigan. 

1T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 

?L. Landau, Nuclear Phys. 3, 127 (1957); A. Salam, Nuovo 
cimento 5, 299 (1957). 

FE. Ambler, Bull. Am. Phys. Soc. Ser. IT, 2, 65 (1957); Wu, 
Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 1413 
(1957). 

‘Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
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obtaining these equations we forget their origin. The 
theory of free particles described by these equations is 
developed in Secs. IIT-VI. Their interactions are con- 
sidered in Sec. VII. Section VIII discusses the differ 
ences between finite and zero neutrino mass. 

The Appendix is devoted to an alternative derivation 
of the Majorana equation. 


II. THE MAJORANA ABBREVIATION 
Let us write the Dirac equation® in the form 


(yd, +n =0, 
where 

PY STOR": 
and 

g@=—1, gii=5", 


The charge-conjugation matrix C discussed by Pauli® 


has the properties’ 


CyCi=y*, C=C, Ct=C, (2) 
Taking the complex conjugate of Eq. (1) and multi- 
plying by C~! gives 


(yO utK)Cy* =0. (3) 


Introduce the matrix y° by 


y= iy yyy. (4) 
This has the properties 


6 


Li) 1 5*( ’ 7°. 


rat, PPe-yP, © 
Let us introduce the projections with respect to the 


subspaces y°= +1 respectively by means of 


¥e=h(1 yy, 


With this notation Eq. (1) becomes the two equations 


Od +h =0, (6) 
1-0 Wat np =0. (7) 
® Units such that A=c=1 are used, x =1. 
*W. Pauli, Revs. Modern Phys. 13, 203 (1941) 
7™* and ~ denote complex conjugate and transposed respec 


tively. 


vs"=4(1 ty)". (5) 


and 
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Similarly Eq. (3) becomes 


1+"O,C Wy + y_*=0, (6a) 


and 


yO Co p*+nC yp, *=0. 
The Majorana abbreviation is obtained on putting*® 
v-=C'Y,*. (8) 

Equations (7) and (6) become 


yd Wy + «Cp, *=0, (9) 


(7a) 


and 


14"O,C Wy +p, =0. (10) 


By using the properties (2) of C it is readily shown that 
Eq. (10) is just the complex conjugate of Eq. (9). 
Equations (6a) and (7a) are then identical with Eqs. 
(9) and (10). Hence the equations of the Majorana 
neutrino are 


nO b+ Kp* =0, (11a) 


and the complex conjugate 
n*0 * +-«p=0. 


Here n’=Cy_* and @=y,. 
By a straightforward application of the relations of 
Kq. (2), we have 


(11b) 


mn’ n'*gt= 3 (Ly) hye try") 
=4 (1-4-8) {2ge"). 
However, in the two-dimensional space of ¥,, we have 
4(1+-y°)™1. 
Therefore, the n* are two-by-two matrices satisfying® 
(12) 
Equations (11) with 7” satisfying (12) are the analog 
for the Majorana neutrino of the Dirac equation in the 
form of Eq. (1). It is a convenient form in which to 
show that @ satisfies the wave equation. Thus on 
applying 9°*0, to Eq. (11a) we obtain 


nh"? +n = 2gh. 


n'*n"0 0 wp+Kn'*d o* =0, 


4{n"*n*+-n"*n'}0,0—«'b =0. 


Upon using Eq. (12), this is 
(O—«)6=0. (13) 


For many purposes it is more convenient to have the 
equations in a form analogous to the Dirac equation 
written as 

op 1 
1 a OY + Kpy. 
ol 1 


* It is readily shown that this identification is compatible with 
the wave equations and the transformation properties. However, 
since we want to start afresh from the final equations obtained, 
we omit the proof 

* Equations of the form (11) with »* satisfying Eq. (12) seem 
first to have been studied by H. Jehle, Phys. Rev. 75, 1609 (1949), 


CASE 


This is readily obtained on specializing the representa- 
tion of the ”’s. Thus let ot (i=1, 2, 3) by a set of 
Pauli matrices. There exists a matrix A such that’ 

Ac*A=—o', A=—A, A=A=A*, (14) 
Let 

n*=—tAo*, (15) 

where o®=1. It is readily verified that these matrices 
satisfy the relations of Eq. (12). Inserting these 
matrices in Eq. (11a) and multiplying by A gives 


ia"0 p= xAg*, 


Op 1 
i—=-0° Vo+KAg*. 
ol 4 


The complex conjugate equation is 


a 1 
i—A¢g*= —-0: VAg*+xd. 
al 1 


(16b) 


We shall take Eqs. (16) as the fundamental descrip- 
tion of the Majorana neutrino." The method by which 
they were obtained” will be forgotten. It should be 
noted that when x=0 we have identically the “two- 
component neutrino.” From now on this terminology 
will be dropped, and we shall only speak of the theory 
with x=0 or «#0. 


III. TRANSFORMATION PROPERTIES 


Since this point is somewhat controversial, we would 
like to state quite explicitly what we mean by invari- 
ance. A set of equations is invariant under a group of 
coordinate transformations if the following conditions 
are satisfied : 


(1) We can find a law by which we can associate the 
wave functions describing a given state in the new 
coordinate system with the wave functions describing 
the same state in the old system. 

(2) From the law of association and the equations in 
the old system we can find the equations for the new 
wave functions in terms of the new coordinates. 

(3) The new equations obtained must have the same 
form as the old equations. 


© These properties are readily verified by noting that, in the 
conventional representation of the Pauli matrices, A =o. 

“Since completing this work I have seen a preprint of an 
article by James A. McLennan, Jr. [Phys. Rev. 106, 821 (1957). 
It is pointed out that Eqs. (16) describe the Majorana neutrino. 
It should be emphasized that essentially all the results in the 
present paper for the case x«=0 have been obtained independently 
and previously by McLennan. 

1 An alternative derivation of Eqs. (16) using a specific repre 
sentation for the matrices of the Dirac equation is given in 
Appendix A. 











REFORMULATION 


Three possibilities exist : 


(a) It is impossible to find a law of association with 
the required properties. Then we must conclude the 
equations are not invariant. 

(b) The law of association is unique. 

(c) There are several satisfactory laws of association. 


The possibility (c) is important for the following 
reason: Suppose we are considering free fields and 
several laws of association are found. We cannot, 
a priori, decide which is the “correct” law. Let inter- 
actions be introduced. If we want to know if the 
equations are still invariant, we must try all of the 
possible laws of association found for the free fields. 
Thus only if no choice of association results in the same 
form of the equations with interaction in the new 
coordinate system can we say that the system is non- 
invariant under the given coordinate transformation. 

Are Eqs. (16) invariant under the full homogeneous 
Lorentz group? To prove invariance we must exhibit 
the law of association. 


(a) Proper Transformations 


It is readily shown that an appropriate law of 
association is 
og’ (x’)=Ad(x), (17) 
where 


A=exp(460-q) (18a) 


for a rotation of angle @ around the spatial direction q, 
and 


A=exp(}v0-q) (18b) 


for a Lorentz transformation with velocity » in the 
direction q. From these two fundamental transfor- 
mations all proper Lorentz transformations can be 
constructed. 


(b) Spatial Reflections 
The coordinate transformation is 
aVa—yzi f=, (19) 


In analogy with Eq. (17) the first attempt is naturally 
to try 
¢' (x) =Ag(x), 
or 
o(x)=A~'p' (x’). 
Inserting (20) in Eq. (16a) gives 
- ©. 1 
i—q’ (x’) =-AoA™!- 9g! (x")+-KAAA'*p'*(x’), 
al 1 


or, upon using Eq. (19), 


dg’ (x") 1 
i = —~Ao-9'A~'p’ (”’)+-KAAA*9’*(x’), 
at’ i 
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However, for this to have the same form as Eq. (16a) 
we must have 


AoA != —g@. 


There is no such A since the matrices o and —@ are 
nonequivalent. This is readily seen by remembering that 


[ao'o? |_ = 2iet*o*. (21) 


The matrices —@ then satisfy the equation obtained 
from this by changing the sign on the right-hand side, 
Does this mean that Eqs. (16) are not invariant under 
reflection? It means only that the attempt of Eq. (20) 
was rather unfortunate. 

An appropriate law of association is, indeed, readily 
obtained, Let 


¢' (x’) 
Inserting in Eq. (16b) gives 


Og! (x’) 1 
1 MA(-o-v') iad) 1h! (x’) 


ol’ 1 


A@*(x), or *(x)=A™'p’(2’). (22) 


+KAAA!*p'*(x’). (23) 


In order that this be of the same form as Eq. (16a), 
we must have 

AAo(AA)' =a, (24a) 
and 


AAA“* =A, (24b) 


From Eq. (24a) we can conclude that AA is a multiple 
of the unit matrix, i.e., 


(25) 


The only effect of the mass lerm is to give the condition 
of (24b) which restricts the constant ¢. Thus, using the 
properties of Eq. (14) gives 


«= — (26a) 


€=1p, (26b) 
where p is a real number.” 
(c) Time Reflections 
The coordinate transformation is 
Ct ae t. 
By similar arguments we obtain 


¢' (x) =Ad*(x), 


where 


A=ypA, (27) 


and the presence of the mass term requires u to be real. 
The conclusion is then that Eqs. (16) are indeed 
invariant under the full Lorentz group. ‘The only effect 


4 The involuntary character of the reflection transformations 
requires yw, p both to have absolute value unity 
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of the mass term is to slightly decrease the possible 
choices of the law of association. Alternatively, any 
interaction which is invariant for «#0 is certainly 
invariant when «—»*0, while an interaction which is not 
invariant for «=O is also not invariant for «#0. 

Since the relation of Eq. (22) is somewhat different 
from the customary associations for space reflections, 
it may be well to show that this is really the same as the 
association one makes in electrodynamics. The Maxwell 
equations, 


vx E=—dH/0!, 
Vv E=0, 


v xX H=dE/01, 
v- H=0, 


can be rewritten simply in matrix notation. Let 


¥i=H,—iE,, i=1, 2, 3. 
Then the two curl equations are 


Oy S Vv 
i vy, 


at 1 
where the matrices S’ are given by 


(S?) ia = 1s jx (29) 


(ej, is the alternating symbol). It is readily seen that 
the S’ have all the properties of spin 1 matrices, The 
divergence equations are simply 


S-vS-qy=q: Vy, (30) 


with q an arbitrary space vector. The full content of 
Maxwell’s equations are then Eq. (28a), (30), and their 
complex conjugates. [For the present purposes we can 
ignore (30). | Therefore the basic equations are (28a) 
and 
oy* Vv 
i S*.—y*. 
at 1 


(28b) 


Are these equations invariant under the reflection 
; /=1? One immediately sees (by the same 
~$ are not equiva- 


-t 1 
x r, 


argument as for the o’s) that S and 
lent. Hence an association of the form 


W(x’) = Ay (x), 
will not be possible. However, the association 
yp’ (x’) = Ay*(x), 


is feasible. Indeed, using the representation of Eq. (28) 
we see at once that A=1 is satisfactory. What is the 
transformation? Written out in components this is 


H/—iE/=H;+iE,, 


Ej=-E, H/=H,. 


These are, of course, the conventional transformations 
that one assumes for E and H. 


“ This form has been used by J. R. Oppenheimer, Phys. Rev. 
38, 725 (1931). 


CASE 


A somewhat more convincing proof that the associ- 
ation of Eq. (22a) is satisfactory is found below. When 
we introduce interactions, it will be seen that if parity 
in this sense is preserved then there are no left-right 
asymmetries. 

Having obtained the transformation properties of ¢, 
we can now see what covariants can be formed from 
bilinear expressions in @ and ¢*. Under proper Lorentz 
transformations there are two scalars S; and S»2 where 


Si = (¢*,A¢*), S2:=(¢,A¢), (31) 


a vector S* where 


S“= (p*,0"), (32) 


and a six-vector with components 
($,Aag) (o*,0A9"). 


Under the reflections the two scalars become inter- 
changed as do the two quantities in Eq. (33). 

The question of the electromagnetic properties of the 
particles described by Eq. (16) is at this point somewhat 
obscure. Suppose we regard the @ as c numbers. At 
first glance Eq. (16a) looks nongauge invariant because 
of the occurrence of the ¢*. However, Jehle® has shown 
that it is possible to construct suitable gauge transfor- 
mations. Alternatively one can ask whether there is a 
four-vector which can serve as a charge-current vector. 
From the above this can only be S*. Using the equation 
of motion, we readily find that 


iS*/Ox*={S—S2}. 


and (33) 


(34) 


Now, if @ is a c number, both S; and S»2 vanish identi- 
cally since A is antisymmetric. Hence we have a vector 
which is conserved. However, since we know that we 
must quantize, a decision as to electromagnetic proper- 
ties must wait till after the next section. 


IV. QUANTIZATION 


The difficulty just alluded to prevents us from 
applying the canonical formalism. Specifically, suppose 
we try to construct a Lagrangian. ‘The terms involving 
x must come from some bilinear scalar. There are only 
S, and S,—and these vanish identically. 

An invariant quantization procedure is fortunately 
straightforward. Since our @ transforms as a two-valued 
representation of the proper Lorentz group, we know'® 
that anticommutators must be employed. Further, 
since we shall demand causality to hold, the anti- 
commutators can involve only Pauli’s® invariant D 
function. We shall express the relations in terms of @ 
and A@* since then the transformation properties are 
slightly more perspicuous. The quantization is 


[a(Xx,t),(AG*)a(x’t’) J, = (01) apD(x—x’, (—"’), 
[a(x,t),8(x’,t’) ], - (02) aD, 


[(A@*) a(x,t),(Ad*)a(x’,t’) J, = (03) apD. 
16 See W. Pauli, Phys. Rev. 58, 716 (1940) 


(35a) 
(35b) 
(35c) 
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The matrix operators 4, 42, 03; are still to be determined. 
Clearly, the relations for ¢* (35c) can be found from 
those for @ (35b) by taking the Hermitian conjugate. 
This gives the relation 


63;= —A0,*A™. (36) 


Further, the equations of motion imply a relation 
between 6, and 6. This is 
o | 
K0.D na(in- wv)A 'D. 
ot 4 


(37) 


A set of operators which satisfy Eqs. (36) and (37) 
(and hence are compatible with the equations of the 
field) is found on remembering that D satisfies the 
wave equation for mass x. The final result for the 
anticommutation relations is 


[a(x,t),(A $*) a(x’ ,t’) hi 


0 
; |(- ; bow) | D(x-x',1—-1), (38a) 
al af 


and 


—[(Ad*)a(x,t),(Ad*)a(x’,0) |, 
(38b) 


[ba(x,t) p(x’) |, = 
=—ixAapD. 


It is readily verified that these relations are compatible 
with the transformation properties previously found. 
An interesting feature is that, as a consequence of the 
peculiar form of the Eqs. (16), the @’s at two different 
times do not anticommute precisely. 
Specializing to equal times and using the results 


aD 
D(x,0) =0, —(x,)) | 
ot a) 


5(x), (39) 


we obtain the more familiar relations 


[ ba(Xx,t) bs" (x’,t) |, =ba95(x—x’), (40a) 


[ba(x,t),b8(x’,t) 1, =[ga*(x,l),66*(x’,1) |, =0. (40b) 


V. INTERPRETATION 


For interpretation purposes we clearly need quantities 
which can be considered as energy and momentum. 
These can be constructed in the canonical manner from 
a Lagrangian. A purely quantum-mechanical La 
grangian is indeed now possible. The point is that 
because of the anticommutivity of the ¢’s and ¢*’s the 
scalars S; and S; no longer vanish. For example, using 


the representation 
0 -% 
1 0 


Si=*Agp* =1(h2"b1* — $12") £0. 


we have 
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An appropriate Lagrangian is 
1 
g {p*a"d,.p— O,h*a"h) + 4x{o*Ag*+oA¢g}. (41) 
21 
Varying ¢*, we obtain 


| 
5L=54* 00,0 + hxdp*Ad*+ bnp*Ado*. (42) 


1 


For consistency with our commutation relations, we 
must require the variation 6p* to anticommute with @*. 
Hence 


p* Aip* = —5p*(p*A) 
Thus Eq. (42) is 


-$6* A g* = 5p* Ag". 


1 
6L£ s6"| a" Out xAg* 
l 


For 6£ to vanish, we obtain 


1a"0 wp KAd*, (44) 
which is just the requisite equation. Similarly, varying 
@ yields the conjugate equation. We define a stress 
tensor by 
dL Op <d* OL 
Fg t p3,’, 
O(0p/Ox") Ox" = Ax” 0(dp*/Ax") 


(45) 


Since £ vanishes in virtue of the equations of motion, 
we obtain 
1 
tt lalla + O,p*o'o}. 
i 


(46) 


In view of the considerable ambiguity of the ordering 
of the factors in Eq. (45), it is important to note that 
the use of 7,” given by Eq. (46) as a stress tensor can 
be justified in its own right. ‘Thus it obviously has the 
transformation properties indicated by the tensor 
indices. In virtue of the equations of motion, the 


conservation laws hold, i.e., 


OT,” /dx’=0. (47) 


lor the energy-momentum four-vector, we take 


i [reo 
1 Ob <d* | 
[= fie p idx, 
21 al al 


1 
Pa { torvo- (O"), p)d'x. 
1 
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The displacement relations, 


0p/t= i Eo |, 
and 


—i[ Po] 


do indeed follow from these definitions and the commu- 
tation relations for the field operators. 

The expression of Eq. (48) contains a certain amount 
of zero-point energy. This can be eliminated by the 
Heisenberg hole-theory symmetrization. However, we 
shall for compactness keep the expressions of Eqs. (48) 
and (49) in their simple form and merely drop the 
zero-point terms when they are encountered, 

Now we can consider the electromagnetic properties 
of our field. From Eq. (34), we see that the divergence 
of the only four-vector (S*) that can be formed is 


veo 


i0S#/dx"=x{S\—S2). 


Since now the scalars S$, and S;, do not vanish, this 
four-vector is conserved only when x=0. Thus, only 
when the mass is zero can this theory describe a charge- 
bearing field. The existence of the six-vector previously 
mentioned suggests that the particles of this field 
might have a magnetic moment. However, the six- 
vector now vanishes identically. Thus consider 


(p,Aad). (50) 


We note that A, Ao are four linearly independent 
two-by-two matrices. A is antisymmetric. Since there 
must be three symmetric and one antisymmetric 
matrix in a complete set, we conclude that Ae are all 
symmetric. (This may be verified by using a specific 


representation.) But 
dalXLdbg( XD +b4(X,0b—(X,)) =0. 


Hence, the expression of (50) vanishes. A similar 
conclusion holds for (¢*,0A@*). Therefore, for finite x 
there can be no static electromagnetic interactions. 


VI. NORMAL-MODE DECOMPOSITION 


This is clearly necessary for an interpretation in 
terms of particles. It can be obtained as follows: For 


each vector k we consider the operator 


(x,t; k) =v(k)a( kee + 0% (k)b(hk)ew “* "9, (51) 


Here v(k) and its Hermitean conjugate v*(k) are oper- 
ators; a(k) and b(k) are spinor ¢ numbers. Since ¢ is to 
satisfy the Klein-Gordon equation, we require ko 

(k°+«?)'. Inserting this in Eq. (16a), we see that 
(51) describes a solution provided 


b(k) = — Aa*(k), 


ko—@- 


CASE 
or alternatively 


kK 
a(k) =— (52b) 


kya: 


—Ab*(k). 
k 


Two linearly independent solutions are necessary in 
order to form a complete set. Let a(k), B(k) be two 
spin functions such that 


o-ka(k)=|k\a(k), o-k@(k) = —|k/8(k). 


These can be chosen so that (a*,a) = (8*,8)=1. They 
are orthogonal, so that (a*,B) = (8*,a)=0. The relative 
phases can be fixed so that 


a*(k)=i8(k) and 


(53b) 


Ap*(k)=—ia(k). (54) 


Two independent solutions are obtained with 
a (k)=A(k)a(k), 6 (k)=A(k)a(k). (55) 
Equations (52) give 


— ixd(k)3(k) ixkd(k)8(k) 
b (k) , a®(k) 


kot+k ko tk 


(56) 


For convenience in the future development, we choose 
the normalization constant A(k) so that 


A(k) =1/[1+-42/(ko+k)? 
[It may be noted that in the limit x0 we have 


a” (k)=a(k), b%(k)=0, 
a® (k) =0, b® (k) =a(k). 


(57) 


(58) 


‘This is the same result as occurs when |k| =k>>x. | 
Now expand the field operator ¢ in terms of these 
solutions; i.€., 


1 


g(x,!) > {07 (k)a"(k)et x~kot 
kr 


VI 


+o" (k)b (hye ="), (59) 


(A box for quantization purposes has been assumed.) 

To obtain the commutation relations, we must solve 

for the o’s in terms of @ and ¢*. For this purpose it is 

useful to relate a(k), 8(k) to 8(—k), a(—k). Obviously 
B(—k) =n(k)a(k), 

and 


a(—k) =n’ (k)B(k), 


where n, 9’ are certain phase factors. For consistency 
with Eq. (54), we must have 


n’ (k) = —n*(k). (60) 


The requirements 
a(—(—k))=a(k), 6(—(—k))=6(k), 
yield the condition 


n(k) = —n(—k). 
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By using the properties outlined above, it is possible 
to solve for the v’, v’* in terms of ¢ and ¢*. The result is 


v (ke ikot — _ 


fe +f (a*(K) 6000) 
VV 


ixn(k) 
- (#"(x),0°%(—K)) x, (62) 
kotk 
1 
v (k)e OS fem {@ronseu) 
VV 
ixn* (k) 
-————-())*(— k) 6(xs)) (63) 


0 


Using Eqs. (62), (63), their Hermitean conjugates, 
and the commutation relations of Eqs. (40) gives 


[v'”(k),0"*(k") ], = 5,--5(K,k’), (64) 


and 


[7 (k),0"'(h’)], =[0"*(k) 0”"*(k)],=0. 


We are therefore justified in regarding v'(k), v'*(k) as 
absorption and emission operators for particles of type 
‘y.” Inserting the expansion of Eq. (59) into the 
expressions of Eqs. (48) and (49) gives (on omitting 
the zero-point energy) ‘ 


E= Dx ko{v'?*(k)v™ (k) +0 * (k)v (k)}, 


(65) 


(66) 


and 


P=)", k{v'*(k)v™ (k)+-0*(k)v® (k)}. (67) 


VII. INTERACTIONS 
(1) 6 Decay 


These interactions can be described in exactly the 
same manner as has been done by Lee and Yang.! 
Thus, using the representation of the appendix: 


o 0 0 1 
0 -o 1 0 
we can write 
¢ 
¥. ; 
0 


A possible interaction describing 8 decays is 

H= Di 2Ci(Yp*, On) (We*,Ow,). 
Corresponding to this term, we can also consider the 
parity conjugate. This is obtained by replacing all 
operators by those into which they transform under 


the parity operation. For Wp, $n, ¥. we must, of course, 
take the conventional association 


V’ ». ” «(x’) =Np, 2, OWp, 9, o(X). 


(68) 


(69) 
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In agreement with what has been found in Sec. IIT, 
we take 


¢’ mai eAg*, 


eAdg* 
w(t) 
0 


With these rules, we obtain 


H’ a pe 2¢ ‘i(Wp* Own) (We* OBL’) np*nan.*. 


We note that 
Q 
By,’ ( ) 
ieAgp* 


Now what relative amounts of H and H’ should we use? 
A priori there is absolutely no method of deciding. We 
can, of course, try to require that parity (with the 
present meaning) be conserved. ‘This means we must 
use H and H’ with equal weights. Consider the combi 


nation H+-H’. Under reflection, H->H’ while 


: i) 
i’ 22 26.4," Ode) (v4.0 )) oatnanet (72) 
i 0 


(Here we have used result ee*=1.) Thus if the phases 
n are chosen so that n,*n.n.*=1, we have a reflection 
invariant interaction. With this choice and choosing 
¢=—1, our invariant interaction becomes the same as 
in Eq. (68) with the replacement 


1) 
ro(2) 
iAd* 


In this case there are no asymmetries in 6 decay. This 
can readily be seen from the normal-mode decomposi 


and therefore 


(70) 


(71) 


(73) 


tion given above. The point is that, for each process in 
which an electron and a neutrino are emitted in given 
directions with given spin components, there is a 
process with exaclly the same probability in which an 
electron and a neutrino are emitted in just the opposite 
directions. 

Alternatively, we can note that it follows from Eq. 
(A10) of the appendix that ¥ of Eq. (73) is a completely 
normal Dirac wave function. The interaction is then 
of the usual #-decay form and hence conserves parity. 

It is clear then that the maximum degree of parity 
nonconservation (i.e. maximum asymmetries) occurs 
when we use only H or H’. 

How are the interactions related to double 6 decay? 
Suppose we use only the interaction term /H/ and for 
simplicity consider the case x=0. The normal-mode 
decomposition becomes 


1 
> {0 (k)a( ket shot) 
V 


+ o\)* (I er(Me ent kody 


(74) 
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This, and therefore H, contains only the emission 
operators for neutrinos of type “2” and the absorption 
operators for neutrinos of type “1.” Hence, a neutrino 
of type “2,” if emitted in one # process, cannot be 
absorbed in a subsequent decay. The ‘‘double 8 decay” 
does not occur.'* Conversely, it is readily seen that the 
maximum probability of double 6 decay results when 
we use the parity-conserving interaction term. 

With a finite mass the situation is similar. The 
maximum double # decay occurs when there is reflection 
symmetry, the minimum when there is not. The only 
difference is that in the case of maximum degree of 
parity nonconservation the double 6-decay probability 
does not vanish. It is, however, reduced from the 
maximum probability by a factor (x/(ko+k)ay)?, where 
(k)» iS an average momentum of the intermediate-state 
neutrino. Clearly this can be made arbitrarily small by 
taking « sufficiently close to zero. 

In summary, we can say that the assumption of a 
two-component neutrino with or without mass has no 
implications as to whether parity is or is not conserved 
in B decay. The only experimental conclusion that 
follows from the theory is that a maximum degree of 
nonconservation of parity implies a minimum proba- 
bility of double fp dec ay while conservation of parity 
implies a maximum probability of double 6 decay. 
Loosely speaking, this says that “parity nonconserva- 
tion” and “double 6 decay” are conjugate observables. 


(2) w Decay 


Again we follow Lee and Yang! and consider only 
interactions with the vector S*. With our law of 
association and the commutation rules given previously, 
S* is actually a pseudovector; i.e., under the transfor- 
mations «” x! = we have S* = +S‘, SY” 5°. 
The only parity-conserving interaction is 


i fape™Y'Y'VbuS>. 


This gives rise to no decay asymmetries. However, 
there is nothing to stop one from writing the non- 
reflection-invariant interaction 


fvbery'y WS t+ fabe* ( 


1V yy Wd v- 


This certainly does exhibit asymmetries, as has been 
shown by Lee and Yang. It is important to note,'” 
however, that these arise only from cross terms of the 
form fyfa*. The two-component theory has no pre- 
diction as to whether one of the f’s is zero or not. 


VIII. DIFFERENCE BETWEEN x=0 AND «+0 


As shown above, these differences are quite small. 
The most significant point is that for «#0 the charge 
be zero. Since the neutrino has zero charge 
is rather trivial, It 


must 


anyway, does, 


this distinction 


16 This has also been noted by McLennan (reference 11) 


17T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 
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though, give a point of view from which it seems 
reasonable to expect the charge to be zero even if the 
mass is zero. 

The other differences all seem to depend continuously 
on the mass in the sense that all observable effects can 
be made as small as desired by choosing the mass 
sufficiently small. Thus while the maximum nonconser- 
vation of parity in 8 decay is indeed obtained by using 
H or H' and x=0, we can obtain nonconservation of 
parity arbitrarily close to this by using a sufficiently 
small but nonzero mass. Similarly, while “double 
8 decay” does not occur if we use Hf or H’ and «=0, 
it has only an infinitesimal probability if « is infini- 
tesimal. 

IX. THE «—6 PROBLEM 


The view presented here is that there is absolutely 
no “explanation” of the observed B- and y-decay 
asymmetries. (By an “explanation” we mean some 
compelling theoretical reason which would require us 
to expect the asymmetries.) These asymmetries have 
nothing to do with the fact that there are neutrinos 
present—either two- or four-component ones, massless 
or massive. The situation may well be compared to that 
in the conventional #-decay theory. There the “theory” 
admits five arbitrary coupling constants. Experiments 
tell us which ones really are present and what their 
magnitude are. A priort we have no idea as to whether 
the couplings are parity-conserving or not. Experiment 
tell us how much parity nonconservation is present. 

Let us now consider the r—@ problem from this 
viewpoint. For some time the experiments have pointed 
quite strongly to the fact that there is only one K- 
particle which has several different decay modes. These 
decays markedly suggest that parity is not conserved 
by the weak interactions responsible for them, Naturally 
physicists were reluctant to give up a law as useful as 
parity conservation on the basis of one phenomenon. 
Then Lee and Yang'’ suggested that there were other 
weak interactions which could be investigated and 
which might not conserve parity. The B- and y-decay 
experiments* do indeed show quite conclusively that 
parity is not conserved in some weak interactions. The 
general law would seem to be that weak interactions do 
not conserve parity. As has been seen, the nonconser- 
vation of parity is not an intrinsic kinematical property 
of the neutrino but a dynamical property of the 
coupling. The zero mass seems to have no fundamental 
relevance. A simple description of the r—@ situation is 
then the following: There is one K-particle which 
interacts with the field by means of a term 


?, (ap,’+bd,*). 


The question as to “why” parity is not conserved by 
this pion interaction would seem neither more nor less 
deep than the corresponding question for neutrino 
interactions. 

Indeed, a possible problem of interest might be the 
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inverse one. Why do we have the “accidental degener- 
acy” of parity conservation in strong interactions? 

In the present context, if there is a problem!'® of 
weak interactions that requires a dynamical explana- 
tion, it is the question as to why the degree of parity 
nonconservation is apparently maximal. The two- 
component neutrino, while not implying this, is a 
peculiarly convenient tool for describing the observed 
facts. In this connection, Salam’s*® condition that the 
neutrino mass and self-mass be zero should be men- 
tioned. It is readily seen that this is equivalent to the 
condition that the double 6-decay process should not 
occur—and hence that the B-decay interaction should 
be of the maximal nonconservation of parity violation 
type, and «x=0. If x were not zero, there is a finite 
double B-decay probability and a mass renormalization 
is necessary. However, this renormalization is “small” 
in the following sense: If 5« were finite it would tend to 
zero with «x. Salam’s condition has the appeal of sim- 
plicity. There does not, however, seem to be a com- 
pelling reason to adopt it. From the point of view of 
two-component theories, we can only say that there are 
various relations implied between different conditions 
that can be imposed. 


X. CONCLUSION 


It should be emphasized that the claim is not being 
made that the mass of the neutrino is different from 
zero. The statement is only that there is no necessity 
at present, either theoretical or experimental, for 
requiring the mass to be exactly zero. (This would, 
though, certainly be the most appealing possibility.) 

Of course, the use of a two-component neutrino 
theory may be a particularly elegant means of describing 
the parity-nonconserving weak #-decay interactions. 
The point is only that there is no logical connection 
between the two: the left-right asymmetries neither 
imply nor are necessarily implied by the use of a two- 
component theory. The theory does imply certain 
relations between the neutrino mass, double 6 decay, 
and parity nonconservation. Thus, for example, if the 
maximum degree of nonconservation of parity for x=0 
be taken as 1, the maximum degree of nonconservation 
for finite x is 1—«?/((ko+-k)*). Similarly if the maximum 
double B-decay probability (which occurs when parity 
is conserved) be 1, the decay probability with maximum 
degree of nonconservation of parity is x*/((Ro+-k)*)ay. 

It is a pleasure to thank the various members of the 
Institute for Advanced Study with whom I have had 
stimulating discussions on many of the points described 


above. 
APPENDIX A 


Since the derivation of the abbreviated Eqs. (16a) 
and (16b) in the text does not lead directly to the repre 
sentation used, we give here an alternative derivation 
which does. 


'®T am indebted to Dr. A. Pais for pointing this out to me. 


MAJORANA 


THEORY OF NEUTRINO 


Write the Dirac equation in the form 


yw 
= a-—Vy+npy. (Al) 
1 


al 


Using the charge conjugation matrix C, we can write 
the complex conjugate equation as 


wy 


if 
1C-* 


Vv 
a: —C ly * + «BC y*. 
al i 


Specifically, we use the representation 


a=pi0, p= P3, 


where 


Then 
p3A ° (A4 ) 


Now decompose into the subspaces py= +1. That is 


where ¥,, W— are each two-component functions on 


which the matrices A, @ act. The two equations (A1) 
and (A2) become the four equations 


OY, 1 
i ao Vy, 
al 1 


Oy 1 
1 a Vy +in,, 
al 1 


Ky ‘ (AS ) 


(A6) 


7) 1 
i—Ayp_* = -@: VAy_*+ixAy,", 
al 1 


(A7) 


0 1 
1 Ay,* a VAY," 
al 1 


ix Ap*. (A8) 


The Majorana abbreviation consists in the identifi 
cation 
y_=1Ay,*. (A9) 


Equation (A5) becomes 


Wy, 1 
1 ao Vy, t+KAy,*, 
ol 74 


(A10) 


while Eq. (A6) becomes the complex conjugate of this 
Equations (A7) and (A&) then merely repeat these two 
equations. 





APPENDIX B 
Charge Conjugation 


Let us ask whether this Majorana theory of the 
neutrino is invariant under charge conjugation. By this 
we mean the following: Can we find a law of association 
giving operators $° in terms of ¢, ¢* so that as a 
consequence of the original equations of motion we 
have equations of the same form for the charge- 
conjugate quantities except that e occurs with the 
opposite sign? 

First consider purely electromagnetic interactions. 
In the case x=0 we have seen it is possible to have a 
charge. The equations of motion are 


ia*(d,—ieA,)o=0, (B1) 


and 

ia**(d,+1¢eA*)p* =0. (B2) 
The question here is then whether we can find a law of 
association giving a #© in terms of @ and ¢* such that 
as a consequence of (B1) and (B2) we have 


io*(O, + i¢A,)p° 0, (B3) 


ia**(0,—1€A ,)o°* =0. (B4) 
Now by trying laws of association of the form $°=A@ 
and @°=A@*, we can readily convince ourselves that 
no law of association is possible. Hence, if the charge of 
the neutrino were nol zero and if it were to be described 
by a two-component theory, we could conclude at this 
point that the theory is not invariant under charge 
conjugation, However, the charge is zero. In this case 
a trivial law of association is indeed possible. This is 

¢°=54, (BS) 
where 4, is an arbitrary phase factor. 

The argument is similar for «#0. Then the charge 
must be zero. A law of association of the form (B5) is 
indeed satisfactory. The only modification is that the 
occurrence of the ¢* term then requires 6, to be real, 
i.e., 6,= +1. Since an appropriate law of association has 
been found, we conclude that the free Majorana field 
is indeed invariant under charge conjugation. 

Are the weak interactions such that charge-conjuga- 
tion invariance is maintained? Consider 6 decay. Sup- 
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pose we have an interaction 
H= > ae 2C; (Wp* Own) (y.*,OwW,). (B6) 


Corresponding to this term, we can consider a term He 
obtained from H by replacing all operators by their 
charge conjugates. We use the usual relations 


Vp, n, Ps a 5», n, LS Yo», n, gr (B7) 


Then 


He= Doi Wil p™,On®) (We, Ow,*) 
- rd WCi(PpOMWn*) (We *CW,)bp*bn5-*5,. 


Under charge conjugation, we have 
H-He, Heol. 


Hence, if the interaction is H+H¢ we have charge- 
conjugation invariance with the present definition. It 
should be noted that this invariance corresponds to the 
intuitive picture. H¢ just has the particle and anti- 
particle operators of H for the charged particles inter- 
changed. Hence, in the antiworld all processes would 
look just like those in our world. 

Now @ priori, we can only suppose that the inter- 
action term is 


(B8) 


(B9) 


aH +acHe. (B10) 


Experiment must tell us the relative weights of a and 
ac. If they turn out to be equal, we have charge- 
conjugation invariance. If they are not equal, this law 
is violated. 

APPENDIX C 


The transformation properties discussed in Sec. LI] 
pertain to the c-number theory. In the g-number theory 
we must use exactly the same transformations for 
operators for proper transformations and space reflec- 
tions. For time reflection we must adjoin the operation 
of taking the complex conjugate of all c numbers 
(Wigner time reversal). Thus, while space reflection is 
related to an antiunitary transformation in the c- 
number theory, it is related to a unitary transformation 
in the g-number theory. Time reflection is, on the 
contrary, antiunitary in both theories.” 

19 Note added in proof.—I am indebted to Professors M. Fierz 
and W. Pauli for calling my attention to an article by J. Serpe, 
Physica 18, 295 (1952). In this article the relation between the 
Weyl equation and the Majorana equation for mass zero is clearly 
and correctly shown. 
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A Solid-State Microwave Amplifier and 
Oscillator Using Ferrites 


Max T. WEISS 


Bell Telephone Laboratories, Holmdel, New Jersey 
(Received May 20, 1957) 


MICROWAVE amplifier and oscillator has been 

built using, as the active element, a piece of 
magnetized ferrite at room temperature. The operation 
of this device is based on the proposal by Suhl' in 
which microwave power at one frequency produces, 
through nonlinear coupling in the ferrite, amplification 
of a lower frequency microwave signal. Theory predicts 
that such a device should be a low-noise amplifier. 

Suhl proposed that a ferrite sample be placed in a 
cavity which is simultaneously resonant to two signal 
frequencies f/; and f2. At the position of the ferrite, the 
field configuration at one of these frequencies must 
have a magnetic field component along the direction 
of an applied dc magnetic field, and the field configura- 
tion at the other frequency must have a component per- 
pendicular to this direction. A high-power “pumping”’ 
field of frequency /:+/2 is applied perpendicular to 
the dc magnetizing field which is adjusted for gyro- 
magnetic resonance at this frequency. Under these 
conditions amplification or oscillation should be ob- 
served at the signal frequencies /; and /.. 

In our experiment the pumping frequency was 
9000 Mc/sec and, in order to simplify the circuitry, 
the two signal frequencies were made approximately 
equal to the subharmonic, 4500 Mc/sec. The signals 
were capacitively coupled by a coaxial probe to a 


MAGNETIC FIELD 


Pw + — COVER PLATE 


FERRITE DISKS 
TOP AND 
BOTTOM 
4.5 AMC 
INPUT 


DIRECTION OF \ 


PUMP INPUT STRIP-LINE 


CAVITY 


Fic. 1. Cavity configuration for ferrite microwave amplifier. 
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resonant circuit consisting of a half-wavelength shielded 
strip line with a Q of 500, as shown in Fig. 1. Two disks 
of single-crystal manganese ferrite, 0.125 in. in diameter 
and 0.050 in. thick were placed on top and bottom of 
the strip at the center point. The pumping power was 
applied through a dominant-mode wave guide running 
at right angles to the strip line. The dc magnetic field 
was applied in the plane of the strip and was directed 
at an angle of approximately 45° to the strip line so 
that components of signal field existed both parallel 
and perpendicular to the de field. 

With a pumping pulse of 20 kw peak power and of 
3 usec duration, a pulse of oscillations at 4.5 kMc/sec 
was observed having an output power of 100 watts. We 
have not yet measured how much of the pumping 
power was actually absorbed in the ferrite. 

By reducing the pumping power below the threshold 
value required for oscillation, a range of amplification 
could be observed. Thus, by reducing the 9-kMc/sec 
drive about one db below the oscillation threshold, a 
gain of 8 db was observed at 4.5 kMc/sec. As the signal 
was detuned from 4.5 kMc/sec, its image, fs, was 
displaced from /; and beats could be observed. 

Another experiment was made in which /f; and f 
were 4.0 and 4.8 kMc/sec, respectively, with the 
resonant circuits consisting of a shielded strip-line 
cross. Frequency conversion and_ oscillations were 
observed at 4.0 and 4.8 kMc/sec. ‘The oscillations had 
a peak power of 50 microwatts and were jittery in 
amplitude for reasons not yet clear. 

I wish to thank A. G. Fox, H. Suhl, and E. H. Turner 
for many helpful discussions and F. A. Dunn for very 
competent technical assistance. 


1H Suhl, Phys. Rev. 106, 384 (1957 


Ultrasonic Attenuation by Free 
Carriers in Germanium 


GABRIEL WEINREICH 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received May 8, 1957) 


ECENTLY, Blatt! gave some discussion to the 
attenuation of ultrasonic shear waves to be ex- 
pected in multivalley semiconductors due to the 
presence of free carriers. It is the purpose of this note 
to point out the close relationship between this process 
and the acoustoelectric effect, and to use the observed? 
magnitude of the acoustoelectric effect to predict the 
amount of attenuation to be expected (which is some 
what different from that predicted in reference 1). 
Since the ultrasonic wave carries a flux of momentum 
equal to 1/c times the flux of energy (c being the wave 
velocity), a loss of wave energy must be accompanied 
by a proportional loss of momentum; this loss of 
momentum appears as a dc force exerted on the 
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absorber (radiation pressure). In the case where the 
absorption of energy is by free carriers, this radiation 
pressure is exactly the acoustoelectric effect. It follows 
that the ratio of attenuation constant to acoustoelectric 
field is determined entirely by wave dynamics and is 
independent of the detailed mechanism of the process. 
From this reasoning, one finds that 


a=encE,./S, 


where a is the attenuation per unit length, the density 
of carriers, ,, the acoustoelectric field, and S the 
power density of the wave (,,./S is independent of S). 
Using the value of H,,/S observed by Weinreich and 
White,? one obtains for the logarithmic decrement 


ak=10"" n at 60 Mc/sec, 


where A is (27) times the acoustic wavelength. This 
value is in agreement with Blatt’s, but it is to be noted 
that it applies to liquid-air temperature (that being 
the temperature at which £,,/S was measured). At 
higher temperatures, the effect will decrease not as 
1/7, as stated in reference 1, but as 7/7’, where 7 is 
the intervalley scattering time; the decrease of the 
latter is quite sharp, being characterized by a phonon 
activation energy of the order of 200°K. 


1F, J. Blatt, Phys. Rev. 105, 1118 (1957). 
2G. Weinreich and H. G. White, Phys. Rev. 106, 1104 (1957). 


Isomeric State of Uranium-235 


Frank ASARO AND I, PERLMAN 


Radiation Laboratory and Department of Chemistry, 
University of California, Berkeley, California 
(Received April 23, 1957 


HERE has been an apparent inconsistency in the 
data concerning the energy levels of U™® ever 
since it was noted that 

(1) the ground state spin of U™® determined from 
optical-spectrum hyperfine structure is j,'? and this is 
in agreement with Coulomb excitation studies ;? 

(2) the lowest lying state of U™® populated in the 
alpha-decay of Pu” apparently has spin 4, since it and 
the sequence of levels above it have the characteristics 
of a Bohr-Mottelson rotational band with spin 4 base 
state ;** and 

(3) there is no obvious gamma-ray transition from 
the 4 state to the | state, even though virtually all 
Pu” alpha transitions populate the spin 4 state directly 
or indirectly. 

This information suggests that Pu™® decays to an 
isomeric state of U™® which is either very long lived 
(to explain the failure to find the abundant }—>j 
gamma-transition) or two states lie so close together 
that the radiation is not observable by usual methods. 
For an £3 transition in a heavy element it is improbable 
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that the lifetime can be long, since, as will be pointed 
out at the end of this note, no matter how low the 
energy becomes, the conversion coefficient becomes 
correspondingly large. Nevertheless, on the supposition 
that the radiation was measurable but long lived, care- 
ful y ray and conversion-electron measurements’ were 
made in this Laboratory on a sample of Pu™® which had 
aged for several years and failed to show any radiations 
other than those previously seen. In addition, a chemical 
separation of uranium was made; this also gave no 
evidence for the isomeric transition.’ Very recently 
Huizenga, Engelkemeir, and Tompkins’ have looked 
at the optical spectrum of U¥® removed from Pu™® and 
found only the § state, setting a lower limit of six 
months for the half-life of an isomer of spin 4. The 
alternate explanation that the radiation was too soft 
to be detected under the means employed therefore 
seemed more attractive; some evidence for this 
appeared to come from the measurement of the con- 
version-electron spectrum by Shliagin'® who found 2-kev 
electrons which were fairly prominent. As will appear 
below, we have found the isomeric state decaying by 
the emission of very soft electrons, but these seem to 
be of even lower energy than those reported by Shliagin. 

The isomeric state confirming these conclusions was 
found by collecting recoils from the alpha-decay of 
Pu and counting the U**™ in a windowless propor- 
tional counter. The samples were first collected on 
aluminum foils, using 600-volt negative potential to 
deposit the ions which had dissipated their recoil energy 
in air. Several samples so collected contained about 
3000 counts per minute, which decayed to the back- 
ground of 20 counts with a half-life of 26.5+-0.2 min. 
In one experiment a chemical separation of uranium 
from plutonium yielded a sample with the same decay 
characteristics, but the apparent yield was low because 
of self-absorption of the extremely soft electrons. By the 
recoil method from a sample of Pu which had a surface 
density of 1.5 micrograms/cm?, the yield of soft 
electrons from the U*°™ corresponded with 1 electron 
for each five Pu’ alpha-emission events. A sample 
of plutonium somewhat thicker (~7 ywg/cm?) gave an 
intensity of soft electrons of only 1%, so it is entirely 
reasonable that every Pu decay event goes through 
this isomeric transition. 

A rough measure of the energy of the electrons was 
made by an absorber technique in which recoils were 
caught on thin plastic films and counted, with the 
sample alternately facing upward and downward. The 
“range” so determined indicated that the energy of 
the electrons is less than 1 kev. A plastic film of 2.5 
micrograms/cm? thickness cut down the counting rate 
by a factor greater than 100, so there does not seem to 
be an appreciable number of electrons with energy 
even as high as 2 kev. 

An examination of possible assignments of the two 
U™* levels according to Nilsson particle states")! in a 
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TaBLe I. Calculated half-lives and conversion coefficients 
£3 transition in uranium. 


Total half-life 
(sec) 


Conversion 
coefficient 


Partial y decay 
half-life (sec) 


Energy 
(kev) 
108 0.1 
10” Ol 
10 1 
106 1 
10” 10 





10 1.1 10" 
5 1.4 109 
1 1.1 10" 
0.5 1.4X 10'¢ 
0.1 1.1 107! 


deformed well, suggests that the most likely assign- 
ments consistent with all information are $+ (asymp- 
totic quantum numbers V=6, n,=3) and }— (N=7, 
n,=4). The isomeric transition would accordingly 
be £3. 

The transition energy is deduced to be 2.2 kev or 
less assuming Ny, Nim conversion according to the 
following reasoning: if the electrons are taken to be 
1 kev and they resulted from M-shell conversion 
(largely My, and My levels), there should also be 
sizable numbers of electrons from N-shell conversion ; 
these would have energies of about 5 kev. Neither 
Shliagin’s electron spectrum nor our absorption meas- 
urements gave evidence for such electrons. Conse- 
quently, the soft electrons must come from conversion 
in N shell or higher. With less confidence the similar 
argument can be made that the electrons are not 
converted in the NV shell because the V and O edges 
differ by ~1 kev. If the observed electrons come from 
O-shell conversion, the transition energy would be 1.2 
kev or less. Obviously, more information must be 
obtained before the isomeric transition energy can be 
decided. 

Interestingly enough, the calculated lifetime for this 
transition is almost independent of decay energy in the 
energy range of interest. The gamma-ray emission half- 
lives based on the single-proton transition relations 
of Moszkowski® are shown in ‘Table I for a series of 
gamma energies, and also listed are internal conversion 
coefficients obtained by extrapolating Rose’s'* M-shell 
coefficients and assuming three-fold decrease for the 
N shell and for each successive shell. It is seen that the 
estimated decay half-lives change by an order of magni- 
tude for a change in energy of a factor of 10. If we 
assume that for the U°™ case the measured half-life 
should be 1 second, this £3 transition is then slower than 
the calculated single-proton transition by a factor of 
10°. Such a degree of retardation is quite normal for £3 
transitions (see Goldhaber and Sunyar'*) although the 
great extrapolations involved in the present case prob- 
ably mean that the agreement is fortuitous. 

1K. L. Vander Sluis and J. R. McNally, Jr., J. Opt. Soc. Amer. 
45, 65 (1955). 

2 Hutchison, Llewellyn, Wong, and Dorain, Phys. Rev. .102, 
292 (1956). 

3 J. O. Newton, Nuclear Phys. (to be published). 

‘Bohr, Fréman, and Mottelson, Kgl. Danske Videnskab. 


Selskab, Mat.-fys. Medd. 29, No. 10 (1955) 
® F, Asaro and I. Perlman, Phys. Rev. 88, 828 (1952). 
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*Gol’din, Tret’yakov, and Novikova, Proceedings of the Con- 
Serence of the Academy of Sciences U.S.S.R. on the Peaceful Uses of 
Atomic Energy, July, 1955 (Akademiia Nauk, $.S.S.R., Moscow, 
1955; translation by Consultants Bureau, New York, 1955), 
Physical and Mathematical Sciences, p. 226 

7™ The conversion electrons were measured with a permanent 
magnet spectrograph by J. M. Hollander of this Laboratory 

An experiment by West, Dawson, and Mandleberg, British 
Atomic Energy Research Establishment Report AERE N-R 902, 
1952 (unpublished) on separated uranium similarly showed no 
L x-rays. 

® Huizenga, Engelkemeir, and Tompkins, Bull. Am. Phys. Soc 
Ser. IT, 2, 198 (1957). 

”K.N. Shliagin, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 817 
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13S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. 13. 

4M. E. Rose, privately circulated tables of M/-shell conversion 
coefficients 

1’ M. Goldhaber and A. W. Sunyar, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (Interscience Publishers, Inc., 
New York, 1955), Chap. 16 


27-Minute Isomer of U***} 


J. R. Huizenoa, C. L. Rao,* ann D. W. ENGELKEMEIR 


Argonne National Laboratory, Lemont, Illinois 
(Received May 6, 1957) 


HE favored alpha-decay transitions in odd-A 

nuclei systematically populate the rotational 
band for which the orbit of the last odd nucleon remains 
unchanged.' Since Pu has a measured spin’ of 4, the 
favored 5.150-Mev alpha-particle group of Pu** is 
expected to populate an /= 4 excited state of U™® 
by analogy with other odd-A nuclei, the @ transition 
to the } ground state’ of U*® should be hindered by a 
large factor. On this model one also expects the 5.137 
Mev and 5.099-Mev a@ groups of Pu to populate rota 
tional members (J=4 and §) of the K=4, J=4 base 
state. Transitions from the K =}, /= 4 and § rotational 
states to the K=4, ]= 4 state are K-hindered (AK = 3) 
and one predicts these states to decay predominantly 
by £2 and M1 radiations to members of the rotational 
band. From the experimental! observation that the above 
three a groups make up essentially all the Pu a@ transi 
tions,* one predicts one low-energy transition with 
A/=3 near the ground state of U%® for each Pu 
a disintegration (see Fig. 1). 
P An upper limit of four months for the half-life of the 
I=} excited state of U™* was deduced from a spin 
measurement on U™®, produced by Pu alpha decay.* 
Counting experiments with scintillation and propor- 
tional spectrometers eliminated half-lives of less than 
or equal to four months for possible isomeric transitions 
in U® with sufficient energy to convert in the M shell. 
We concluded, therefore, that the y rays following the 
5.150-Mev alpha particles were converting in the A 
shell or beyond with a half-life of less than four months.® 
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Fic. 1. Low-energy excited states of U™*. From a systematics 
the 27-min isomer of U™ is assumed to be the K =4, /=4 level, 
approximately 2 kev (X 2 kev) above ground state. The three 
a groups shown (Jabeled with their percentage abundances) 
pean the rotational band, /=4, ‘ §. An @ group with 
calculated energy of 5.067 Mev has not been observed but is 
expected to populate the K = 4, / = level in low intensity. Levels 
at 46 and 103 kev are reached by Coulomb excitation (J. O. 
Newton, private communication) and are assumed to be rotational 
members of the K=4, /=4 ground state. 


A uranium sample was separated in a few minutes 
from Pu™ by (1) an ether extraction of U from a Pu 
solution reduced with Fet+ and saturated with am- 
monium nitrate, (2) equilibration of the ether with 
several similar washes, and (3) evaporation of the ether 
containing the U on a platinum plate. The samples 
were counted in a Bradley PC-11 proportional counter 
with a loop wire electrode. Least-squares analyses of 
decay curves give a half-life of 26.6+0.3 minutes for 
the U™* isomer.® The error is the standard error calcu- 
ated from the least-squares analysis. The counting rate 
in the Bradley counter increased sharply with applied 
voltage, a phenomenon characteristic of soft radiations. 
By adding a few alpha counts/min of uranium tracer, 
we calculated a yield of about one disintegration of the 
27-min activity per 10 Pu” disintegrations. Absorption 
experiments with U**™ samples prepared by a recoil 
technique on thin films serve to show that the electrons 
are of very low energy, 2 kev. The low yield of the 
27-min activity, = 10%, is probably due to the failure 
of our counter to detect all the U™*™ radiations, and 
we assume most of the Pu a transitions (see Fig. 1) 
populate the J=4, 27-min level in U**, Experiments 
to determine more precisely the energy of the con- 
version electrons are in progress. Since U™*™ decays 
predominantly by internal conversion in the .V shell 
and beyond, it is an interesting case for observing the 
effects of electronic environment on half-life. 


t Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 
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Two-Pion Exchange Potential 
Micuijyt KONUMA AND Hrronari Mryazawa, Department of 
Physics, University of Tokyo, Tokyo, Japan 
AND 


SHorcutro Orsvuk!, Institute of Physics, Nagoya University, 
Nagoya, Japan 
(Received May 13, 1957) 


HE adiabatic nuclear potential involving the ex- 
change of at most two pions has been studied 


extensively. It is possible to express this potential in 
terms of the scattering cross sections for pions;!? 
thereby the self-mesonic field of each nucleon is treated 
exactly.’ Since this form of the potential is a definite 
improvement over previous calculations, results of the 
numerical evaluations will be reported here. 

The potential 


V (x) = Vot Vit Vest Ves 


in reference 1 has been evaluated as follows. Functions 
F,,(y,2z) and Gy, (y,2) and their derivatives with respect 
to y and z were numerically integrated by transforming 
the integration path into the one along the imaginary 
axis and round the branching point iu. The quantity 
f?/4mr was taken as 0.08. The total cross section o33 and 
the scattering lengths a; were derived from the phase 
shifts given by Anderson.‘ No cut-off function was 
employed in the calculation. 

The results are shown in Figs. 1(a) and (b). In these 
curves, the S-wave contributions are rather small as 
compared to the P-wave part for x>0.7, the largest one 
being V,»= —0.027 (at x=1) for charge singlet states. 

The applicability of this potential is necessarily 
limited for two reasons, the neglect of three- or more- 
pion exchange and the adiabatic approximation. For 
the latter to hold, the kinetic energy of nucleons must 
be smaller than the total energy of exchange pions, that 
is, V/u1. At x~0.7, our potential Vu in some states. 
Thus, in such cases, it may be necessary to modify our 
results. In the region x20.7, multiple pion exchange 
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(a) even state 














(b>) odd state 


Fic. 1. The one-pion and two-pion exchange potentials. The 
solid curves are our results V2+Vs+VaetVap, while the dotted 
lines indicate the one-pion exchange potential V2 with f*/49 =0.08. 
V and x are measured in units of the pion mass and the pion 
Compton wavelength, respectively. 
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does not seem important since multiple production of 
pions is extremely small at low energy. 

Results of the analyses of low-energy experimental 
data in terms of this potential are as follows. As a 
whole, there are no appreciable corrections to the key 
features of the second- and fourth-order perturbation 
theoretical potential’ which was favorable for the 
previous analysis.* However, there are desirable correc- 
tions to all weak points in the previous analyses. Some 
examples of features which are much improved by 
the present potential are (i) the P-wave phase shift 
analysis® of the p-p scattering below 4.2 Mev when one 
considers the effect due to the vacuum polarization,’ 
and (ii), the interpretation of the scattering length and 
the effective range in the singlet even state.* 

A more detailed account will be published presently 
in Progress of Theoretical Physics. 

1H. Miyazawa, Phys. Rev. 104, 1741 (1956). 

2A. Klein and B. H. McCormick, Phys. Rev. 104, 1747 (1956) 
The definition of the fourth-order perturbation theoretical poten 
tial is different from that in reference 1. 

3 Similar considerations of E. M. Henley and M. A. Ruderman, 
Phys. Rev. 92, 1036 (1953), differ in the form of the scattering 
corrections. 

*H. L. Anderson, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, 1956). 

® Taketani, Machida, and Ohnuma, Progr. Theoret. Phys 
Japan 6, 638 (1951). 

6S. Otsuki and R. Tamagaki, Progr. Theoret. Phys. Japan 
14, 52 (1955); Iwadare, Otsuki, Tamagaki, and Watari, Supp! 
Progr. Theoret. Phys. Japan No. 3, 56 (1956). 

7 Eriksen, Foldy, and Rarita, Phys. Rev. 103, 781 (1956). 

5’ Twadare, Otsuki, Tamagaki, and Watari, Progr. Theoret 
Phys. Japan 16, 472 (1956). 


Circular Polarization of Inner 
Bremsstrahlung* 


G. W. Forp 
University of Notre Dame, Notre Dame, Indiana 
(Received May 9, 1957) 


HE purpose of this note is to point out that by 

measuring the circular polarization of the inner 
bremsstrahlung photons accompanying beta decay one 
can gain exactly the same information as in a measure 
ment of the longitudinal polarization of the electrons. 
Although, for a given beta source the inner bremsstrah 
lung intensity is much lower (10~* to 10~) than the 
electron intensity, the fact that one usually! interposes 
a device to rotate the electron spin in order to detect 
its polarization means that the intensities are roughly 
comparable at their respective detectors. In addition, 
since the photon detector can be used as an energy 
analyzer, one can simultaneously measure the polari 
zation at several values of the photon energy. The 
result may be that the inner bremsstrahlung 
measurement is capable of greater precision than the 
electron measurement. 


well 
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In order to compare the expressions for electron and 
inner bremsstrahlung polarization we quote here the 
result of Curtis and Lewis? for the longitudinal polariza- 
tion’ of electrons emitted with total energy W in an 
allowed beta decay : 


P(W)=dv/(1+6/W). (1) 


The quantities d and 6 are combinations of coupling 
constants and nuclear matrix elements,‘ and we have 
chosen units such that h=c=m=1. 

The probability per unit time for emission of an 
inner bremsstrahlung photon with energy between 
k and k+-dk and with polarization e, calculated by 
using the beta interaction of Lee and Yang,' is® 


é é 
S(k,e)dkdQ, ( ) aan ( ) 
16x° k 


X(Ii+bl,—dlsi(k-eXe*)]. (2) 


The quantities /;, /2, and J; depend upon the end 
point energy, Wo, of the beta spectrum as well as on 
the photon energy &. If one introduces the quantity 
x= W ,—kand the corresponding momentum s= (x’—1)}!, 
the /’s may be expressed as 

1,=W@?A (x)—WoB(x)+C(x), (3a) 
(3b) 


(3c) 


I,=2xA (x)— B(x), 
13= WA (x) —WoB(x)+D(x), 


where 


A(x) 


1021 4 
- —- )s 
3600 75 


689 
-( * 
1800 
1 1 19 23 
( ro - °) In(x+5) ( 4—— x) 
6 16 72 144 


From the expression (2), we see that the circular 
polarization of the inner bremsstrahlung photons is 


dl; (1,+6].), (4) 


D(x) 


P(k) 


where the sign of the polarization has been chosen to be 
positive for left circularly polarized photons. Com- 
parison of this expression with the expression (1) for 
the electron polarization shows us that, in principle, 
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Fic. 1. Polariza- 
tion of the inner 
bremsstrahlen from 
P® (W,o=4.335) as- 
suming d=1 and 
b=0. (Units are such 
that h=m=c=1.) 





1 





6 
kAWo -1) 


the quantities d and 6 can be determined equally well 
by measuring either the electron or photon polarization 
as a function of their respective energies. We might 
also note that if the electrons are polarized in their 
direction of motion then the inner bremsstrahlen will 
be left circularly polarized, and vice versa. As an exam- 
ple, in Fig. 1 the expected polarization is shown as a 
function of k for P® (Wo=4.335) assuming d=1 and 
b=0, which would be the case if the two-component 
neutrino theory® were correct and there were no Fierz 
interference terms. 

* Supported in part by U. S. Atomic Energy Commission. 

1 An exception is the experiment of Goldhaber, Grodzins, and 
Sunyar [Phys. Rev. 106, 826 (1957) ] where the circular polariza- 
tion of the outer bremsstrahlung produced by the electrons is 
measured, Another exception would be the measurement of 
Mller scattering of polarized electrons on polarized electrons. 

?R. B. Curtis and R. R. Lewis, Phys. Rev. (to be published). 

* Following H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956), 
the polarization of a beam consisting of particles in two states 
1, 2 with intensities /,, /2, respectively, is P= (/;—J/2)/(it+/2). 

‘The quantities b and ~ are those defined by T. D. Lee and 
C. N. Yang, Phys. Rev. 104, 254 (1956) ; the quantity d is defined 
in reference 2 by the equation td= | Mr|*{CsCs'* —CyCy’* +c.c. ] 
+-| Mot he ‘eCr’* —CaCa’* 4+ cx. L 

*In this expression the effect of the Coulomb field has been 
neglected. First-order Coulomb corrections are not difficult to 
obtain. [See R. R. Lewis and G. W. Ford, Phys. Rev. (to be 
published). } 

®T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 


Influence of Strong Magnetic Field on 
Depolarization of Muons* 


J. Orear, G. Harris, AND ENID BIERMAN 


Department of Physics, Columbia University, New York, New York 
(Received May 6, 1957) 


HE decay positrons from cyclotron-beam muons 
have the angular distribution (1+-a cos@).'~* The 
strongest asymmetry which has been observed is 
a= —(0).25+0.01 and occurs when u* are stopped in such 
substances as carbon, aluminum, copper, and bromo- 
form.’* Other materials give a values ranging from 
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0 to —0.25. With counter techniques, Ilford G5 nuclear- 
emulsion targets give a= —0.12+0.2 or (50+8)% of 
the maximum value.'* The n.—e angular distribution 
can also be measured directly in the emulsion using 
scanning techniques. The weighted mean of all such 
scanning measurements is a= —0.12+0.015 as compiled 
at the recent Rochester conference.4 This 50% de- 
polarization must be due in some way to the effect of 
the local magnetic fields produced by neighboring 
electrons. For example, if the muon experiences a local 
field of 6.310* gauss (the classical field of a Bohr 
magneton at a distance of one Bohr radius) for a time 
10~" sec, it will precess 31°. This effect could be reduced 
by causing the neighboring electrons to precess faster 
than 10" revolutions per second. An external magnetic 
field of 10 kilogauss causes a free electron to precess 
at a rate 2.810" revolutions per second. The re- 
duction of depolarization by such a technique can be 
calculated exactly for the case of one electron bound 
to the ut in a 1S state (muonium). With no external 
magnetic field the formation of muonium gives a 50% 
depolarization, while in a field of 9000 gauss, muonium 
formation would give rise to only a 1.5% depolarization. 
Quantitatively the fraction of depolarization due to 
munoium formation in an external magnetic field // 
is 0.5/(14+2") where x=ehll/(mcAE). AE is the 18 
hyperfine splitting of muonium and m is the reduced 
mass of the electron-muon system. 

Using the magnetic resonance setup of Garwin, 
Lederman, and Sachs, we applied a field of 9+1 kilo- 
gauss along the beam direction to a small stack of 
G5 nuclear emulsion in which y+ mesons from the 85- 
Mev Nevis r* beam were stopped. The plates were area 
scanned for w endings. All muons were traced back 
more than 650 microns in order to eliminate any 
contributions from m—y—e decays. Out of a total of 
3009 w+ endings, only 5 had doubtful or “missing” 
secondaries. From this and other checks, we conclude 
that the data are free from forward-backward selection 
bias. We found 1315 decay positrons in the forward 
hemisphere, and 1689 in the backward hemisphere. 
This gives a result a 0.249+-0.036 which is 3.6 
standard deviations away from the zero-field value of 
a=—0.12. This result indicates that the application of 
an external magnetic field along the spin direction 
reduces the amount of depolarization and improves 
nuclear emulsion as a tool for experiments involving 
muons. 

We thank Dr. Garwin, Dr. Lederman, and Dr. Sachs 
for suggesting the experiment and for helping with the 
exposure. 

* Supported in part by the Office of Naval Research and the 
U. S. Atomic Energy Commission and by a National Science 
Foundation research grant 

1 Berley, Coffin, Garwin, Lederman, and Weinrich, Bull. Am. 
Phys. Soc. Sec. II, 2, 204 (1957), and private communication. 

2?Swanson, Campbell, Garwin, Sens, Telegdi, Wright, and 
Yovanovitch, Bull. Am. Phys. Soc. Ser. II, 2, 205 (1957), and 
private communication. 
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4 Cassels, O'Keeffe, Rigby, Wetherell, and Wormald (to be 
published). 

* Proceedings of the Seventh Annual Rochester Conference on 
High-Energy Physics, (Interscience Publishers, Inc., New York, 
1957). In the lumping of data, we have assumed that cosmic-ray 
pions are the same as pions produced in the laboratory. 


Small-Angle Photoproduction of Positive 
Mesons from Hydrogen* 


EpwARD KNaApp, WILLIAM Imnor,f Ropert W. KENNEY, 
AND Victor Perez-MENDEZ 
Radiation Laboratory, University of California, Berkeley, California 


(Received April 29, 1957) 


re enn 
in hydrogen have previously been measured 
adequately only in a range of angles from 40° to 180° 
c.m.'? A recent paper by Moravesik® points out that 
in such a restricted angular range it is quite possible 
to analyze the angular distributions by a polynomial 
including terms up to cos’@, representing S- and P 
wave production only. However, the basic Chew-Low 
theory of photoproduction contains a term of the form 
[e-qa-(K—q) |/[qgoK —q-K], where K and e are the 
photon momentum and polarization, q and go the mo 
mentum and energy of the meson, and @ the nucleon 
spin.‘ This term arises from the interaction of the meson 
current with the incident photon and, because of the 
denominator, mixes in higher angular-momentum states. 
The effect of this term should be most noticeable in the 
shape of the distribution at forward angles and in 
forward-backward asymmetry. 

In this experiment we have measured the relative 
angular distributions for the yield of positive pions 
produced by (260+5)-Mev gamma rays. Figure 1 
shows the experimental arrangement. The target is a 
2-inch liquid hydrogen vessel with thin Mylar walls 
(0.015 in.), The mesons were detected by their charac 
teristic m—m decay in a six-counter telescope whose 
complexity was dictated by the need to cope with the 
heavy electron and y-ray background. Mesons are par- 
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Fic. 1. Experimental! arrangement. 
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FG. 2. Differential cross section for photoproduction of positive 
pions from hydrogen for a photon energy of 260 Mev. 


tially identified by a coincidence 1+3+4-4—2—6, where 
2 is a Lucite Cerenkov counter that is insensitive to 
pions in the energy band detected by the telescope. 
This energy band is determined by selecting a carbon 
absorber that requires the pion to stop and decay in 
the fifth detector, where it is identified by a delayed 
coincidence with the u-meson pulse. A lead scatterer 
1.5 cm thick, placed halfway down the channel, helped 
materially to reduce the number of accidental counts 
due to electrons. Since the amount of material in the 
path of the meson is quite large, absolute measurements 
of cross sections by this method would be impractical. 
However, for measurements of the relative yield, in 
the restricted angular range where our measurements 
were made, the change in efficiency of the telescope 
can be readily estimated. 

The angular distributions, measured in a range from 
0° to 53° c.m. and normalized to the California Institute 
of Technology magnet data,’ are shown in Fig. 2. 
The experimental points have been corrected for the 
relative change in efficiency of the counter telescope 
as a function of angle; the largest correction, between 
the 0° point and the 53° point, amounted to less than 
6%. The solid line is a least-squares fit to an expression 
of the form 


‘ A,,(cos0)" 
nd [1—(V/c) cos p 


where V is the velocity of the meson in the c.m. system. 
The dashed line is a theoretical curve taken from the 
Chew-Low theory, including some recoil terms, as 
evaluated by Moravesik.* The table below compares 
the least-squares coefficients with those obtained from 


THE 


EDITOR 


theory, when the total cross sections are normalized 
to 2m in both cases. 


Ay A, A, A, A, 


0.56 — 1,03 0.38 0.18 —0.083 
0.57 — 1,03 0.36 0.15 —0.04 
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These measurements are being continued for higher- 
energy photons on hydrogen and deuterium. 

We would like to acknowledge the help and encourage- 
ment received from Professor A. C. Helmholz, and 
thank the crew of the synchrotron for providing us 
with a steady beam. 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Present address: Lockheed Aircraft Corporation, Palo Alto, 
California. 

' Beneventano, Bernardini, Carlson-Lee, Stoppini, and Tau, 
Nuovo cimento 4, 323 (1956). This paper contains a summary of 
most of the previous experimental! data. 

* Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 210 
(1955). 

5 Michael J. Moravesik, Phys. Rev. 104, 1451 (1956) 

4G. F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956). 


Experimental Situation on Parity Doubling 


F. Erster, R. PLano, anv N. Samos, Columbia University, 
New York, New York 
M. Scuwartz, Brookhaven National Laboratory, Upton, New York 
AND 


J. STEINBERGER,* University of Bologna, Bologna, Italy 
(Received May 20, 1957) 


N a recent publication’ we have presented experi- 

mental results which give clear evidence against 
theoretical models of the type proposed by Lee and 
Yang? in which K particles as well as A°® and 2*° 
hyperons exist in two forms of opposite parity. The 
experiments show that just half of the ® particles 
produced in association with the A® are of the type 
which decays into two pions with a mean life of 10~” 
sec. The other half have a long lifetime. If there is 
no parity doubling, this result is immediately under- 
stood in terms of 6,;° and 62° which are related to the 
# and # mesons in the manner discussed first by 
Gell-Mann and Pais* and in the light of parity non- 
conservation by Lee, Oehme, and Yang.‘ Instead of 
the observed factor of one-half, the parity-doubling 
theories predict a factor of } except under assumptions 
which appear not only artificial but also improbable.' 

Nevertheless Treiman and Wyld® have recently 
revived the parity-doubling theories with a specific 
model in which the mean life of one of the Kt states 
is very short compared to 10~* sec. We wish to point out 
here that this proposal can be ruled out on experimental 
grounds. A mean life in the region ~10°°—10° 
sec would have been detected already in experiments 
with emulsions, especially the G-stack experiments.® 
For shorter times we appeal to our own work with the 
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propane bubble chamber, where we have seen now 
~150 events of the sort #~+p—2~+Kt, and where 
the K+ has the long mean life of ~10~* sec. In the 
model of Treiman and Wyld, there would then be 
about an equal number of events in which the =~ is 
accompanied either by a very short-lived Kt or by a 
K* which decays in the original star. This is in fact 
not observed. The experiment excludes the possibility 
of a K* produced in roughly equal amount, but with 
a mean life <2X10-*sec. The proposal of Treiman 
and Wyld can therefore be ruled out definitely. 

We wish to emphasize what we have stated before': 
It is very difficult, if not impossible, to reconcile any 
parity-doubling model with experiment, unless this 
model is constructed in such a fashion that the two 
parity states have equal lifetimes and identical decay 
modes. 

* J. S. Guggenheim fellow, on leave of absence from Columbia 
University. 

1 Plano, Samios, Schwartz, and Steinberger, Nuovo cimento 
(to be published). 

2T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956). 

3M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

4 Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957). 

5S. B. Treiman and H. W. Wyld, Jr., Phys. Rev. 106, 1320 
(1957). 

6G-stack collaboration, Proceedings of the International Con- 
ference on Elementary Particles, Pisa, 1955 { Nuovo cimento (to be 


published) ]. 


Resonance Fission of U***t 


Los ALAMOS RADIOCHEMISTRY GRrouP* 
Los Alamos Scientific Laboratory, University of California, 
Los Alamos, New Mexico 
(Received May 8, 1957) 


S a portion of a wider program, we have had recent 
occasion to compare fission-product activity ratios 
produced by the thermal-neutron fission of U**® with 
the ratios produced in the neutron fission of U*® in a 
“slowing-down,” or dE/E, spectrum. 

The thermal-neutron fission were obtained by irra- 
diation of U** in the thermal! column of the Los Alamos 
Water Boiler reactor and the resonance fissions by 
irradiation of U**® wrapped in 0.017 inch of cadmium 
metal and located near the central ball of the reactor. 

Table I presents the average values and standard 
deviations in the ratios of the activity of various fission 
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products to that of Mo”, as obtained in four observa- 
tions for thermal fission and two observations at each 
of two locations for the resonance fission. The cadmium 
ratios for the various locations are relative. The “R” 
values for the cadmium-wrapped experiments are ob- 
tained by dividing a given activity ratio by the ratio 
obtained for thermal fission. Since the Mo” fission yield 
is assumed to be nearly invariant, the values of R are 
a measure of the relative change of yield of other fission 
products with neutron energy. 

The consistent decrease in the R values with mass 
number from Zr’ to Cd"® leads to the interpretation 
that the valley of the mass yield curve is deeper for the 
resonance fissions than for the thermal, and that some 
of the fissions in the resonance case followed a fission 
mode even more antisymmetric than the average 
thermal fission. The constancy of the values of R for 
Zr” may be taken as a measure of the experimental 
precision. 

The neutron fission excitation function of U*® shows 
many resonances in the epithermal region which might 
give rise to the effect noted here. Work is in progress 
on the determination of the absolute values of the 
cadmium ratios of the various locations in the Water 
Boiler reactor, and with this information some con 
clusion may be possible as to which resonance is re- 
sponsible for the majority of the fissions in the wrapped 
samples. 

It is noteworthy that Wheeler’ has suggested, on 
theoretical grounds, that the resonance fission of U*** 
might exhibit different modes of fission with fission from 
the various resonance levels. 

The authors are grateful to Dr. G. A. 
his continued interest and encouragement. 

Note added in proof.—In planning further experi- 
ments, the question arose that some of the observed 
effect could have been caused by (y,f) from the Cd 
capture gamma rays. Experiments with Cd-wrapped 
U™* show that only a very small portion of the fissions 
could have been caused by (y,/). 


Cowan for 


t Work done under the auspices of the U. S. Atomic Energy 
Commission. 

* Participants: B. P. Bayhurst, C. I. Browne, G. P. Ford, J. S 
Gilmore, G. W. Knobeloch, E. J. Lang, M. A. Melnick, Carl Orth 
Correspondence pertinent to this communication should be 
addressed to C. I. Browne. 

1J. A. Wheeler, Physica 22, 1103 (1956 


TABLE I. Ratios of activity of various fission products to that of Mo”, for thermal fission and for resonance fission. 
R is obtained by dividing a given activity ratio by the ratio obtained for thermal fission. 


Resonance fission 
(cadmium-wrapped) Cd ratio =8& 
Activity/ (Mo® activity) 


Thermal fission Cd ratio «1000 
Activity /(Mo® activity) 

Std. 

dev. 


Fission 
product 
Zr”? 2.85 a 2.85 
Pdi 5.9,X 107% 5.89 X 10-4 
Ag! 0.98 1074 0.87 10% 
Pdi? 1.07 107% 0.904% 10°-* 
Cd's 3.73% 10-4 3.14% 10% 
Csi? 1.72 10~4 1.69% 10~* 


Average Average 


Resonance fission 
(cadmium-wrapped) Cd ratio #40 
Activity/ (Mo® activity) 


Std 
dev R 


2.7% 0.98 
1.8% 1.00 
24% 0.92 
0.94, 0.86 
3.19% 10 1.8% 0.83 
1.65 10~¢ 1.1% 0.96 


———— 


Std. 
dev, R 


3.5% 1.00 
1.8 0.98 
0.9% 0.89 
0.6%, 0.85 
28% 0.84 
0.7% 0.98 


Average 
2.8 
5.9,X10°4 
0.90% 10" 
0.92K 10" 
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Energies of f;;." Nuclear Configurations* 


Ica TaLmit 
Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey 
(Received May 16, 1957) 


N analysis of energies of excited states of proton 

configurations in the f7,2 shell has recently been 
made.' ‘These authors used, in accordance with previous 
work,?~* pure jj-coupling wave functions with the 
same radial functions for all the nuclei in the shell and 
assumed that the potential energy arises from two 
body forces. In order to express energies in the f7,2" 
configuration in terms of those in f7,:*, they used this 
formula’: 


(j"aJ | > Vial j"aJ) 
kel 


n 


; 2s (j"aJ [j" MaJ)7I)\Gj" "(aed )jJ }j"aJ) 
n-- Zaiaos; 


x (j” lay J; | yh Vial j” leroJ 1), (1) 
kel 


where a, a, and a, stand for additional quantum 
numbers necessary to define the states. This equation 
holds also if energies relative to, say, the ground states 
are used on both sides.? The agreement obtained is 
reasonable and introduces some order among the 
many measured levels. It is worth while to point out 
that in addition to the proton configurations, which 
they consider, the corresponding neutron configurations 
(with 20 protons) have quite similar level schemes.*? 
Using the proton levels as a guide, we can make the 
following tentative assignments. In Ca the f7,:* levels 
could be the J/=0 ground state, the 2+ level at 1.53 
Mev, the level at 2.75 (or 2.42) Mev with J=4, and the 
level at 3.25 Mev (or thereabout) with J=6. The 
corresponding levels in Ca“ would be the ground state, 
at 1.16, at 2.66 (or 2.38) and at 3.30 (3.08) Mev. In 
Ca® the $-level lies 0.37 Mev above the j-ground state 
and in Ca* 0.18 Mev above it. The }-level at Ca® lies 
only 0.59 Mev above the ground state (some other 
level is at 0.99), whereas the second excited state in 
Ca* is at 1.43 Mev. The situation is very similar to 
that in the proton configurations. The variations are 
very probably due to configuration interaction, The 
consistency of this picture requires that the 1.84-Mev 
level in Ca® and the 1.89-Mev level in Ca belong to a 
different configuration (this is possibly the case also 
with the 2,42-Mev level in Ca® and the 2.38-Mev 
level in Ca“). It also requires at least a large admixture 
of another configuration in the 0.59-Mev state of Ca® 
and 1,16-Mev level in Ca“. Various reactions might 
clarify the situation and the problem is being investi- 
gated in this Laboratory. 

We can ‘now check how these level assignments agree 
with the information on binding energies, The energy 
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Taste I. Binding energies of f7/2" configurations in Mev. 


Binding energies» 
Experi- Calcu- 
mental lated 


9.69 
21.72 
29.85 
40.32 
46.90 
55.81 
60.82 


Binding energies* 
Experi- 
mental 


Calcu- 
lated 


836 
19.83 
27.75 


Nucleus Nucleus 


20Ca2" 
2Car® 
20 ,aos 
206 ae 38 89 
20C ars 46.31 
20Care* 56.72 
20Car7" 
206 "Arg" 


21.78 
29.82 
40.34 
46.90 
55.75 
60.85 


25M nog 
26F e25™ 
27CO xg 
26 Nizg®® 


73.95 


* From these the binding energy of Ca was subtracted. 
> From these the binding energy of Ca‘* was subtracted. 


of the ground state can also be treated in the same way 
as the energies of excited states. For identical nucleons, 
which we consider now, the ground states of the f7/2” 
configurations have J=7/2 for n odd and J=0 for n 
even. The seniority is a good quantum number in the 
frj2 shell of identical particles.* This is the reason why 
the levels of f7,24 with seniorities 2 and 0 are predicted 
to have the same spacings asin the f;,.” configuration.!:* 
We can, therefore, use Racah’s methods" to write the 
energies of the ground states in terms of the f7/2* 
energies. The f7/:* excited states (with J=2,4,6) enter 
the result only in the energy difference between their 
center of mass and the ground state (J =0). If we define 


— (16/9)¢= (1/27)[5(E2— Ep) 
+9(E,— Eo) +13(Es— Eo) |, 


we can deduce the following result which is a special 
case of Eq. (1) in reference 3: 


B.E.—B.E. (preceding closed-shells nucleus) 

=nA+4n(n—1)a—[4n]2c (2) 
({4n | is the largest integer not exceeding 4m). A is the 
kinetic energy of an f7/2. nucleon plus its interaction 
with the closed shells; @ is a certain linear combination 
of the fz)? energies (it is equal to a+ 46 of reference 3, 
whereas ¢ has the same meaning). Unlike Eq. (1), 
reference 3, this formula is exact. Further, we deal here 
separately with protons and neutrons and so expect 
no difficulties from the difference in their radial 
functions. 

Recent accurate values for binding energies" were 
used in the following analysis. Values for A, a, and ¢ 
were obtained (by a least-squares fit) which reproduce 
best the experimental energies. Energies calculated 
with these values are compared with the experimental 
data in Table I. The agreement obtained is excellent. 
The rms deviation is 0.075 Mev (being 0.12% of the 
energy range considered) in the neutron case and 
0.056 Mev (0.13% of the energy range) in the proton 
case. The best values of the parameters are (in Mev) 
for the neutrons A =8.380, a=—0.230, c= —1.664; 
for the protons A=9.691, a=—0.780, c= —1.560. 


The values of A are different since the closed shells are 
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different in the two cases and A for the protons con- 
tains some Coulomb energy. The values of a and ¢ are 
different not only because the protons’ two-body force 
contains the Coulomb force, but also because of the 
probable different radial functions for protons and 
neutrons. The values of — (16/9)c thus obtained are in 
reasonable agreement with the energy of the center 
of mass of the levels with J = 2, 4, 6 (the excited states 
lie near states of other configurations and so may be 
more perturbed than the ground state). The best agree- 
ment is in the Tis case. The excited levels lie at 
1.59 (J=2), 2.76 (J=4) and 3.27 (J=6).” The center 
of mass is 2.79 Mev above the ground state as com- 
pared to the value of — (16/9)c= (16/9) (1.56) = 2.77 
Mev. 

The author would like to acknowledge valuable 
discussions with Dr. Carl A. Levinson. 


* This work was supported in part by the U. S. Atomic Energy 
Commission and the Higgins Scientific Trust Fund. 
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Proposed Experiment to Determine the 
Direction of u-Meson Polarization 
in Pion Decay* 


J. D. Jackson,f S. B. Treman, and H. W. Wy Lp, Jr. 
Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey 
(Received May 9, 1957) 


T is of considerable interest to determine directly 
the sign of the polarization of the u» meson emitted 
in w decay. This sign bears on the question of conserva- 
tion of leptons and the possibility of a universal Fermi 
interaction.! We wish to propose here an experiment 
whereby the sign of the u-meson polarization can be 
determined essentially directly and largely independent 
of theory*® by using the known directional asymmetries 
in beta decay.’ The experiment depends on the residual 
polarization of ~~ mesons when stopped and bound in 
K-shell orbits around nuclei.‘ Suppose the polarized u 
meson is captured by the nucleus, with emission of a 
neutrino and formation of a “daughter” nucleus in a 
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state of definite, nonzero spin. The daughter nucleus 
will then be partially polarized in the direction of the 
u-meson spin. If the daughter now undergoes ordinary 
beta decay, the direction of its spin orientation can be 
determined by measuring the directional asymmetry 
of the emitted beta-particle, as in the experiments 
performed at the National Bureau of Standards,* and 
so the direction of the u-meson spin can be established. 

The feasibility of an experiment along these lines is 
suggested by the work of Godfrey.® He studied the 
nuclear absorption of negative cosmic-ray “ mesons in 
carbon. Most of the absorptions lead to nucleon 
emission, but Godfrey found that B” is formed with 
probability 0.13+0.05, the B™ being detected by 
observing its beta decay to C™ (half-life of ~0.025 sec 
and beta end point of 13.4 Mev). 

Consider the idealized situation in which a polarized 
uw meson (polarization value (@)) in a A orbit around 
a light nucleus is absorbed in an allowed transition, 
leaving the daughter nucleus in its ground state. It 
is easy to show that for a pure Gamow-'Teller transition 
the polarization of the daughter nucleus is® 


(J) J+1 
( rato) 
° i 3J 


In the subsequent beta decay of the daughter nucleus, 
the directional asymmetry of the electrons determines 
this expectation value and hence determines the magni 
tude and direction of (#). This result is independent of 
any details of the theory of u capture, except that it isa 
beta-type quadrilinear interaction. 

For the capture process pw +-C"-—>B"+-y with B® in 
the ground state, the spin-parity assignments are J’=0', 
J=1+, and Ayy=1. Thus (J)=4(e). Now it appears 
experimentally that |(@)|~0.15 for negative » mesons 
stopped in carbon,‘ so the B’ nuclei would be about 
10% oriented. In the subsequent beta decay of B” the 
electrons will have an angular distribution relative 
to (J) of the same form as that observed for Co”! 
(1+ 4a cos#), where the coefficient a is expected from 
both experiment’ and theory’ to be equal in magnitude 
to |(J)| (v,/c), i.e., |a|~0.1, presumably an observable 
effect.* 

The question now arises as to how far the actual 
state of affairs for ~~ mesons in carbon will depart from 
the idealized situation sketched above. First, the as 


(1) 


sumption of an allowed transition needs to be rational 
ized. With the neutrino carrying off ~100 Mev in 
energy, it is clear that an expansion in multipole order 
loses its character of an expansion in forbiddenness. 
For the case of no nuclear parity change, the neutrino 
is emitted, loosely speaking, as an s wave or a d wave, 
or higher. In spite of the lack of centrifugal-barrier 
inhibitions, Godfrey’s calculations of the relevant 
nuclear matrix elements, based on the j7— 7 coupling 
model, show that d-wave emission is depressed by a 
factor 10° relative to s-wave emission.’ It therefore 
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seems justifiable to assume that the transition to the 
B"” ground state is allowed in the usual sense. 

The next question is that of transitions to excited, 
bound states of B” in the u-capture process. The fact 
that only 13% of all absorptions lead to bound states 
of B” implies that high excitations are favored. Appreci- 
able formation of excited states would wash out the 
orientation in the ground state because of the smearing 
over magnetic quantum numbers that occurs in the 
process of de-excitation by y-ray emission. Fortunately, 
the situation here seems favorable. ‘There are only four 
known excited states below the threshold for particle 
emission.’ While no firm arguments can be made, what is 
known of the spins and parities of these states makes 
it seem probable that the large majority of u-capture 
events leading to bound states of B” actually go 
directly to the ground state. 

Another effect which must be considered is possible 
depolarization of the B” nucleus due to hyperfine inter- 
action with the atomic electrons. Rough estimates 
indicate that the atom is probably ionized due to 
recoil at the instant of absorption of the » meson. If the 
atom is always ionized and then re-forms again after 
it stops, we can calculate the depolarization under the 
assumption that the fine-structure substates are popu- 
lated statistically. This gives, for the resultant B” 
polarization, 


(J) 


Thus, if |(@)| equals 15%, the final polarization | (J)| 
of the B"” is probably closer to 5% than to the value of 
10% given above. 

There is an additional depolarization due to the 
environment in which the B” atom finds itself. But the 
relaxation time for this effect in graphite is presumably 
longer than the mean life of B” since metals show 
relaxation times of the order of tens of milliseconds. 
In any event, such solid-state effects can be essentially 
eliminated by a suitable choice of organic material as 
target. 


4(0.54)(@) =0.36(@). (2) 


* This work was supported, in part, by the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Visiting Guggenheim Fellow, on leave of absence from McGill 
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Annual Rochester Conference on High-Energy Nuclear Physics, 
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observed the longitudinal polarization of the electrons in ~ decay 
(L. Lederman, in reference 1). On the basis of a theory of u decay 
the direction of the « meson’s polarization can then be inferred. 

* Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 
1413 (1957). 

*Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957). 
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(unpublished). 

*J and J’ are the final and initial nuclear spins respectively, 
while Ay-y is a numerical factor defined in the appendix of Jackson, 
Treiman, and Wyld, Phys. Rev. 106, 517 (1957). For a transition 
with AJ=0, the polarization of the daughter nucleus is of the 
form of Eq. (1) with the factor Ay-y replaced by N/(1+6), the 
coefficients N and 6 being given in the above reference (with 
E, =m, and the sign appropriate for electrons). 


Godfrey, Princeton University thesis, 1954 
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Magnetic Dipole Moment of the Electron 


CuHarLes M. SOMMERFIELD* 


Harvard University, Cambridge, Massachusetts 
(Received May 6, 1957) 


HE fourth-order radiative corrections to the 
magnetic dipole moment of the electron were 
calculated by Karplus and Kroll in 1949.' Their result 
is contained in the complete expression for the moment, 


be/po= 14+ (a/ 2m) — 2.973 (a?/m*) = 1.0011454, (1) 


where yy is the Bohr magneton. 

The calculation has been redone in the present in- 
stance using the mass-operator formalism of Schwinger.’ 
We consider a single electron moving in a constant 
(in space and time) electromagnetic field. The expecta- 
tion value of the mass operator in the lowest state 
represents the self or proper energy of the electron. The 
magnetic moment is identified from that part of the 
self-energy which is linear in the external field. 

The electron Green’s function G, the photon Green’s 
function G, and the interaction operator IT, which 
appear in the symbolic expression for the mass operator, 

M=m,+ ie TryGrs, 


« 


are computed in the presence of (as functions of) the 
ex.ernal field. To do this it is sufficient to replace the 
electron’s momentum operator, p, where it occurs, by 
by the combination Il=p—eA, provided that full 
account is taken of the commutation properties of II. 
Units are such that #=c=1. Renormalized quantities 
are used throughout the perturbation calculation. 

The fourth-order contribution to the moment is 
found to be 


2 


4) @ 7197) 9 a 
- ( a +1¢(8)—4 nz) = —().328—, (2) 
Mo r 144 12 r 


Mi 


where ¢(3) is the Riemann zeta function of 3. Thus 


He/wo= 1.0011596. 


The discrepancy between (1) and (2) has been 
traced to the term w'+y!!* of Karplus and Kroll. In 


other words, terms u!!* and w!!*+-y!"4 appear unchanged 
in the new result. A further point-by-point comparison 
of the two answers is not readily accomplished because 
the grouping of the terms differs markedly in the two 
cases. The present calculation has been checked several 
times and all of the auxiliary integrals have been done 
in at least two different ways. 
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The theoretical magnetic moment may be compared 
with the experimental moment; it is also used in 
determining the fine-structure constant a; and it con- 
tributes to the Lamb shift. The magnetic moment is 
measured by determining u./u, and wp/uo, where pp is 
the proton moment. The measurements of u,/u, have 
been quite accurate.’ On the other hand, there are two 
conflicting experimental determinations*® of pp/uo, 
which result in two different values for the magnetic 
moment : 


References 


ae and 4 ; 
3 and § 


Me / 60 


1.001146-4.0.000012 
1.001165-4-0.000011. 


The theoretical value® for the hyperfine splitting in 
hydrogen is proportional to the quantity 


0 (ut p/po) (Me/ Mo) = 0" (i p/Me) (Me/Mo)?. 


Since there is agreement on the experimental value of 
Mp/Me, we use the second form, together with the 
present value of a,’ to determine a new value. This 
turns out to be 


1/a= 137.039. 


The theoretical Lamb shifts in hydrogen, deuterium, 
and singly ionized helium are affected by the changes 
in both @ and u,. Incorporating these changes into the 
calculations of Salpeter,’ along with the proton-recoil 
recoil corrections of Fulton and Martin,’ and the proton- 
structure corrections of Aron and Zuchelli,!” we obtain 
the following results in Mc/sec: 


Theoretical 


1057.99+0.13 

1059.23 40.13 
1.24+0.04 

14055.9 +2.1 


Reference 


1057.774 0.10 11 
1059.00+ 0.10 11 

1.23+ 0.15 11 
14043, +13.0 12 


Experimental 


Su 
Sp 
Sp—Su 
Se 


The experimental values’ have been listed for 
comparison. There remain several uncomputed theoreti- 
cal effects which are expected to be of the same order 
of magnitude as the indicated theoretical uncertainties. 

The magnetic moment of the « meson, as computed 
by Suura and Wichmann, and Petermann,” would be 
changed to read 


a we ch 
ny= (14 +075~) 
2x ww} lm,c 


I would like to thank Professor J. Schwinger, Pro- 
fessor P. C. Martin, Professor E. M. Purcell, and 
Professor R. J. Glauber, and Dr. K. A. Johnson for 
their helpful comments and discussion related to this 
work, 

Note added in proof.—Petermann" has placed upper 
and lower bounds on the separate terms of Karplus 
and Kroll. He finds that their value for pIIc does 
not lie within the appropriate bounds. Assuming the 
other terms to be correct, he concludes that p‘/yo 
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= (—0.53+0.37)a*/r*, which is consistent with 
value presented above. 
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Allowed Capture-Positron Branching Ratios 


P. F. ZwWEIFEL 
Knolls Atomic Power Laboratory,* Schenectady, New York 
(Received April 18, 1957) 


N a previous paper,' tables of allowed K capture- 
positron branching ratios were presented. However, 
it was pointed out by Wapstra® and Perlman® that 
numerical errors existed in the table. These errors 
appear in the first, third, and fifth columns of Table IT 
of reference 1, each entry of which should be multiplied 
by the factors of 0.5018, 1.2244, and 0.6462, respec- 
tively. In Table I of this communication, the corrected 
table of allowed K to positron branching ratios is 
given. In this work, the effect of the finite nuclear size 
on the bound electron wave functions, which was 
ignored in reference 1, was taken into account.’ This 
effect, which is negligible for low Z, reduces the branch- 
ing ratio by about 10% for Z=84 and by about 15% 
for Z=92. Effects of finite size on the positron wave 
functions was ignored, since it is a considerably smaller 
effect.® 
As in reference 1, the bound electron wave functions 
were taken from Reitz’s thesis® except for Z=16, for 


TABLE I. Allowed K to positron branching ratios 


Wo/ma™ Z 16 29 49 SA 92 


1.28 
144 
1.60 
1.76 


46.6 

8.65 

2.83 

1.24 

0.641 
0.373 
0.190 
0.0613 
0.0169 
700x100 
3.56103 
2.06K10% 
1.40¥10% 
445X104 
4.20% 104 
44% x10 
4.47 x10 
2x10 


707 

112 

33.6 

13.9 
6.91 
3.91 
1.60 
0,597 
0.160 
0.06448 
0.0328 
0.0188 
0.0118 
7.93% 10 
5.HOxK10 
400%10 
3.07 ¥10 
237 X10 


1.208 * 10* 
1.58 X 108 
425 
164 
776 
423 
16.4 
5.56 
1.51 
0.603 
0.302 
0.173 
0.100 
0.0729 
0.0513 
0.0877 
0.0281 
0.0219 


4.56108 
45010 
1.03 * 104 
3.57 X18 
157K 10 

W7 

249 

O64 

236 \* 
9.10 
4.42 
2.82 
1.50 
1.23 
0.479 
0.662 
04948 
0.393 


4.92108 
841x106 
1,84 106 
501K 10 
2.67 108 
13610 
479 
158 
39.0 
_ 16.7 
4.05 
4.75 
3.06 
2.10 
1.52 
1.13 
0.869 
0.685 
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which Slater screening constants in the usual formula’ 
for bound electronic wave functions were used. The 
use of Reitz’s wave functions (instead of Slater screening 
constants) reduces the branching ratios by about 1% 
at intermediate Z(~50) and by about 2% at high Z. 

It should be stressed that the Z in Table I refers to 
the charge of the parent nucleus. 

The decrease of the branching ratio due to screening 
depends on Wo and Z. For Z=16, it varies between 
51% at Wo=1.6me to 239%, at Wo=4.8mc. For 
Z= 29, for the same range of Wo, the correction varies 
between 77% and 34%; for Z=49 between 144% and 
54%; for Z = 84 between 263% and 82%; and for Z=92 
between 293% and 10}%. These numbers are in 
essential agreement, within the 1 to 2% probable 
error in the numerical calculations, with those presented 
at the New York Meeting.* (Most of this error stems 
from the screening correction.) 
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KE and Yang’s suggestion' that parity might not 

be conserved in weak interactions and the experi- 
mental proof? of the correctness of their suggestion 
have made desirable a re-examination of all processes in 
which weak take part. The internal 
bremsstrahlung associated with A capture will 
examined in this paper for properties which are con- 
sequences of parity nonconservation, with particular 
attention being given to the two-component neutrino 


interactions 
be 


theory.® 

This paper will follow in detail the notation and 
methods introduced previously for studying the spectra 
and angular correlations of the internal bremmstrahlung 
gamma ray.’ It follows directly from a theorem proved 
in IB that the asymmetry of the gamma rays emitted 
by an oriented electron-capturing nucleus® will be the 
same as the asymmetry which would be obtained if the 
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nucleus were to emit positrons of zero mass; therefore, 
this paper will deal with the polarization of the brems- 
strahlung, which has not been studied before. It is 
possible to envisage the bremsstrahlung as arising from 
the emission of a virtual positron, which: annihilates 
one of the K electrons,’ the momentum (and angular 
momentum) of the positron being carried off by the 
gamma ray. Since, as was predicted theoretically,*! 
and as has been verified experimentally,” beta 
particles are circularly polarized, it is not implausible 
that the gamma ray might also be polarized." 

The matrix element for capture of a K electron, with 
emission of a gamma ray, is given by Eq. (12) of IB: 


1Y pLu— ™m 


Jer-n(0). 
(1) 


X xy =ie(2w) '6(0a(a0)8( 


g } m 


Since we are now interested in circular polarizations, 
it is necessary to introduce complex polarization 
vectors, 

e=2°-*(e,+ie,). 


The plus sign refers to right circular polarization," the 
minus sign to left circular polarization (e; and e2 are 
two perpendicular real unit vectors, which, with a unit 
vector « having the direction of the photon propagation, 
form a right-handed triad). The square of X x,, summed 
over the electron and neutrino spins, is . 


2ra | 1¥ wy mM 
(o(0) P42 Tr vy: e*(1+i70) 


w | +m 


1Y uL.— mM 
xe )v(-k, -4.8)} (2) 


ge +m’ 


> | Xx,|? 


Note that 
(yi ive) (yitty2) 
-1Fx-o. 


vy-e*y-e (3) 
Again, the upper sign refers to right circular polariza- 
tion, the lower sign to left circular polarization. Equa- 
tion (2) can now be reduced in a straightforward way to 
> |X xy|?= maw mm { 6(0) P 

X43 Tr (iyo—iy-w)(1x-@)N}. (4) 
The factor (ivyo—iy:%) (1 x%- @) X} is equal to the pro- 
jection operator (in hole theory) for a massless positron, 
traveilng in the direction of x, which is right (minus 
sign) or left (plus sign) circularly polarized. Equation 
(4) therefore shows that the polarization of the gamma 
ray is the same as the polarization of a zero-mass posi- 
tron; this relation does not depend on the nature of 
the beta interaction. In the two-component theory, 
with scalar and tensor interactions, positrons have a 
degree of right circular polarization equal to v/c, and 
therefore the gamma ray will be 100% right circularly 
polarized, in the approximation considered here. [See 
IB (13), et seq. ] 
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The method of the first part of IB can be used to 
give a simple proof that the polarization of massless 
beta particles, and hence of the internal bremsstrahlung, 
is independent of the degree of forbiddenness of the 
transition (in the two-component theory with scalar 
and tensor interactions), provided terms of order aZ are 
neglected. However, the large spin-orbit coupling 
terms, which are of order aZ/R (R is the radius of the 
nucleus), are kept. The proof depends on the fact that 
the electron wave function can be represented approxi- 
mately by the form W(r)= A (r)u(p,o), where u(p,a) is 
a plane wave spinor, and A(r) is a matrix which 
commutes with 75.'6 In the two-component neutrino 
theory, the beta emission matrix element has the form 


X g=%.(p,o)A’(1—s)0,(q,p), (5) 


where A’ is the matrix which would describe the inter- 
action at the nucleus in the old, parity-conserving, 
theory. If the beta-decay Hamiltonian is a combination 
of scalar and tensor terms, ys will commute with A’, 
even with the spin-orbit coupling effect included. Thus 
one can write 


X g=t.(p,o)(1—y5)A’v,(q,p). (6) 


Since the projection operator (1—5) now stands next 
to the electron spinor @,, it is evident that an electron 
will be emitted with a 100% polarization, if it has zero 
mass. 

It will be noted that 100% polarization of the internal 
bremsstrahlung requires that the electron which is left 
in the K shell also be polarized 100% along the direction 
opposite to that of emission of the gamma ray. It should 
be pointed out that the 100%, polarization of the gamma 
radiation is based on an approximation which assumes 
ha>}eZ'*mc*. In particular, the bremsstrahlung associ- 
ated with capture of p electrons is largely unpolarized, 
as can be inferred from the close relation between these 
gamma rays and the x-rays which follow ordinary 
K capture.” 

The same techniques can be used to study the 
polarization of the internal bremsstrahlung accompany- 
ing beta emission. The general result is very com- 
plicated, but it is found that energetic gamma rays 
are right (left) circularly polarized if they accompany 
slow positrons (electrons), while low-energy gamma 
rays have a linear polarization correlated with the 
direction of the beta particle. 

Finally, it may be observed that the theory of internal 
bremsstrahlung of K-electron capture can be applied 
without change to the absorption of « mesons from 
a mesonic K orbit. A study of the internal-bremsstrah- 
lung gamma rays associated with » meson capture 
would provide one of the few ways of investigating 
that process. If the muon-nucleon interaction is the 
same as the electron-nucleon interaction, the internal 
bremsstrahlung will also be right circularly polarized. 
However, it may be easier to examine the correlation 
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in direction between the meson spin and the gamma 
ray. The gamma rays which accompany the absorption 
of oriented muons must have an angular distribution 
proportional to 1+ cosé, if they are 100°) right circu- 
larly polarized. 

I should like to thank Dr. L. Wolfenstein for’many 
illuminating discussions of the Yang-Lee theory and 
its consequences. I should also like to thank Dr. S. 
DeBenedetti and Dr. L. Grodzins for their interest 
and their communications on the possibility of experi- 
mental detection of circular polarization of gamma rays. 
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[* their phenomenological analysis of the reaction 


ptporttd, (1) 


Gell-Mann and Watson! 
differential cross section the expression 


da X +-cos’6 
4a ant on( ), (2) 
dQ X+ i 


use for the center-of-mass 


where 7 is the pion c.m. momentum in units m,c, and 
a, B, and X are constants. The first term, an, is supposed 
to arise from S-wave pions, and the second from 
P-wave pions. 

Integration of Eq. (2) yields the total cross section 


a=antfr'. (3) 


Lichtenberg has recently made a theoretical calcula 
tion’ of the differential cross section for‘reaction (1) at 
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energies near threshold. As a result he concludes that 
expressions (2) and (3) are not appropriate for a 
phenomenological analysis, and that more suitable ex- 
pressions are 


da po? X'+cos’6 
4n ( ) | + a'e( - )} (2’) 
dQ p X'+4 
po? 
a2) cote 
p 


where p is the relative incident proton momentum in 
the c.m, system, fo is the value of p at threshold, and 
’, B’, and X’ are new constants. 

Lichtenberg points out that the p* dependence in 
Kq. (3’) has the effect of making the P-wave production 
rise less rapidly than 7’. Consequently a pure P wave 
may seem like a mixture of S and P waves if analyzed 
according to Eq. (3), instead of the more appropriate 
Eq. (3'). Lichtenberg concludes that the amount of 
S wave is poorly known, and that “a rough estimate 
indicates that (a’/B’)~0.03.” 

Our experimental differential cross-section measure- 
ments are at present the only published results that 
determine directly the amount of S wave in reaction 
(1), through the momentum de- 


(3’) 


a 


measurement of 
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pendence fairly near threshold.’ A least-squares fit of 
our data‘ to Eq. (2) yielded* 
a= (0.138+0.015) millibarn, 
B= (1.014-0.08) millibarns, 
X =0.082+ 0.034, 
a/B=0.137+0.025. 
In the light of Lichtenberg’s remarks we have re- 
analyzed our data in terms of Eq. (2’). We find 
a’ = (0.125-+0.017) millibarn, 
B’ = (1.404-0.10) millibarns, 
X'’=0.13+0.03, 
a’ /B’ =0.0904:0.016. 


We see that the S-wave contribution, a’, is still 
clearly present, although reduced in comparision with 
the P wave, under the new analysis. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
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